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Preface 


Complex analysis is a branch of mathematics that involves functions of 
complex numbers. It provides an extremely powerful tool with an unex- 
pectedly large number of applications, including in number theory, applied 
mathematics, physics, hydrodynamics, thermodynamics, and electrical en- 
gineering. Rapid growth in the theory of complex analysis and in its appli- 
cations has resulted in continued interest in its study by students in many 
disciplines. This has given complex analysis a distinct place in mathematics 
curricula all over the world, and it is now being taught at various levels in 
almost every institution. 

Although several excellent books on complex analysis have been written, 
the present rigorous and perspicuous introductory text can be used directly 
in class for students of applied sciences. In fact, in an effort to bring the 
subject to a wider audience, we provide a compact, but thorough, intro- 
duction to the subject in An Introduction to Complex Analysis. This 
book is intended for readers who have had a course in calculus, and hence 
it can be used for a senior undergraduate course. It should also be suitable 
for a beginning graduate course because in undergraduate courses students 
do not have any exposure to various intricate concepts, perhaps due to an 
inadequate level of mathematical sophistication. 

The subject matter has been organized in the form of theorems and 
their proofs, and the presentation is rather unconventional. It comprises 
50 class tested lectures that we have given mostly to math majors and en- 
gineering students at various institutions all over the globe over a period 
of almost 40 years. These lectures provide flexibility in the choice of ma- 
terial for a particular one-semester course. It is our belief that the content 
in a particular lecture, together with the problems therein, provides fairly 
adequate coverage of the topic under study. 

A brief description of the topics covered in this book follows: In Lec- 
ture 1 we first define complex numbers (imaginary numbers) and then for 
such numbers introduce basic operations-addition, subtraction, multipli- 
cation, division, modulus, and conjugate. We also show how the complex 
numbers can be represented on the xy- plane. In Lecture 2, we show that 
complex numbers can be viewed as two-dimensional vectors, which leads 
to the triangle inequality. We also express complex numbers in polar form. 
In Lecture 3, we first show that every complex number can be written 
in exponential form and then use this form to raise a rational power to a 
given complex number. We also extract roots of a complex number and 
prove that complex numbers cannot be totally ordered. In Lecture 4, we 
collect some essential definitions about sets in the complex plane. We also 
introduce stereographic projection and define the Riemann sphere. This 
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ensures that in the complex plane there is only one point at infinity. 

In Lecture 5, first we introduce a complex- valued function of a com- 
plex variable and then for such functions define the concept of limit and 
continuity at a point. In Lectures 6 and 7, we define the differentia- 
tion of complex functions. This leads to a special class of functions known 
as analytic functions. These functions are of great importance in theory 
as well as applications, and constitute a major part of complex analysis. 
We also develop the Cauchy- Rienrann equations, which provide an easier 
test to verify the analyticity of a function. We also show that the real 
and imaginary parts of an analytic function are solutions of the Laplace 
equation. 

In Lectures 8 and 9, we define the exponential function, provide some 
of its basic properties, and then use it to introduce complex trigonometric 
and hyperbolic functions. Next, we define the logarithmic function, study 
some of its properties, and then introduce complex powers and inverse 
trigonometric functions. In Lectures 10 and 11, we present graphical 
representations of some elementary functions. Specially, we study graphical 
representations of the Mobius transformation, the trigonometric mapping 
sin z, and the function z 1 / 2 . 

In Lecture 12, we collect a few items that are used repeatedly in 
complex integration. We also state Jordan’s Curve Theorem, which seems 
to be quite obvious; however, its proof is rather complicated. In Lecture 
13, we introduce integration of complex-valued functions along a directed 
contour. We also prove an inequality that plays a fundamental role in our 
later lectures. In Lecture 14, we provide conditions on functions so that 
their contour integral is independent of the path joining the initial and 
terminal points. This result, in particular, helps in computing the contour 
integrals rather easily. In Lecture 15, we prove that the integral of an 
analytic function over a simple closed contour is zero. This is one of the 
fundamental theorems of complex analysis. In Lecture 16, we show that 
the integral of a given function along some given path can be replaced by 
the integral of the same function along a more amenable path. In Lecture 
17, we present Cauchy’s integral formula, which expresses the value of an 
analytic function at any point of a domain in terms of the values on the 
boundary of this domain. This is the most fundamental theorem of complex 
analysis, as it has numerous applications. In Lecture 18, we show that 
for an analytic function in a given domain all the derivatives exist and are 
analytic. Here we also prove Morera’s Theorem and establish Cauchy’s 
inequality for the derivatives, which plays an important role in proving 
Liouville’s Theorem. 

In Lecture 19, we prove the Fundamental Theorem of Algebra, which 
states that every nonconstant polynomial with complex coefficients has at 
least one zero. Here, for a given polynomial, we also provide some bounds 
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on its zeros in terms of the coefficients. In Lecture 20, we prove that a 
function analytic in a bounded domain and continuous up to and including 
its boundary attains its maximum modulus on the boundary. This result 
has direct applications to harmonic functions. 

In Lectures 21 and 22, we collect several results for complex sequences 
and series of numbers and functions. These results are needed repeatedly 
in later lectures. In Lecture 23, we introduce a power series and show 
how to compute its radius of convergence. We also show that within its 
radius of convergence a power series can be integrated and differentiated 
term-by-term. In Lecture 24, we prove Taylor’s Theorem, which expands 
a given analytic function in an infinite power series at each of its points 
of analyticity. In Lecture 25, we expand a function that is analytic in 
an annulus domain. The resulting expansion, known as Laurent’s series, 
involves positive as well as negative integral powers of (z — Zq). From ap- 
plications point of view, such an expansion is very useful. In Lecture 26, 
we use Taylor’s series to study zeros of analytic functions. We also show 
that the zeros of an analytic function are isolated. In Lecture 27, we in- 
troduce a technique known as analytic continuation, whose principal task 
is to extend the domain of a given analytic function. In Lecture 28, we 
define the concept of symmetry of two points with respect to a line or a 
circle. We shall also prove Schwarz’s Reflection Principle, which is of great 
practical importance for analytic continuation. 

In Lectures 29 and 30, we define, classify, characterize singular points 
of complex functions, and study their behavior in the neighborhoods of 
singularities. We also discuss zeros and singularities of analytic functions 
at infinity. 

The value of an iterated integral depends on the order in which the 
integration is performed, the difference being called the residue. In Lecture 
31, we use Laurent’s expansion to establish Cauchy’s Residue Theorem, 
which has far-reaching applications. In particular, integrals that have a 
finite number of isolated singularities inside a contour can be integrated 
rather easily. In Lectures 32-35, we show how the theory of residues can 
be applied to compute certain types of definite as well as improper real 
integrals. For this, depending on the complexity of an integrand, one needs 
to choose a contour cleverly. In Lecture 36, Cauchy’s Residue Theorem 
is further applied to find sums of certain series. 

In Lecture 37, we prove three important results, known as the Argu- 
ment Principle, Rouche’s Theorem, and Hurwitz’s Theorem. We also show 
that Rouche’s Theorem provides locations of the zeros and poles of mero- 
morphic functions. In Lecture 38, we further use Rouche’s Theorem to 
investigate the behavior of the mapping / generated by an analytic func- 
tion w = f(z). Then we study some properties of the inverse mapping / -1 . 
We also discuss functions that map the boundaries of their domains to the 
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boundaries of their ranges. Such results are very important for constructing 
solutions of Laplace’s equation with boundary conditions. 

In Lecture 39, we study conformal mappings that have the angle- 
preserving property, and in Lecture 40 we employ these mappings to es- 
tablish some basic properties of harmonic functions. In Lecture 41, we 
provide an explicit formula for the derivative of a conformal mapping that 
maps the upper half-plane onto a given bounded or unbounded polygonal 
region. The integration of this formula, known as the Schwarz- Christoffel 
transformation, is often applied in physical problems such as heat conduc- 
tion, fluid mechanics, and electrostatics. 

In Lecture 42, we introduce infinite products of complex numbers and 
functions and provide necessary and sufficient conditions for their conver- 
gence, whereas in Lecture 43 we provide representations of entire functions 
as finite/infinite products involving their finite/infinite zeros. In Lecture 

44, we construct a meromorphic function in the entire complex plane with 
preassigned poles and the corresponding principal parts. 

Periodicity of analytic/meromorphic functions is examined in Lecture 

45. Here, doubly periodic (elliptic) functions are also introduced. The 
Riemann zeta function is one of the most important functions of classical 
mathematics, with a variety of applications in analytic number theory. In 
Lecture 46, we study some of its elementary properties. Lecture 47 is 
devoted to Bieberbach’s conjecture (now theorem), which had been a chal- 
lenge to the mathematical community for almost 68 years. A Riemann 
surface is an ingenious construct for visualizing a multi-valued function. 
These surfaces have proved to be of inestimable value, especially in the 
study of algebraic functions. In Lecture 48, we construct Riemann sur- 
faces for some simple functions. In Lecture 49, we discuss the geometric 
and topological features of the complex plane associated with dynamical 
systems, whose evolution is governed by some simple iterative schemes. 
This work, initiated by Julia and Mandelbrot, has recently found applica- 
tions in physical, engineering, medical, and aesthetic problems; specially 
those exhibiting chaotic behavior. 

Finally, in Lecture 50, we give a brief history of complex numbers. 
The road had been very slippery, full of confusions and superstitions; how- 
ever, complex numbers forced their entry into mathematics. In fact, there 
is really nothing imaginary about imaginary numbers and complex about 
complex numbers. 

Two types of problems are included in this book, those that illustrate the 
general theory and others designed to fill out text material. The problems 
form an integral part of the book, and every reader is urged to attempt 
most, if not all of them. For the convenience of the reader, we have provided 
answers or hints to all the problems. 
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In writing a book of this nature, no originality can be claimed, only a 
humble attempt has been made to present the subject as simply, clearly, and 
accurately as possible. The illustrative examples are usually very simple, 
keeping in mind an average student. 

It is earnestly hoped that An Introduction to Complex Analysis 
will serve an inquisitive reader as a starting point in this rich, vast, and 
ever-expanding field of knowledge. 

We would like to express our appreciation to Professors Hassan Azad, 
Siegfried Carl, Eugene Dshalalow, Mohamed A. El-Gebeily, Kunquan Lan, 
Radu Precup, Patricia J.Y. Wong, Agacik Zafer, Yong Zhou, and Changrong 
Zhu for their suggestions and criticisms. We also thank Ms. Vaishali Damle 
at Springer New York for her support and cooperation. 


Ravi P Agarwal 
Kanishka Perera 
Sandra Pinelas 
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Lecture 1 

Complex Numbers I 


We begin this lecture with the definition of complex numbers and then 
introduce basic operations-addition, subtraction, multiplication, and divi- 
sion of complex numbers. Next, we shall show how the complex numbers 
can be represented on the xy- plane. Finally, we shall define the modulus 
and conjugate of a complex number. 

Throughout these lectures, the following well-known notations will be 
used: 

IN = { 1 , 2, * * *} , the set of all natural numbers ; 

Z = {• • • , —2, — 1, 0, 1, 2, • • •}, the set of all integers ; 

Q = {m/n : m, n G Z, n / 0}, the set of all rational numbers ; 

IR = the set of all real numbers. 

A complex number is an expression of the form a + ib, where a and 
b G fR, and i (sometimes j ) is just a symbol. 

C = {a -f ib : a, b E H}, the set of all complex numbers. 

It is clear that INcZcQcEcC. 

For a complex number, z = a + ib. Re (z) = a is the real part of z, and 
Im(z) = b is the imaginary part of z. If a = 0, then z is said to be a purely 
imaginary number. Two complex numbers, z and w are equal; i.e., z = re, 
if and only if, Re(z) = R e(w) and Im(z) = Im(rc). Clearly, z = 0 is the 
only number that is real as well as purely imaginary. 

The following operations are defined on the complex number system: 

(i) . Addition: (a + bi ) + (c + di ) = (a + c) + (b + d)i. 

(ii) . Subtraction: (a + bi) — (c + di) = (a — c) + {b — d)i. 

(iii) . Multiplication: (a + bi)(c + di) = (ac — bd) + ( be + ad)i. 

As in real number system, 0 = 0 + Oi is a complex number such that 
z + 0 = z. There is obviously a unique complex number 0 that possesses 
this property. 

From (iii), it is clear that i 2 = —1, and hence, formally, i = y/—l. Thus, 
except for zero, positive real numbers have real square roots, and negative 
real numbers have purely imaginary square roots. 
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For complex numbers zi,Z 2 , ^3 we have the following easily verifiable 
properties: 

(I) . Commutativity of addition: z\ + z 2 = Z 2 + z\. 

(II) . Commutativity of multiplication: z\z 2 = Z 2 Z\. 

(III) . Associativity of addition: z\ + (Z 2 + Z 3 ) = (z 1 + Z 2 ) + Z 3 . 

(IV) . Associativity of multiplication: z\ (z 2 zs) = (ziz 2 )z 3 . 

(V) . Distributive law: (z\ + ^ 2 ) 2:3 = Z 1 Z 3 + Z 2 Z 3 . 

As an illustration, we shall show only (I). Let z\ = ai + b\i, z 2 = 
then 

21 + ^2 = (&i + CL 2 ) + (&i + b 2 )i = (^2 + &i) + (b 2 + &i)fc 

= (a 2 + b 2 i) + (ai + W) = 22 + 21 - 


Clearly, C with addition and multiplication forms a field. 
We also note that, for any integer fc, 

i 4fc = 1, i 4fc +! = i i 4k + 2 = -1 * 4fc + 3 = 


The rule for division is derived as 


a + bi 
c + di 


a + bi c — di 
c-\- di c — di 


ac -\-bd be — ad . 
c 2 + d 2 c 2 + d 2 ’ 


(? + d 2 ^ 0. 


Example 1.1. 


Find the quotient 


(6 T- 2i) — (1 + 3z) 
-l+z-2 


(6 + 2i) - (1 + 3i) 
-l+i-2 


5 — i _ (5 — i) (—3 — i) 

— 3 Li (—3 + i) (—3 — i) 

— 15 — 1 — 5i + 3i _ 8 1. 

9 + 1 _ _ 5 _ 5 Z ‘ 


Geometrically, we can represent complex numbers as points in the xy- 
plane by associating to each complex number a + bi the point (a, b) in the 
xy- plane (also known as an Argand diagram). The plane is referred to 
as the complex plane. The x-axis is called the real axis , and the y- axis is 
called the imaginary axis. The number z = 0 corresponds to the origin of 
the plane. This establishes a one-to-one correspondence between the set of 
all complex numbers and the set of all points in the complex plane. 
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•-3 - 2 i 

-2 i 



Figure 1.1 

We can justify the above representation of complex numbers as follows: 
Let A be a point on the real axis such that OA = a. Since i-ia = i 2 a = —a, 
we can conclude that twice multiplication of the real number a by i amounts 
to the rotation of OA through two right angles to the position OA" . Thus, 
it naturally follows that the multiplication by i is equivalent to the rotation 
of OA through one right angle to the position OA'. Hence, if y'Oy is a 
line perpendicular to the real axis FOr, then all imaginary numbers are 
represented by points on y'Oy. 


y 

x A' 


x 


-*■ 


A 


// 


0 


A 


x 


y 

Figure 1.2 

The absolute value or modulus of the number z = a + ib is denoted 
by \z\ and given by \z\ = \/a 2 + b 2 . Since a < \a\ = Vo? < \] o? + b 2 

and b < \b\ = Vl ? < V a 2 + 6 2 , it follows that Re(z) < |Re(z)| < \z\ and 
Im (z) < |Im(x)| < \z\. Now, let z\ = a\ + b\i and + b^i then 


zi - z 2 \ = V (a i - a 2 ) 2 A (6i - b 2 ) 2 . 


Hence, \z\ — z 2 \ is just the distance between the points z\ and z 2 . This fact 
is useful in describing certain curves in the plane. 
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Figure 1.3 


-► x 


Example 1.2. The equation \z — 1 + 3z| = 2 represents the circle whose 
center is zq = 1 — 3i and radius is R = 2. 


V 



Figure 1.4 


Example 1.3. The equation |z + 2 
ular bisector of the line segment joining 


z — 1\ represents the perpendic- 
2 and 1; i.e., the line x = —1/2. 


V 



Figure 1.5 
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The complex conjugate of the number z = a + bi is denoted by z and 
given by z = a — bi. Geometrically, z is the reflection of the point z about 
the real axis. 


V 

> \ 

• a + ib 


► x 

0 


• a — ib 


Figure 1.6 


The following relations are immediate: 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


^2 


z 


zi Z 2 


Zi 

Z2 


Zi 


Z2 


(z 2 ± 0). 


> 0, and \z\ =0, if and only if z = 0. 
z = z, if and only if z E IR. 
z = — z, if and only if z = bi for some b E IR. 
zi ± z 2 = zi± z 2 . 

Z^Z2 = (^l)(^2). 


Zl 


Z2 

8. Re(z) 

9. z = z. 


= z 2 ^ 0 . 

%2 


z + z 


, Im(z) 


z — z 
2i 


10 . 


z 


z 


zz 


z 


As an illustration, we shall show only relation 6. Let z\ = a\ -j-6R, z 2 
a 2 + b 2 i. Then 


Z\Z 2 


(ai + b\i){a 2 + b 2 i) 


= (aia 2 - bib 2 ) + z(ai& 2 + &ia 2 ) 

= (aia 2 — b\b 2 ) — i(aib 2 + &ia 2 ) 

= (a 1 -b 1 i)(a 2 -b 2 i) = (zi)(z 2 ). 


Lecture 2 

Complex Numbers II 


In this lecture, we shall first show that complex numbers can be viewed 
as two-dimensional vectors, which leads to the triangle inequality. Next, 
we shall express complex numbers in polar form, which helps in reducing 
the computation in tedious expressions. 


For each point (number) z in the complex plane, we can associate a 
vector, namely the directed line segment from the origin to the point z; i.e., 
z = a + bi < — > = (a, b). Thus, complex numbers can also be interpreted 

as two-dimensional ordered pairs. The length of the vector associated with 
Iizi=ai+bii < — > ?i = (ai, bi) and z 2 = a 2 + & 2 i < — > 2 = 


z is z 


(a 2 , 62), then z\ + z 2 i — > 1 + dt 2 



Figure 2.1 


Using this correspondence and the fact that the length of any side of 
a triangle is less than or equal to the sum of the lengths of the two other 
sides, we have 


zi + z 2 


< £1 + z 2 


( 2 . 1 ) 


for any two complex numbers z\ and z 2 . This inequality also follows from 


zi + ^2 


< 


\z 1 + Z 2 )(Z 1 + Z 2 ) = (Z 1 ■ 
Z\Z\ + ZiZ 2 + Z 2 Zi - 1 - Z 2 Z 2 
Zl| 2 + (^1 Z 2 + ZiZ 2 ) + \z 2 2 

Z\ 2 + 2Re(ziz 2 ) + z 2 12 
zi 




2 + 2 |ziz 2 I + |z 2 2 — (|zi + z 2 ) 


Applying the inequality (2.1) to the complex numbers z 2 — z\ and zi, 
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we get 


and hence 


^2 


Z 2 ~ Zi+ Zi < Z 2 ~ Zi + Z\ 


Similarly, we have 


Z2 


Z\ 


Z\ 


Z 2 


< 


< 


Z2 ~ Z\ 


z\ - Z 2 


( 2 . 2 ) 


(2.3) 


Combining inequalities (2.2) and (2.3), we obtain 


zi 


Z 2 


< 


Z 1 - Z2 


(2.4) 


Each of the inequalities (2.1)- (2. 4) will be called a triangle inequality. In- 
equality (2.4) tells us that the length of one side of a triangle is greater 
than or equal to the difference of the lengths of the two other sides. From 
(2.1) and an easy induction, we get the generalized triangle inequality 


Z\ + Z2 + • • • + z n + Z\ + Z2 + ' ' ' + 


2). 


n 


(2.5) 


From the demonstration above, it is clear that, in (2.1), equality holds 
if and only if Re(ziZ 2 ) = he., Z\Z 2 is real and nonnegative. If Z 2 ^ 0, 

then since Z\Z 2 — Zi\z 2 \ 2 / Z 2 , this condition is equivalent to z\/z 2 > 0. Now 
we shall show that equality holds in (2.5) if and only if the ratio of any two 
nonzero terms is positive. For this, if equality holds in (2.5), then, since 


Zl + Z 2 + Zs + • * * + Z n — | [z\ + Z 2 ) + Z 3 + • • • H~ 

< \zi + Z 2 \ + 1^3 1 H h 


z 


< 


Zl I + 1^2 I + \Z3 1 4 h 


n 

Zn 
Zn 


we must have \z\ + Z 2 \ = \zi \ + | ^2 1 * But, this holds only when Z 1 /Z 2 > 0, 
provided ^ / 0. Since the numbering of the terms is arbitrary, the ratio 
of any two nonzero terms must be positive. Conversely, suppose that the 
ratio of any two nonzero terms is positive. Then, if z\ =/=■ 0, we have 


2)1 + 2)2 H h z 


n 


Zl 


Zl 


2)2 2 ). 

1 + — + ••• + ■ 

Zl 

!+ — + ■■■ + 


z 1 

Zi\ (l+ — 

V FI 

Zl + 2)2 + 


n 


Zl 
Zn 
Zl 


'• + 


2 ). 


n 


Zl 


2 ), 


n 


Example 2.1. If \z\ = 1, then, from (2.5), it follows that 


2v T 22) T 6 T 8z < 


2 ) 


+ 2 2) + 6 + 8 i 


1 + 2 + V36 + 64 = 13. 
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Similarly, from (2.1) and (2.4), we find 


2 < 



3 


< 4. 


Note that the product of two complex numbers z\ and z 2 is a new 
complex number that can be represented by a vector in the same plane as 
the vectors for z\ and Z 2 . However, this product is neither the scalar (dot) 
nor the vector (cross) product used in ordinary vector analysis. 


Now let z = x + yi, r = 

cos 6 - 

Then, z can be expressed in 

z 


z 


= \/ x 2 + y 2 , and 6 be a number satisfying 


x a • a y 

= — and sin V = -. 

ry» ry» 

polar ( trigonometric ) form as 


r(cos0 + i sin#). 


y 



Figure 2.2 

To find #, we usually compute tan ~ 1 {y/x) and adjust the quadrant prob- 
lem by adding or subtracting it when appropriate. Recall that tan _1 (?//x) E 
(-71-/2, 71-/2). 


y 



-► X 


Example 2.2. Express 1 — i in polar form. Here r = v^2 and 0 
and hence 

1-i = V2 


= -tt/4, 


7T\ (IT 

cos ( — — J + 1 sm — 
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V 



Figure 2.4 


We observe that any one of the values 0 = — ( 7r/4) =b 2n7r, n = 0, 1, • • • , 
can be used here. The number 0 is called an argument of z, and we write 
0 = argz. Geometrically, arg z denotes the angle measured in radians that 
the vector corresponds to z makes with the positive real axis. The argument 
of 0 is not defined. The pair (r, argz) is called the polar coordinates of the 
complex number z. 


The principal value of arg z, denoted by Arg z, is defined as that unique 
value of arg z such that —i r < arg z < 7r. 




If we let z\ = ri(cos#i + isin0i) and z 2 = r2(cos02 Tisin^), then 

^ O. on, /XW JL .Vom n. 0 , I 0 , on, 


cos(0i + 0 2 ) + ^ sin (0i + 0 2 ). 
zi||z 2 |, arg(ziz 2 ) = argzi -f- argz 2 . 


— - _l • _l \ j. ' j. / ~ z ' z ^ z i " U111 ^ z y 5 

7*17*2 [(cos 0i cos 02 — sin 0i sin 02) + 7 (sin 0i cos 0 2 + cos 0i sin 02) 

— 7 q 7^2 ^ 1 ^ 1 1 dr,/ 0 - 1 n,, ^ 

Thus, \z 1 Z 2 



For the division, we have 


Zi 

r 1 

cos(0i — 0 

Z2 

^2 



Z\ 


£1 



— - 


-, arg 

%2 


%2 



- 02 ) 


Zi 

Z2 


argzi — arg^2. 
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1 + i 


- in polar form. Since the 


Example 2.3. Write the quotient 
polar forms of 1 + i and y/3 — i are 

l+i = \/2 ^cos ^ + % sin ^ and y/3 —i = 2 ^cos ^— -^ + i si 


sm 


7T 

6 


it follows that 


1 + i 


Vz 


V2 

2 

V2 


cos 


cos 


7T 

4 


7T 

6 


57T 

12 


+ i sin 


+ i sin 
57T 


7T 

4 


7T 

6 


12 


Recall that, geometrically, the point z is the reflection in the real axis 
of the point z. Hence, argz = —argz. 


Lecture 3 

Complex Numbers III 


In this lecture, we shall first show that every complex number can be 
written in exponential form, and then use this form to raise a rational 
power to a given complex number. We shall also extract roots of a complex 
number. Finally, we shall prove that complex numbers cannot be ordered. 

If z = x + iy, then e z is defined to be the complex number 

e z = e x (cosy isiny). (3.1) 

This number e z satisfies the usual algebraic properties of the exponential 
function. For example, 

e Zl e Z2 = e ZlJrZ 2 and — = e Zl ~ Z2 . 

e z 2 

In fact, if z\ = x\ + iy\ and z 2 = x 2 + W 2 , then, in view of Lecture 2, we 
have 

e Zi e Z2 = e Xl (cos yi + isinyi)e X2 (cosy 2 + isiny 2 ) 

= e Xl+X2 (cos(yi + y 2 ) + ism(yi + y 2 )) 

_ e (x 1 +x 2 )+i(y 1 +y 2 ) — e z i+z 2 ' 

In particular, for z = iy, the definition above gives one of the most impor- 
tant formulas of Euler 


e iy = cosy + i sin y, 

which immediately leads to the following identities: 

_j_ e -iy 

cos y = Re(e^) = , sin y = lm(e iy ) 



e w _ e ~iy 
2 i 


When ?/ = 7r, formula (3.2) reduces to the amazing equality e™ = — 1. 
In this relation, the transcendental number e comes from calculus, the tran- 
scendental number n comes from geometry, and i comes from algebra, and 
the combination e 7 ™ gives —1, the basic unit for generating the arithmetic 
system for counting numbers. 

Using Euler’s formula, we can express a complex number z = r(cos6 + 
isin^) in exponential form; i.e., 

z = r(cos 6 + i sin^) = re l6 . (3.3) 


R.P. Agarwal et al., An Introduction to Complex Analysis, 
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The rules for multiplying and dividing complex numbers in exponential 
form are given by 

Z\Z2 = (rie l01 )(r2e 102 ) = (rir2)e L ^ 01+02 \ 

£1 = r ^ 101 = ( L] e m-e a ) ^ 

Z 2 r 2 e i6>2 V r 2 / 

Finally, the complex conjugate of the complex number z = re 10 is given by 

— — jO 

z — re . 

1 4- 'i 

Example 3.1. Compute (1).— = and (2). (1 + z) 24 . 

V3 — i 

(1). We have 1 + i = V^e 271 ”/ 4 , y/3 — i = 2e -?7r / 6 , and therefore 

l+» = V2e^/ 4 = ^2 j5ir/12 

V3-i 2e-“/ 6 2 


( 2 ). (1 + i) 24 = (v^e ”/ 4 ) 24 = 2 12 e i6?r = 2 12 . 

From the exponential representation of complex numbers, De Moivre’s 
formula 


(cos 6 + i smO) n = cosnO + i sinn#, n = l,2,---, (3.4) 

follows immediately. In fact, we have 

(cos 0 + i sin 0 ) n = ( e l0 ) n = e 10 ■ e 10 ■ ■ ■ e 10 

\-i6 

_ g 2 n 6 > _ C osn# + i sinn#. 


From (3.4), it is immediate to deduce that 


/ 1 + i tan 0 \ n 
\ 1 — i tan 0 ) 


1 + i tan nO 
1 — i tan nO 


Similarly, since 


1 + sin 0 Li cos 0 


2 cos 





± i sin 






it follows that 


1 + sin 9 + i cos 6 
1 + sin 6 — i cos 6 


n 




+ i sin 
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Example 3.2. Express cos 30 in terms of cos 6. We have 

cos 30 = Re(cos 30 + i sin 30) = Re(cos0 + i sin#) 3 

= Re [cos 3 6 + 3 cos 2 6{i sin 0) + 3 cos 0( — sin 2 6) — i sin 3 0] 
= cos 3 6 — 3 cos 6 sin 2 6 = 4 cos 3 6 — 3cos0. 


Now, let z = re 10 = r(cos0 + isin#). By using the multiplicative prop- 
erty of the exponential function, we get 


z 


n 


r n e inO 


(3.5) 


for any positive integer n. If n = — 1, — 2, • • • , we define z n by z n = (z x ) n 


If z = re 20 , then z 


i _ „-ie 


V. Hence, 


z n = ( z - 1 )- 71 = 


r 


i —n 


1 

r 


— n 


g z(— n)(— 6>) _ r n e in6 


Hence, formula (3.5) is also valid for negative integers n. 


Now we shall see if (3.5) holds for n = 1/m. If we let 

£ = e i0/m , (3.6) 

then £ certainly satisfies £ m = z. But it is well-known that the equation 
£ m = z has more than one solution. To obtain all the rath roots of z, we 
must apply formula (3.5) to every polar representation of z. For example, 
let us find all the rath roots of unity. Since 

1 = e 2fe ", fc = 0, ±1, ±2, • • • , 

applying formula (3.5) to every polar representation of 1, we see that the 
complex numbers 

z = k = 0, ±1, ±2, • • • , 

are rath roots of unity. All these roots he on the unit circle centered at the 
origin and are equally spaced around the circle every 2tt / m radians. 



Figure 3.1 
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Hence, all of the distinct m roots of unity are obtained by writing 


z 


= e {2k7Ti)/m , fc = 0, 1, • • • , to — 1. 


(3.7) 


In the general case, the to distinct roots of a complex number z = re™ 
are given by 


z l/m = ™/^ e i(0+2fe 7 r)/m j fc = 0, 1, • • • , TO - 1. 

Example 3.3. Find all the cube roots of V2 + i\/ 2. In polar form, we 
have y/2 + is] 2 = 2e l7r ^ 4 . Hence, 

(s/2 + is/2) 1/3 = y / 2e i (^ + ^), k = 0,1,2; 


i.e.. 


V 12 


12 . 


3tt 

\ ~ 4~ 


3tt\ o/- ( 177 r 


^2 (cos tt: + i sin , v^2 (cos — + i sin — ] , v^2 (cos + i sin 


4 


V 12 


177t n 

T2~y ’ 


are the cube roots of \/2 + za/2- 


Example 3.4. Solve the equation (z+ 1) 5 = z 5 . We rewrite the equation 

Z + 1 V i nr 

as i I =1. Hence, 


z 


z + 1 


z 


= e 2k7ri/5 , k = 0, 1,2, 3, 4, 


or 


1 




g2/e7ri/5 2_ 


1 f irk 

- ( 1 + z cot — ) , k = 0, 1, 2, 3, 4. 


Similarly, for any natural number n, the roots of the equation (z + l) n -f 
z n = 0 are 


1 ( 7T + 2/C7T . 

z = — -f 1 + z cot ), k = 0, 1, • • • , n — 1, 


We conclude this lecture by proving that complex numbers cannot be 
ordered. (Recall that the definition of the order relation denoted by > in 
the real number system is based on the existence of a subset V (the positive 
reals) having the following properties: (i) For any number a / 0, either a 
or —a (but not both) belongs to V. (ii) If a and [3 belong to V, so does 
a + /?. (iii) If a and [3 belong to V, so does a • (3 . When such a set V exists, 
we write a > (3 if and only if a — f3 belongs to V .) Indeed, suppose there is 
a nonempty subset V of the complex numbers satisfying (i), (ii), and (iii). 
Assume that i G P. Then, by (iii), i 2 = —1 E V and (— 1 )i = —i E V. This 
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violates (i). Similarly, (i) is violated by assuming — i E V. Therefore, the 
words positive and negative are never applied to complex numbers. 


Problems 


3.1. Express each of the following complex numbers in the form x + iy : 

(a). -i(l ~ V%i), (b). (2 - 3i)(-2 + *), (c). (1 - i)(2 - i)(3 - i), 

, 4 + 3 i . . 1 + i i , 1 + 2 i 2 — % 

(S) ' 3 ^' {e> ' — + — ' (t) - 3^5 + —• 

(g). (1 + V3i)- 10 , (h). (-1 +i) 7 . (i).(l-i) 4 . 

3.2. Describe the following loci or regions: 

(a) . |z — zq\ = \z — zo|, where Im zq 7 ^ 0 , 

(b) . \z — zo\ = \z + zo|, where Re zo 7 ^ 0, 

(c) . \z — zo\ = \z — zi|, where 7 ^ h, 

(d) . |z — 1 | = 1 , 

(e) . |z — 2 | = 2 |z — 2 i|, 

(f) . - — — = c, where zo 7 ^ zi and c 7 ^ 1 , 

z — Zi 

(g) . 0 < Im z < 27T, 

N Rez 

(h) . — >1, Imz < 3, 

w z — 1 

(i) . |z — zi| + |z — Z 2 I = 2 a, 

(j) . azz + fez + kz + d = 0, fc E C, a, d E 1R, and |/c | 1 2 > ad. 

3.3. Let a, /? E C. Prove that 

a + /3| 2 + |a — /3| 2 = 2(|<a| 2 + |/d| 2 ), 


and deduce that 

+ y/^ 2 — /d 2 | + |<a — \/ o? — f3 2 


a 


ct j3 H - ey — (3 


3.4. Use the properties of conjugates to show that 


(a )-(=)* = (*-*), (b). 


(— ) = 

\Z2Z3 j 


Zi 


Z2Z3 


3.5. If 


z 


1 , then show that 

az -\-b 
bz + a 


1 
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for all complex numbers a and b. 


3 . 6 . If |z| = 2, use the triangle inequality to show that 
|Im(l — z + z 2 ) | < 7 and \z 4 — 4 z 2 + 3| > 3 


3 . 7 . Prove that if z =3, then 


13 


< 


2z- 1 
4 -f- z 2 


7 

< - 
“ 5 


3.8. Let z and w be such that zw ^ 1, \z\ < 1, and \w\ < 1. Prove that 


z — w 
1 — zre 


< 1 


Determine when equality holds. 

3 . 9 . (a). Prove that z is either real or purely imaginary if and only if 

(: z ) 2 = z 2 . 

(b). Prove that y/2\ z\ > | Re z | + | Im z \ . 

3 . 10 . Show that there are complex numbers z satisfying \z — a\ + \z+a = 
2\b\ if and only if \a\ < \b\. If this condition holds, find the largest and 
smallest values of 


z 


3 . 11 . Let zi, Z 2 , • • • , z n and W 2 , • • • , w n be complex numbers. Estab- 
lish Lagrange’s identity 


n 


zkWk 

k = 1 


n 


E 

,/c=l 


Zk 


n 

Ei wfc 

yk — 1 


E 

k<i 


Z k W£ ~ Z£W k 


and deduce Cauchy’s inequality 


n 


z k w k 

k=l 


< 


n 

Ei Zk 

,k—l 


n 

Ei wfc 

,k = 1 


3 . 12 . Express the following in the form r(cos 6 + i sin 0 ), — tt < 0 < tt : 

(b) ._ 8+ 4 25 

(1 + i)(C3 — i) i 3-4 1 

3 . 13 . Find the principal argument (Arg) for each of the following com- 
plex numbers: 

( 7T 7T \ 2 

cos-— i sin -J, (b). -3 + V3i, (c). ~ 1 + 


(d). (V3 -if. 
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3.14. Given Z\Z 2 7^ 0, prove that 


Rez\Z 2 = \z\ 1 1 % 2 1 if and only if Arg^i = ArgZ2 


Hence, show that 


z\ + Z 2 1 = I z\ I + I Z 2 1 if and only if Arg z\ = Arg Z 2 . 


3.15. What is wrong in the following? 

i = vT = a/(-i)(-i) = V-lV-l = a = - 1. 


3.16. Show that 

(1 - i) 49 (cos^ + isin^) 10 

( 8 * - 8 ^)® 



3.17. Let z = re l ° and w = Re 1 


Re 


w + z 


w — z 


R 2 


, where 0 < r < R. Show that 
R 2 -r 2 

— 2Rrcos(0 — <j)) + r 2 


3.18. Solve the following equations: 

(a), z 2 = 2i, (b). z 2 = 1 — y/3 i, (c). z 4 = —16, (d). z 4 = —8 — Sy/3i. 

3.19. For the root of unity z = m > 1, show that 

1 + z + z 2 H h z m_1 = 0. 


3.20. Let a and b be two real constants and n be a positive integer. 
Prove that all roots of the equation 


1 + iz 

1 — iz 


n 


a + ib 


are real if and only if a 2 + b 2 = 1. 

3.21. A quarternion is an ordered pair of complex numbers; e.g., ((1, 2), 
(3, 4)) and (2-fi, 1— i). The sum of quarternions (A, B) and (C,D) is defined 
as (A + C, B + D). Thus, ((1, 2), (3, 4)) + ((5, 6), (7, 8)) = ((6, 8), (10, 12)) 
and (1 — i, 4 + i) + (7 + 2i, — 5 + i) = (8 + z, — 1 + 2 i). Similarly, the scalar 
multiplication by a complex number A of a quaternion (H, C ) is defined by 
the quadternion (AH, AC). Show that the addition and scalar multiplica- 
tion of quaternions satisfy all the properties of addition and multiplication 
of real numbers. 


3.22. Observe that: 
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(a) . If x = 0 and y > 0 (y < 0), then Arg z = tt / 2 ( — tt/ 2) . 

(b) . If x > 0, then Arg z = tan ~ 1 (y/x) G ( — tt/ 2, tt/2) . 

(c) . If x < 0 and y > 0 (y < 0) , then Arg z = tan - 1 (y/x) + ir (tan - 1 (y/x) — 

n). 

(d) . Arg(ziZ 2 ) = Argzi + ArgZ 2 + 2rmr for some integer m. This m is 
uniquely chosen so that the LHS G (— 7r, tt\. In particular, let z\ = — 1, Z 2 = 
— 1, so that Argzi = ArgZ 2 = 7r and Arg(ziZ 2 ) = Arg(l) = 0. Thus the 
relation holds with m = — 1. 

(e) . Arg(zi/z 2 ) = Argzi — ArgZ 2 + 2nmr for some integer m. This m is 
uniquely chosen so that the LHS G (— 7r, 7r . 


Answers or Hints 


3 . 1 . (a). -2i, (b). -1 + 8 i, (c). -lOz, (d). i, (e). (l-i)/2, (f). -2/5, 
(g). 2- n (-l + x/3 i), (h). -8(l + i), (i). -4- 

3 . 2 . (a). Real axis, (b). imaginary axis, (c). perpendicular bisector (pass- 
ing through the origin) of the line segment joining the points zq and zi, 
(d). circle center z = 1, radius 1; i.e. , (x — l) 2 + y 2 = 1, (e). circle 
center (—2/3, 8/3), radius \/32/3, (f). circle, (g). 0 < y < 2 tt , infinite 
strip, (h). region interior to parabola y 2 = 2(x — 1/2) but below the line 
y = 3, (i). ellipse with foci at zi,Z 2 and major axis 2 a (j). circle. 

3 . 3 . Use \z\ 2 = zz. 


3 . 4 . (a), z 


4 _ 


3 . 5 . 

3 . 6 . 

|z 2 - 

3 . 7 . 


zzzz = zzzz = (z) 4 , (b). 

z = z -1 . 

2m ^ n T7 I ~2 


Zl \ — Zx _ Z j 


^2^3 


^ 2^3 


If | z | = 1, then z = z 

Im (1 — z + z 2 )| < |1 — z + z 2 | < |1| + |z| + |z 2 | <7, 


^ 2^3 

z 4 - 4z 2 + 3 


Z' 


1| > ( | z 2 1 — 3) ( | z 2 1 — 1). 


We have 


2z — 1 

< - 

2 

z 

+ i 

4 + z 2 

4- 

z 

2 


2-3 + 1 _ 7 
4 — 3 2 1 _ 5 


and 


2z — 1 

> - 

2 

z 

- 1 

2-3-1 5 

4 + z 2 

4 + 

z 

2 

4 + 3 2 “13 


3.8. We shall prove that 1 — zw > 


z — w 


We have 1 — zw 


z — w 


(1 — zw){l — zw) — (z — w){z — w) = 1 — zw — zw+zwzw — zz+zw+wz — ww = 


1 


z 


\w 


+ 


z 


w 


2 _ 


Equality holds when 


z 


3 . 9 . (a), (z) 2 = z 


a- 

Iw | 

iff z 2 - 


z| 2 )(l- 

= 1. 

- (^) 2 = 


w 


! ) > 0 since |z| < 1 and \w\ < 1. 


0 iff (z + z)(z — z) =0 iff either 


2Re(z) = z + z = 0 or 2ilm(z) = z — z = 0iffzis purely imaginary or z is 
real. (b). Write z = x + iy. Consider 2 |z| 2 — (|Re z| + |Im z|) 2 = 2 (x 2 -\-y 2 ) — 
(|x| + |t/|) 2 = 2x 2j r2y 2 — (x 2 -\-y 2 -\-2\x\y\) = x 2 -\-y 2 — 2\x\ \y\ = (\x\ — \y\) 2 > 0. 
3 . 10 . Use the triangle inequality. 
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3.11. We have 


n 


y^kw k 

k = i 


n 


n 


z k w k 1 1 z * w t ) = E i^i 2 i w * 

A;=l / \7=1 / fc=l 




n 


A/c 





,/c=l 


y \zk\ 2 \we 

k^l 


; + yz k w k z e w e 

ky^l 

+ y z k w k zfwe 

kj^l 


n 


\Zk 



Wk 


,k=l 


E 

k<i 


Z k W£ - Z£W k 


3.12. (a). cos(— 7r/6) + i sin(— 7r/6), (b). 5(cos7r + i sin7r). 

3.13. (a). — 7r/8, (b). 5 tt / 6 , (c). 27r/3, (d). 7r. 

3.14. Let zi = rW 6 * 1 , 2:2 = r 2 e l ° 2 . Then, Z 1 Z 2 = rir 2 e l(y6l ~° 2 \ Re(ziZ 2 ) = 
r\T 2 cos(^i — O 2 ) = riV 2 if and only if 0\ — 62 = 2/c7t, k E Z. Thus, if and 
only if Arg zi-Arg Z 2 = 2/c7r, fc E Z. But for — 7r < Argzi, ArgZ 2 < 7 r, 
the only possibility is Arg 2 q = Arg Z 2 . Conversely, if Arg 2 q=ArgZ 2 , then 
Re (Z 1 Z 2 ) = r\r 2 \z\ 

Z 1 Z 2 + ^ 2^1 = 


2 U 2 + 


^2 

^2 


. Now, \zi + Z 2 I = ki| + |^ 2 1 ^ 1^1 + 22^2 + 

2 + 2|zi|z 2 | ^ 1^2 + z 2 zi = 2\zi\\z2 


v=U > 


2l ^2 


Re(^i22 + Z2Zi) = Re(ziJ2)+Re(z2Zi) = 2 |zi||z 2| -<=>■ Re(ziZ2) = 
and Re(ziz 2 ) = \ z i\ \z 2 | <=$■ Arg(zi) = Arg(z 2 ). 

3.15. If a is a positive real number, then yfa denotes the positive square 
root of a. However, if re is a complex number, what is the meaning of 
y/ui? Let us try to find a reasonable definition of y/w. We know that the 

equation z 2 = w has two solutions, namely z = ±y/\w\e l ^ Y & w ^ 2 . If we 


want y/^1 = i, then we need to define y/w = y/\' w\e l ^ T & w ^ 2 . However, 

with this definition, the expression y/wy/w = Vw 2 will not hold in general. 
In particular, this does not hold for w = —1. 

3.16. Use 1 — i — y/2 [cos (— f ) + i sin (— f ) and 8 i — 8^ = 16 


cos 


57 r 
6 


+i sin y j 

3.17. Use | w — z \ 2 = (w — z)(w — z). 

3.18. (a), z 2 = 2i = 2e i7r / 2 , z = C2e i7r / 4 , C2exp [| (f + 2t r)] , 

(b) . z 2 = 1 - = 2e -i7r / 3 , z = V 2 e~ i7T / 6 , V2e* 57r / 6 , 

(c) . z 4 = -16 = 2 4 e* 7r , z = 2 exp [i (n±|^)] , fc = 0, 1,2,3, 

(d) . z 4 = -8 - 8 \/3i = 16e i47r / 3 , z = 2 exp [f + 2fe7r)] , k = 0, 1, 2, 3. 

3.19. Multiply 1 + z + z 2 + • • • + z m_1 by 1 — z. 

3.20. Suppose all the roots are real. Let z = x be a real root. Then 


a 


1 -j-ix 


-ix 


2 n 


( 1+U 

\ 1+cc 2 


= 1, and 


+ ib = implies that a + ib 2 = 

hence a 2 + b 2 = 1. Conversely, suppose a 2 + 6 2 = 1. Let z = x + iy be a 

2 n / /H xo , p \ n 


root. Then we have 1 = a 2 + b 2 = la + ib 2 = 


(l-ty)+iai 
(1 + 2 /)— 2 IC 


/ (l-l /) 2 +^ 2 
V (l+i/) 2 +a? 2 


and hence (1 + y ) 2 + x 2 = (1 — y ) 2 + x 2 , which implies that y = 0. 

3.21. Verify directly. 


Lecture 4 

Set Theory 
in the Complex Plane 


In this lecture, we collect some essential definitions about sets in the 
complex plane. These definitions will be used throughout without further 
mention. 


The set S of all points that satisfy the inequality \z — zo\ < e, where e is 
a positive real number, is called an open disk centered at zq with radius e 
and denoted as B(z o, e). It is also called the e- neighborhood of zo, or simply 
a neighborhood of zq. In Figure 4.1, the dashed boundary curve means that 


the boundary points do not belong to the set. The neighborhood 
called the open unit disk. 


z 


< 1 is 



Dotted boundary curve 
means the boundary 
points do not belong to S 


Figure 4.1 

A point z o that lies in the set S is called an interior point of S if there 
is a neighborhood of zo that is completely contained in S. 

Example 4.1. Every point z in an open disk B(zo,c) is an interior 
point. 

Example 4.2. If S' is the right half-plane Re(z) > 0 and zo = 0.01, 
then z o is an interior point of S. 


) K 


/ s 
/ Zo 

4 * — 

\ 

s _ ✓ 



/ .02 




Figure 4.2 
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Example 4.3. IfS = {z:|z|<l}, then every complex number z such 
that z = 1 is not an interior point, whereas every complex number z such 
that z < 1 is an interior point. 


If every point of a set S is an interior point of 5, we say that S is an 
open set. Note that the empty set and the set of all complex numbers are 
open, whereas a finite set of points is not open. 


It is often convenient to add the element oo to C. The enlarged set 
C U {oo} is called the extended complex plane. Unlike the extended real 
line, there is no — oo. For this, we identify the complex plane with the xy- 

o 

plane of 1R , let S denote the sphere with radius 1 centered at the origin 
of JR , and call the point N = (0, 0, 1) on the sphere the north pole. Now, 
from a point P in the complex plane, we draw a line through N. Then, 
the point P is mapped to the point P' on the surface of 5, where this 
line intersects the sphere. This is clearly a one-to-one and onto (bijective) 
correspondence between points on S and the extended complex plane. In 
fact, the open disk F>(0, 1) is mapped onto the southern hemisphere, the 
circle \z\ = 1 onto the equator, the exterior \z\ > 1 onto the northern 
hemisphere, and the north pole N corresponds to oo. Here, S is called the 
Riemann sphere and the correspondence is called a stereographic projection 
(see Figure 4.3). Thus, the sets of the form {z : \z — zo\ > r > 0} are open 
and called neighborhoods of oo. In what follows we shall make the following 
conventions: z\ + oo = oo + z\ = oo for all z\ G C, z^ x oo = oo x z 2 = oo 
for all Z2 G C but z^ ^ 0, zi/0 = oo for all z\ 7^ 0, and Z2/00 = 0 for 
£2 ^ 00. 





Figure 4.3 

A point z 0 is called an exterior point of S if there is some neighborhood 
of zq that does not contain any points of S. A point zq is said to be a 
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boundary point of a set S if every neighborhood of zq contains at least one 
point of S and at least one point not in S. Thus, a boundary point is neither 
an interior point nor an exterior point. The set of all boundary points of 
S denoted as dS is called the boundary or frontier of S. In Figure 4.4, the 
solid boundary curve means the boundary points belong to S. 



Solid boundary curve 
means the boundary 
points belong to S 


Figure 4.4 


Example 4.4. Let 0 < pi < p 2 and S = {z : pi < \z\ < p 2 }- Clearly, 
the circular annulus S is neither open nor closed. The boundary of S is the 


set {z : \z\ = P 2 } U {z : 




p i}- 



Figure 4.5 


A set S is said to be closed if it contains all of its boundary points; i.e., 
dS C S. It follows that S is open if and only if its complement C — S is 
closed. The sets C and 0 are both open and closed. The closure of S is 
the set S = S U dS. For example, the closure of the open disk B(zo,r) is 
the closed disk B(zo,r) = {z : \ z — zq\ < r}. A point z* is said to be an 
accumulation point ( limit point ) of the set S if every neighborhood of z* 
contains infinitely many points of the set S. It follows that a set S is closed 
if it contains all its accumulation points. A set of points S is said to be 
bounded if there exists a positive real number R such that \z\ < R for every 
z in S. An unbounded set is one that is not bounded. 
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Figure 4.6 

Let S' be a subset of complex numbers. The diameter of S, denoted as 
diamS, is defined as 


diam S 


sup 

z,w£S 


Z 


w 


Clearly, S is bounded if and only if diamS < oo. The following result, 
known as the Nested Closed Sets Theorem , is very useful. 

Theorem 4.1 (Cantor). Suppose that Si,S 2 ,--- is a sequence of 
nonempty closed subsets of C satisfying 

1. S n D S n - )- 1 , n — 1, 2, • • • , 

2. diamS n 0 as n oo. 

Then, Pl^Li $n contains precisely one point. 

Theorem 4.1 is often used to prove the following well-known result. 

Theorem 4.2 (Bolzano- Weierstrass). If S is an infinite bounded 
set of complex numbers, then S has at least one accumulation point. 

A set is called compact if it is closed and bounded. Clearly, all closed 
disks B(zo, r) are compact, whereas every open disk B(zo, r) is not compact. 
For compact sets, the following result is fundamental. 

Theorem 4.3. Let S' be a compact set and r > 0. Then, there exists 
a finite number of open disks of radius r whose union contains S. 

Let S C C and {S a : a e A} be a family of open subsets of C, where A 
is any indexing set. If S C |J aGA S ai we say that the family {S a : a G A} 
covers S. If A' C A, we call the family {S a : a e A 7 } a subfamily, and if it 
covers S, we call it a subcovering of S. 

Theorem 4.4. Let S C C be a compact set, and let {S a : a e A} be 
an open covering of S. Then, there exists a finite subcovering; i.e., a finite 
number of open sets Si, • • • , S n whose union covers S. Conversely, if every 
open covering of S has a finite subcovering, then S is compact. 
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Let z\ 
joining z\ 


and Z 2 be two points in the complex plane. The line segment £ 
and Z 2 is the set {w E C : w = z\ + t(z 2 — zi), 0 < t < 1}. 



Figure 4.7 


Now let z\, Z 2 , • • • , z n + 1 be n + 1 points in the complex plane. For each 
fc = 1, 2, • • • , n, let £k denote the line segment joining Zk to Zk+ 1 - Then the 
successive line segments -^ 1 ,^ 2 , • • • , Ci form a continuous chain known as a 
polygonal path joining z\ to z n + 1 . 


V 



An open set 5 is said to be connected if every pair of points zi,Z2 hr 
S can be joined by a polygonal path that lies entirely in S. The polygonal 
path may contain line segments that are either horizontal or vertical. An 
open connected set is called a domain. Clearly, all open disks are domains. 
If A is a domain and S = A U F>, where A and B are open and disjoint; 
i.e., An B = 0, then either A = 0orF> = 0.A domain together with some, 
none, or all of its boundary points is called a region. 



Connected 


Not connected 
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Connected 


Figure 4.9 



Not connected 


A set S is said to be convex if each pair of points P and Q can be joined 
by a line segment PQ such that every point in the line segment also lies in 
S. For example, open disks and closed disks are convex; however, the union 
of two intersecting discs, while neither lies inside the other, is not convex. 
Clearly, every convex set is necessarily connected. Furthermore, it follows 
that the intersection of two or more convex sets is also convex. 


Problems 


4 . 1 . Shade the following regions and determine whether they are open 
and connected: 


(a) . {z G C : 

(b) . {ze C : 

(c) . {z G C : 

(d) . {ze C : 


-7r/3 < argz < tt/ 2} , 
z — 1\ < \z + 1 1 } , 

\z — 1| + \z — i\ < 2v^2}, 

1/2 <\z-l\< V2}\J{z G C 


1/2 < |z + 1| < a/2} 


or 


4 . 2 . Let S be the open set consisting of all points z such that \z\ < 1 
z — 2 <1. Show that S is not connected. 


4 . 3 . Show that: 

(a) . If Si, • • • , S n are open sets in C, then so is fj/_ =iSk. 

(b) . If {S a : 06 G A} is a collection of open sets in C, where A is any 

indexing set, then S = a ^ so °P en - 

(c) . The intersection of an arbitrary family of open sets in C need not be 
open. 

4 . 4 . Let S' be a nonempty set. Suppose that to each ordered pair 
(x, y) G S x S a nonnegative real number d(x, y ) is assigned that satisfies 
the following conditions: 

(i). d(x, y) > 0 and d(x, y) = 0 if and only if x = y, 
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(ii) . d(x, y ) = d(y, x) for all x,y G 5, 

(iii) . d(x, z) < d(pc , y) + d(y, z) for all x,y,z G 5. 

Then, d(x, y) is called a metric on 5. The set 5 with metric d is called 
a metric space and is denoted as (S', d). Show that in C the following are 
metrics: 


(a) . d(z, w) 

(b) . d(z, re) 


(c). d(z , re) 


z — w 


z — w 


1 + 




w 


f 0 if z = w 
y 1 if z ^ w. 


4.5. Let the point z = x iy correspond to the point (£, 77 , C) on the 
Riemann sphere (see Figure 4.3). Show that 


£ 


2 Re z 


z 


and 


+ 1’ 


R ez = 


T] 


2 Im z 


z 


£ 


i-C 


+ i’ 


Im = 


c 



2-1 

z 

2 + l 


T] 


1-C 


4.6. Show that if zi and Z 2 are finite points in the complex plane C, 
then the distance between their stereographic projection is given by 


d(z ll z 2 ) = 


Zl - z 2 


a/i + ki | 2 \A + 


^2 


This distance is called the spherical distance or chordal distance between 
Zi and Z 2 - Also, show that if z^ — 00 , then the corresponding distance is 
given by 

d(zi,oo) = 


a/i + 


21 


Answers or Hints 


4.1. 
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> < 



Open connected (ellipse) 



4.2. Points 0 and 2 cannot be connected by a polygonal line. 


y 

I K 


/ 


0 


\ 


s / 

\ / 

\/ 

H 

/\ 

/ \ 

/ s 


\ 


-I ► X 


y 


4.3. (a). Let w G n]J =1 Sfc. Then w G Sk, k = l,---,n. Since each Sk is 


open, there is an 7+ > 0 such that {z : 


z — w 


< r k } C Sk, k = 1 , 


n. 


Let r = min{ri, • • • , r n }. Then {z : \z — w\ < r} C {z : \z — w\ < 7+} C 


z — w 


<r}c C\ n k=l S k 


Sk, k = 1, • • • , n. Thus, {z : 

(b) . Use the property of open sets. 

(c) . n™ =1 {z : |z| < 1 /n} = {0}. 

4.4. (a). Verify directly, (b). For a, 6, c > 0 and c < a + 6, use 


-C_ < 
l + c - 


a 


+ 


(c). Verify directly. 


From 


l - ) ~CL 1 + 6 

4.5. The straight line passing through (x, y, 0) and (0,0, 1) in parametric 
form is (tx,ty, 1 — t). This line also passes through the point (£, 77 , C) on 
the Riemann sphere, provided t 2 x 2 + t 2 y 2 + (1 — t) 2 = 1. This gives t — 0 
and t = 2/{x 2 + y 2 + 1). The value t = 0 gives the north pole, whereas 

t = 2/ (x 2 + y 2 + 1) gives +*?+) = ( ^+* 2+1 > Wi . ihfLl 
this, it also follows that |z| 2 + 1 = 

4.6. If (£ 1 , 771 , Cl) and (£ 2 , 772 ,( 2 ) are the points on S corresponding to 
Zi and Z 2 , then d(z 1 ,z 2 ) = [(+ - 6) 2 + (Vi ~ Vi) 2 + (Ci - C 2 ) 2 ] 1/2 = 
[2 — 2 (^i ^2 + 271272 + C 1 C 2 ++ Now use Problem 4 . 5 . If ^2 = oo , then again 
from Problem 4 . 5 , we have d(zi, oo) = [£ 2 -T 77 2 + (£i — l ) 2 ] 1 ^ 2 = [2 — 2(£i ] - 1 / 2 = 

[2 - 2(|+ 2 - 1 )/(| + 2 + 1)+ 2 = 2 / ( I + 2 + 1 + 2 . 


Lecture 5 

Complex Functions 


In this lecture, first we shall introduce a complex-valued function of a 
complex variable, and then for such a function define the concept of limit 
and continuity at a point. 


Let S' be a set of complex numbers. A complex function (complex- valued 
of a complex variable) / defined on S is a rule that assigns to each z = x-\-iy 
in S a unique complex number w = u + iv and written as / : S -A C. The 
number w is called the value of / at z and is denoted by /(z ); i.e., w = /(z). 
The set S is called the domain of /, the set W = {/(z) : z E S}, often 
denoted as /(S), is called the range or image of /, and / is said to map S 
onto W. The function w = /(z) is said to be from S into W if the range of 
S under / is a subset of W. When a function is given by a formula and the 
domain is not specified, the domain is taken to be the largest set on which 
the formula is defined. A function / is called one-to-one (or univalent , or 
injective) on a set S if the equation /(zi) = /(z 2 ), where z\ and z 2 are in 5, 
implies that z\ — Z 2 . The function /(z) = zz is one-to-one, but /(z) = z 2 
is not one-to-one since /(z) = f(—i) = — 1. A one-to-one and onto function 
is called bijective. We shall also consider multi-valued functions: a multi- 
valued function is a rule that assigns a finite or infinite non-empty subset 
of C for each element of its domain S. In Lecture 2, we have already seen 
that the function /(z) = argz is multi-valued. 


As every complex number z is characterized by a pair of real numbers 
x and y, a complex function / of the complex variable z can be specified 
by two real functions u = u(x, y) and v = v(x,y). It is customary to write 
w = /(z) = u(x, y) + iv(x, y). The functions u and v, respectively, are called 
the real and imaginary parts of /. The common domain of the functions u 
and v corresponds to the domain of the function /. 


Example 5.1. For the function w = /(z) = 3z 2 + 7z, we have 
f(x-\-iy) = 3(x + iy) 2 + 7(x + iy) = (3x 2 - 3y 2 + 7x) + i(6xy + 7y), 
and hence u = 3x 2 — 3 y 2 + 7 x and v = 6xy + 7y. Similarly, for the function 


w 


m 


z 


2 , we find 

f(x + iy) 


x + iy 


2 1 2 

x +y , 


and hence u = x 2 + y 2 and v = 0. Thus, this function is a real- valued func- 
tion of a complex variable. Clearly, the domain of both of these functions is 
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C. For the function w = 


is 


z 


= 1. 




the domain is C\{0}, and its range 


Example 5.2. The complex exponential function f(z ) = e z is defined 
by the formula (3.1). Clearly, for this function, u = e x cos y and v = e x sin //, 
which are defined for all (x,y) G IR 2 . Thus, for the function e z the domain 
is C. The exponential function provides a basic tool for the application of 
complex variables to electrical circuits, control systems, wave propagation, 
and time-invariant physical systems. 


Recall that a vector- valued function of two real variables F (x,y) = 
(P(x, 2 /) , Q(x, y)) is also called a two-dimensional vector filed. Using the 
standard orthogonal unit basis vectors i and j, we can express this vector 
field as F (x,y) = P(x,y ) i + Q(x,y) j. There is a natural way to represent 
this vector field with a complex function f(z). In fact, we can use the 
functions P and Q as the real and imaginary parts of /, in which case we 
say that the complex function f(z ) = P(x,y) + iQ(x,y) is the complex 
representation of the vector field F(x, y) = P(x, y) i + Q(x, y) j. Conversely, 
any complex function f(z ) = u(x,y) + iv(x,y) has an associated vector 
field F (x,y) = u(x,y)i + v(x,y) j. From this point of view, both F (x,y) = 
P(x, y) i + Q(x, y ) j and f(z ) = u(x, y) + iv(x, y) can be called vector fields. 
This interpretation is often used to study various applications of complex 
functions in applied mathematical problems. 


Let / be a function defined in some neighborhood of zo, with the possible 
exception of the point zq itself. We say that the limit of f(z) as z approaches 
zq (independent of the path) is the number wq if \f(z) — wq\ — ^ 0 as | | —> 

0 and we write lim z ^ Zo f(z) = Wo. Hence, f(z) can be made arbitrarily close 
to wq if we choose z sufficiently close to zq. Equivalently, we say that wo is 
the limit of / as z approaches zo if, for any given e > 0, there exists a S > 0 
such that 


0 < 


z - z 0 


< => i/(o 


Wo 


< e. 


y v 




Figure 5.1 


Example 5.3. By definition, we shall show that (i) lim z 2) = 


■2 + 2 i and (ii) lim 


— i 


z- 2 


Vs. 
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(i). Given any e > 0, we have 

z 2 — 2 — (—2 + 2i)\ = \z 2 — 2i\ = \z 2 + 2i 


z 2 + 2 i 


z — (1 — i)| \z + (1 — *)| 

< \z — (1 — i)\(\z — (1 — i)\ + 2 1 1 — i\) 

< z- (1- i)|(l + 2 V / 2) if \z — {1 — i)\ < 1 

e 


< e if \z — (1 — i)\ < min < 1, 


1 + 2\/2 


(ii). Given any e > 0, from (i) we have 

z 2 — 2| — y/S\ = ||z 2 — 2| — | — 2 + 2i 

< z 2 -2- (-2 + 2z)| 


< e if \z — (1 — i)| < min < 1, 


1 + 2^2 


z - z 0 


Example 5.4. (i). Clearly, lim z ^ Zo z = Zq. (ii). From the inequalities 

|Re(z-z 0 )| < [(Re(z — zo)) 2 + (Im(z — zq )) 2 ] 1 / 2 = 

|Im(z — zo)\ < \z — zo|, 

it follows that lim z ^ Zo R ez = Re zo, lim^^ Lruz = Im zq. 


Example 5.5. lim^o {z/z) does not exist. Indeed, we have 

lim - = lim — : — — = 1 


z 0 

along a>axis 


Z .. X + zO 

— = lim 

z x^o x — it) 


lim - 

z — y 0 z 

along y - axis 


lim 
0 0 


0 + iy 


xy 


1. 


The following result relates real limits of u(x,y) and v(x,y) with the 
complex limit of /(z) = u(x, y) + iv(x, y). 

Theorem 5.1. Let /(z) = u(x,y) + iv(x,y), zo = xo + iyo, and wq = 
u 0 + iv 0 . Then, lim*_>* 0 f(z) = w 0 if and only if lirn^^ y ^ yo u(x, y) = u 0 
and lim^^ y ^ yo v(x, y) = v 0 . 

In view of Theorem 5.1 and the standard results in calculus, the follow- 
ing theorem is immediate. 

Theorem 5.2. If lim z ^ Zo f(z) = A and lim z ^ Zo g(z) = F>, then 
(i) hm*_>* 0 (/(z) ± g(z)) = ALB, (ii) lim z ^ ZQ f(z)g(z) = AB , and 

(iii) lim*_>* 0 ^ if B ± 0. 

9{z) B 
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For the composition of two functions / and g denoted and defined as 
(/ ° 9)( z ) = f(d( z ))^ we have the following result. 

Theorem 5.3. If \im z ^ Zo g(z ) = wq and hm w ^ Wo f(w) = A , then 


lim f(g(z)) = A = f 

Z^Z o 


lim g(z) 

z—>zo 


Now we shall define limits that involve oo. For this, we note that z oo 


means 


z 


oo, and similarly, f(z ) oo means \f(z)\ oo. 


z ->z 0 f(z) = oo means that for any M > 0 there is a 


The statement lim 

S > 0 such that 0 < \z — zo\ <5 implies \f(z)\ > M and is equivalent to 
lim z _> zo 1 / f(z) = 0. 

The statement Hindoo f(z ) = wq means that for any e > 0 there is 


an R > 0 such that 

lim z _> 0 /( 1/z) = wo- 


Z 


^ > R implies wq < T and is equivalent to 


The statement lim^^oo /(z) = oo means that for any M > 0 there is an 
R 0 such that \ z \ Ft implies |/*( 2 ;^| -T/". 


Example 5.6. Since 


2zF3 _ 2 + 3 /z 
3 z + 2 3 + 2 j z 

lim^ 00 (2^ + 3)/(3z + 2) = 2/3. Similarly, linr^oo^z + 3) / (3z 2 + 2) = 0 
and lim 2^00 (2z 2 + 3)/ (3z + 2) = 00 . 

Let / be a function defined in a neighborhood of 2 + Then, / is contin- 
uous at zo if lim z ^ Zo f( z ) = f( z o)- Equivalently, / is continuous at zq if for 
any given e > 0, there exists a 8 > 0 such that 


z - +) 


< $ => \f(z)-f( z o)\ < e. 


A function / is said to be continuous on a set S if it is continuous at each 
point of S. 

Example 5.7. The functions f(z) = Re ( 2 :) and g(z) = Im (z) are 
continuous for all 2 :. 


Example 5.8. The function f(z) 
let zq be given. Then 


2 : 


is continuous for all z. For this, 


lim 

Z^Zo 



lim \J (Re z) 2 + (Im z) 2 = \J (Re zo) 2 + (Im zo) 2 

Z^Zo 



Hence, f(z) is continuous at 2 + Since zo is arbitrary, we conclude that f(z) 
is continuous for all z. 
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It follows from Theorem 5.1 that a function f(z ) = u(x,y) + iv(x,y ) 
of a complex variable is continuous at a point zq = xq + iyo if and only if 
u(x,y) and v(x,y) are continuous at (xo,yo)- 

Example 5.9. The exponential function f(z ) = e z is continuous on 
the whole complex plane since e x cos y and e x sin y both are continuous for 
all (x, y) G 1R 2 . 

The following result is an immediate consequence of Theorem 5.2. 

Theorem 5.4. If f(z ) and g(z) are continuous at z, o, then so are 
(i) f{z) ±#(z), (ii) f(z)g(z), and (iii) f(z)/g(z) provided g(z 0 ) ^ 0. 

Now let / : S W, S i C S', and W\ C W. The inverse image denoted 
as consists of all z G S such that /(z) G W\. It follows that 

C W\ and / _1 (/(Si)) D S\. By definition, in terms of inverse 
image continuous functions can be characterized as follows: A function 
is continuous if and only if the inverse image of every open set is open. 
Similarly, a function is continuous if and only if the inverse image of every 
closed set is closed. 


For continuous functions we also have the following result. 

Theorem 5.5. Let f : S C be continuous. Then, 

(i) . a compact set of S is mapped onto a compact set in /(S'), and 

(ii) . a connected set of S is mapped onto a connected set of /(S). 

It is easy to see that the constant function and the function f(z) = z 
are continuous on the whole plane. Thus, from Theorem 5.4, we deduce 
that the polynomial functions ; i.e., functions of the form 

P(z) = Uo T d\z + T • • • T & n z n , (5.1) 

where tq, 0 < i < n are constants, are also continuous on the whole plane. 
Rational functions in z, which are defined as quotients of polynomials; i.e., 

P(z) _ + cl\z + • • • + a n z n , . 

Q(z ) 6o T biz + • • • + b rn z rn 

are therefore continuous at each point where the denominator does not 
vanish. 


Example 5.10. We shall find the limits as z 2i of the functions 

£ / \ 2 oii £ ( \ z + 2z £ ( \ z 2 +4 

AO) = z -2z + l, Hz) = — , Hz) = 

Since fi(z) and f 2 (z) are continuous at z = 2 i, we have lim 2 ^2 i Hz) = 
fi(2i) = —3 — 4/ lim^ 2 i f 2 (z) = f2{2i) = 2. Since fs(z) is not defined at 
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2 = 2 i, it is not continuous. However, for z ^ 2i and z ^ 0, we have 


Mz) 


(z + 2z)(z — 2z) 

z(z — 2i) 


z 2 i 
z 


h{z) 


and so lim^ 2 % f?>{ z ) = lim^-^ f 2 {z) = 2. Thus, the discontinuity of fs(z) 
at z = 2i can be removed by setting /2(2i) = 2. The function fs(z) is said 
to have a removable discontinuity at z = 2i. 


Problems 

5 . 1 . For each of the following functions, describe the domain of defini- 
tion that is understood: 

(a). f(z ) = T o > ( b )- f( z ) = — ( c )- f(z) 1 


2^ + 3 


i — ’ 

z + z 


1 - 


z 


2 ' 


5 . 2 . (a). Write the function f(z) = z 3 + 2z + 1 in the form f(z) = 
u{x,y) + iv{x,y). 

(b). Suppose that f(z) = x 2 — y 2 — 2y-\-i(2x — 2xy). Express f(z) in terms 
of z. 


5 . 3 . Show that when a limit of a function f(z) exists at a point zo, it 
is unique. 

5 . 4 . Use the definition of limit to prove that: 

(a), lim (z 2 + 5) = Zq + 5, (b). lim z 2 = (l-j-i) 2 , 

z^z o z^tl — i 

(c) . lim z = zo, (d). lim (2z + 1) = 5 — 2 i. 

z^z o z—>2—i 

5 . 5 . Find each of the following limits: 

< a >- - 5i > 2 - < b >- h W- < c) - si n- 

(d) . lim4V. (e). lim V + \ (f). lim 2S + 3 “ 2 + 7 


Z—±l Z 


1 


2-^00 z 2 + Z + 1 


z— ^oo 


z 2 — i 


5 . 6 . Prove that: 
2 


f z\ 2 z 2 

(a), lim ( - ) does not exist, (b). lim — = 0 

z^O \ zJ z^O Z 


5 . 7 . Show that if lim f(z) = 0 and there exists a positive num- 


z^zo 


ber M such that \g(z)\ < M for all z in some neighborhood of Zq , then 
lim f(z)g(z) = 0. Use this result to show that lim^o ze l ^ z ^ — 0. 
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5.8. Show that if lim f(z) = reo, then lim \f(z)\ = \wo 

Z^-Zq Z^-Zo 

5.9. Suppose that / is continuous at Zo and g is continuous at Wq 
/(zo). Prove that the composite function g o f is continuous at zq- 


5.10. Discuss the continuity of the function 


Z' 


1 


m = 


z- 1 ’ 

3, 


* 1^1 


Z 


= 1 


at the points 1, — 1, i, and —i. 

5.11. Prove that the function /(z) = Arg(z) is discontinuous at each 
point on the nonpositive real axis. 


5.12 (Cauchy’s Criterion). Show that lim z ^ Zo /(z) = wo if and only 

if for a given e > 0 there exists a S > 0 such that for any z, z' satisfying 
z — zq\ < S, \z' — zq\ < 5, the inequality | f(z) — f(z f ) \ < e holds. 


5.13. Prove Theorem 5.5. 


5.14. The function f : S C is said to be uniformly continuous on S if 
for every given e > 0 there exists a S = S(e) > 0 such that |/(zi) — /(z 2 )| < e 
for all zi,Z 2 £ S with \z\ — Z 2 I < S. Show that on a compact set every 
continuous function is uniformly continuous. 


Answers or Hints 


5.1. (a), z 2 7 ^ —3 z 7 ^ Ta/ 3 i, (b). 2 + z / 0 z is not purely 

imaginary; i.e., Re(z) 7 ^ 0 , (c). |z | 2 7 ^ 1 \z\ 7 ^ 1. 

5.2. (a), (x + iy) 3 + 2(x + iy) + 1 = (x 3 — 3xy 2 + 2x + l) +i(3x 2 y — y 3 + 2y). 
(b). Use x = (z + z)/2, y = (z — ~z)/2i to obtain /(z) = z 2 + 2 iz. 

5.3. Suppose that lim^^ /(z) = wo and \im z ^ Zo /(z) = w\. Then, for 
any positive number e, there are positive numbers and 5i such that 
|/(z) — wq\ < e whenever 0 < \z — zo| < ^0 and |/(z) — wi\ < e whenever 
0 < I Z — Zq I < Si. So, if 0 < 


z 


(f(z) - w 0 ) + (f(z) - W 1 ) 


W 0 — w 1 

< 2 e; i.e., 


zo\ < 5 = min{(5o,^i}, then 
< I f(z) - iu 0 | + I f(z) - Wx 
Wq — Wi \ < 2e. But, e can be chosen arbitrarily small. Hence, Wq — W\ = 0, 
or wo = w\. 

5.4. (a). \z 2 + 5 — (z 0 + 5)| = \z — zq||z + zq| < \z — zq|(|z — zq| + 2|zq|) 


(b). 


j 2 


< (1 + 2 |zo )\z 

< e if 0 < 
(l+i) 2 | = z 


Zo 


Z - z 0 
2 -(l- 


if 

< mm 

■i) 2 1 < 


Z - Z 0 


< 1 


1 


l+2po 

z — (1 — i)\\z + (1 — i) 
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< e if |z — (1 — i)| < min{l, e/5}, 

(c) . |z — Zq\ = \z — Zo\ < e if \z — Zq\ < e, 

(d) . |2z + l — (5 — 2z)| = |2z-(4-2z)| = 2\z-(2-i)\ < e if \z-(2-i)\ < e/ 2 . 

5.5. (a). —Si, (b). — 7i/2, (c). 6i , (d). —1/2, (e). 1, (f). oo. 

5.6. (a), lim^o , z = x (z/z) 2 = 1, lim z ^o, y =x(z/z) 2 = -1. 

(b). Let e > 0. Choose S = e. Then, 0 < \z — 0| < 8 implies | ~z 2 /z — 0 = 
\z\ < e. 

5.7. Since lim z ^ Zo /(z) = 0, given any e > 0, there exists 8 > 0 such that 
|/(z) — 0| < e/M whenever \z — zq\ < S. Thus, \f(z)g(z) — 0\ = \f(z)\\g(z)\ < 
M|/(z)| < e if \z — zq\ < S. 

5.8. Use the fact ||/(z)| — \wq\ \ < |/(z) — wq . 

5.9. Let e 0. Since cj is continuous at u) q, there exists a (5]_ 0 such that 


w — wq\ < Si implies that | g(w) — g(wo) 
so there exists a S 2 > 0 such that \z — zq 


< e. Now, / is continuous at zo, 

< S 2 implies | f(z) - f(z 0 )\ < Si. 


Combining these, we find that \z — zo\ < S 2 implies \f(z) — f(zo)\ < 5i, 
which in turn implies | (g o f)(z) - (g o f)(z 0 )\ = \g[f(z)] - g[f(zo)] \ < e. 

5.10. Continuous at 1 , discontinuous at — l,z, — i. 

5.11. / is not continuous at z 0 if there exists eo > 0 with the following 
property: For every S > 0, there exists z$ such that \z$ — zq\ < S and 
| f(z$) — /(zo)| > eo- Now let zq = xq < 0. Take eo = 3tt/2. For each S > 0, 
let zs = x 0 — i{8 / 2 ). Then, \z§ — z$\ = \iS/2\ = S/2 < S , — tt < f(z$) < 
— 7r/2, /(To) = 7 r, so | f(z§) — /(zo)| > 3tt/2 = eo, and / is not continuous 
at zo. Thus, / is not continuous at every point on the negative real axis. It 
is also not continuous at z = 0 because it is not defined there. 

5.12. If / is continuous at Zq, then given e > 0 there exists a S > 0 such 


that \z\ — Zo | < S/2 => |/(zi) — /(zo)| < e /2 and \z 2 — zo| < S/2 
f(z 2 ) — /(z 0 )| < e/ 2 . But then \zi — z 2 \ < \z\ — zq\ + |zo — z 2 \ < S 
f Oi) - f(z 2 )| < |/(^i) - /(z 0 )| + |/(^) - f{zo)\ < e. For the converse, we 
assume that 0 < \z— zq\ < S, 0 < |z'— zo| < S; otherwise, we can take z' = zo 
and then there is nothing to prove. Let z n zo, z n 7 ^ zo, and e > 0. There 
is a S > 0 such that 0 < |z — zo| < 8, \z' — z$\ < S implies |/(z) — / (z')| < e, 
and there is an N such that n > N implies 0 < |z n — zo| <5. Then, for 
m,n> N, we have |/(z m ) — /(z n ) | < e. So, wq = hm n ^oo /(z n ) exists. To 
see that lim z ^ Zo /(z) = wq, take a 5i > 0 such that 0 < |z — zo| < 5i, 0 < 

| z' — zo | < 5i implies |/(z) — f(z') \ < e/ 2 , and an Ni such that n > N\ 
implies 0 < |z n — zo| < 5i and |/(z n ) — wq\ < e/2. Then, 0 < |z — zo| < 5i 
implies |/(z) - w 0 \ < |/(z) - f(z Nl ) \ + | f(z Nl ) - w 0 \ < e. 

5.13. (i). Suppose that / : U C is continuous and U is compact. Con- 
sider a covering of f(U) to be open sets V. The inverse images / - 1 (U) are 
open and form a covering of U. Since U is compact, by Theorem 4.4 we 
can select a finite subcovering such that U C/ _ 1 (Vi)U---U/ _ 1 (U l ). It 
follows that f(U) C Vi U • • • U V n , which in view of Theorem 4.4 implies 
that f(U) is compact, (ii). Suppose that / : U C is continuous and U 
is connected. If f(U) = A U B where A and B are open and disjoint, then 
U = / -1 (z 1) U / _ 1 (F>), which is a union of disjoint and open sets. Since U 
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is connected, either f~ 1 (A) = 0 or f~ 1 (B ) = 0, and hence either A = 0 or 
5 = 0. This implies that f(U) is connected. 

5 . 14 . Use Theorem 4.4. 


Lecture 6 

Analytic Functions I 


In this lecture, using the fundamental notion of limit, we shall define 
the differentiation of complex functions. This leads to a special class of 
functions known as analytic functions. These functions are of great im- 
portance in theory as well as applications, and constitute a major part of 
complex analysis. We shall also develop the Cauchy- Riemann equations 
which provide an easier test to verify the analyticity of a function. 


Let / be a function defined in a neighborhood of a point zq. Then, the 
derivative of / at zq is given by 


df_ 

dz 



= f'(zo) 


lim 

Az^O 


f(z 0 + Az) - /Oo) 


Az 


•) 


( 6 . 1 ) 


provided this limit exists. Such a function / is said to be differentiable at 
the point Zq. Alternatively, / is differentiable at Zq if and only if it can be 
written as 

f(z) = f(z 0 ) +A(z - Zo) +T)(z)(z- Zo)-, (6.2) 

here, A = f'(zo) and rj(z) -A 0 as 2 ) zo- Clearly, in (6.1), Az can go to 
zero in infinite different ways. 


Example 6.1. Show that, for any positive integer n, 
Using the binomial formula, we find 


d_ 

dz 


z 


n 


nz 


n- 


1 


(z + A z) n - z 

A ~z 


n 


n \ ^ _ 1 . f n \ ri _ O'* ^ f n 

,z n X A z + ' 1 ~ n - 2 


z n -\AzY + • • • + (Az) 


n 


n 


Az 


nz n-l + l J z n-2 Az + . . . + (Az)" _1 


Thus, 


d 

dz 


z 


n 


lim 

Az^O 


(z T Az) n — z 

Az 


= nz 


n— 1 


Example 6.2. Clearly, the function f(z) = z is continuous for all z. 
We shall show that it is nowhere differentiable. Since 


fjzp + Az) - f(z 0 ) 

Az 


(zo + Az) - zo _ Az 

A z “ A ~z 
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If A z is real, then A z = A z and the difference quotient is 1. If Az is 
purely imaginary, then Az = — Az and the quotient is —1. Hence, the limit 
does not exist as Az 0. Thus, z is not differentiable. In real analysis, 
construction of functions that are continuous everywhere but differentiable 
nowhere is hard. 


The proof of the following results is almost the same as in calculus. 
Theorem 6.1. If / and g are differentiable at a point zo, then 

(i) - (f±g)'(z 0 ) = f'(zo) ±g'(zo), 

(ii) - (cfY (zo) = c/'(zo) (c is a constant), 

(iii) - (fg)'(zo) = f(z 0 )g'(z 0 ) + f'(z 0 )g(z 0 ), 

( f\ t ^ g(zo)f(zo)-f(z 0 )g l (z 0 ) 

M- ( - ) (-o) = if g( z o) f 0, and 

(v). (/ o g)'(zo) = f'(g(zo))g'(zo ), provided / is differentiable at g(zo). 

Theorem 6.2. If / is differentiable at a point z o, then / is continuous 
at z o • 

A function / of a complex variable is said to be analytic (or holomorphic , 
or regular) in an open set S if it has a derivative at every point of S. If S is 
not an open set, then we say / is analytic in S if / is analytic in an open 
set containing S. We call / analytic at the point zq if / is analytic in some 
neighborhood of Zq. It is important to note that while differentiability is 
defined at a point, analyticity is defined on an open set. If a function / is 
analytic on the whole complex plane, then it is said to be entire. 

For example, all polynomial functions of z are entire. For the rational 
function /(z) = P(z)/Q(z), where P(z) and Q(z) are polynomials, let 
{a i, OL 2 , • • • , CK r } be the roots of Q(z). By the quotient rule, f'(z) exists for 
all z G S = C — {aq, c* 2 , • • • , cq}. Since S is open, / is analytic in S. 

If the functions / and g are analytic in a set 5, then in view of Theorem 
6.1, the sum /(z) + g(z), difference /(z) — g(z), and product f(z)g(z) are 
analytic in S. The quotient f(z)/g(z) is analytic provided g(z) ^ 0 in S. 

The proof of the following result is also similar to that of real-valued 
functions. 

Theorem 6.3 (L’Hopital’s Rule). Suppose / and g are analytic 
functions at a point z o and /(zq) = g(zo) = 0, but g'(zo) ^ 0. Then, 


lim 

Z^Zq 


m 

g( z ) 


ra o) 

g'(zo) ' 


Example 6.3. Consider the functions f(z) = z 14 + 1 and g{z) = z 7 + i. 
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Clearly, f(i) = g(i) = 0, g'(i) = 7{i) 6 = —7 ^ 0, and hence 


r 14 _L 1 14z 13 

lirn — = lim — = lim 2z 7 = — 2 i. 

z — yi z i z—±i 7 z° z — yi 


If the function f(z) = u(x, y ) + ix(x, y ) is differentiable at zq = xo +iyo, 
then the limit (6.1) exists and can be computed by allowing Az = ( Ax + 
iAy) to approach zero from any convenient direction in the complex plane. 
If it approaches zero horizontally, then Az = Ax and we obtain 


/'(*>) 


lim — — 

Ax^O Ax 


u(x o + Ax, 2/0 ) + iv(x o + Ax, y 0 ) - u(x 0 , y 0 ) - iv(x 0 , j/o)] 


lim 

" u(x 0 + Ax, y 0 ) - u (x 0 , 2/o ) " 

+ i lim 

~v{x 0 + Ax, y 0 )-v(x 0 , j/o) 

Ax 

Ax 

Ax— 

Ax— 7*0 


Since the limits of the bracketed expressions are just the partial derivatives 
of u and v with respect to x, we deduce that 


/'(* o) 


du 

dx 


(x 0 ,y 0 ) + i 


dv 

dx 


(xo,yo)- 



On the other hand, if Az approaches zero vertically, then Az = iAy and 
we have 


/' Oo) 


lim 

'u(xo,yo+Ay)-u(xo,yo)~ 

+ i lim 

~ v(x 0 , y 0 +Ay) - v(x 0 , y o y 

1 

> 

•C 

1 

<S> . 

> 

ttS 

i 

Ay—^0 

Ay^-0 


and hence 


/Vo) 



(xo,yo) + 


dv 

dy 


(■ xo,Vo )• 



Equating the real and imaginary parts of (6.3) and (6.4), we see that the 
equations 

du dv du dv 

dx dy ’ dy dx ’ 

must be satisfied at zq = xq + iyo- These equations are called the Cauchy- 
Riemann equations ; however, D’Alembert had stated the equations earlier 
in the eighteenth century. 


Theorem 6.4. A necessary condition for a function /(z) = u(x 1 y) + 
iv(x, y) to be differentiable at a point zo is that the Cauchy- Riemann equa- 
tions hold at Zq. Consequently, if / is analytic in an open set A, then the 
Cauchy- Riemann equations must be satisfied at every point of S. 
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Example 6.4. The function f(z ) = ( x 2 +y) -t~i(y 2 — x) is not analytic 
at any point. Since u{pc, y) = x 2 + y and v(x, y) = y 2 — x, we have 


du 

dx 




dv 

dx 




Hence, the Cauchy- Riemann equations are simultaneously satisfied only on 
the line x = y and therefore in no open disk. Thus, by the theorem above, 
the function f(z ) is nowhere analytic. 


Example 6.5. The function f(z) = R ez is not analytic at any point. 

du du dv dv 

Here u(x, y) = x and v(x, y) = 0, and so — — = 1, — — = 0, — — =0, — = 0. 

v v ’ dx ’ dy dx ’ dy 

Example 6.6. The function f(z) =z is not analytic at any point. Here 

du du dv dv 

u(x, y) = x and v(x, y) = —y, and so — — = 1, — — = 0, — — = 0, — = — 1. 

dx dy dx dy 


If / is differentiable at z o, then Theorem 6.2 ensures that / is continuous 
at zq. However, the following example shows that the converse is not true. 


Example 6.7. The function f(z ) = |z| 2 = x 2 + y 2 is continuous 
everywhere but not differentiable at all points z ^ 0. 


Example 6.7 also shows that, even if u and v have continuous partial 
derivatives, / need not be differentiable. 

xy 

Example 6.8. Let / = u-\- iv, where u = — ^ for (x,y) ^ (0,0) 

x l + y l 


and u(0,0) = 0, v(x,y) = 0 for all (x,y). Clearly, at (0,0), 


du du 


dx dy 


dv dv 

— — = — — = 0; i.e., all the partial derivatives exist and satisfy the Cauchy- 
dx dy 

Riemann equations. However, u is not continuous at (0,0), and hence / is 
not differentiable at (0, 0). Thus, even if the function / satisfies the Cauchy- 
Riemann equations at a point zq, it need not be differentiable at zq- 


In spite of the two examples above, we have the following result. 

Theorem 6.5 ( Sufficient Conditions for Differentiability). Let f(z) = 
u(x,y) + iv(x,y) be defined in some open set S containing the point zq. If 
the first order partial derivatives of u and v exist in 5, are continuous at zo, 
and satisfy the Cauchy- Riemann equations at Zo, then / is differentiable at 
z 0 . Moreover, 


/'Co) 


du 

dx 

dv 

dy 


(xo, yo) +i 


dv 

dx 


Co, yo) 


.du 

% 


Co, J/o ) 
Co, yo) ■ 
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Consequently, if the first-order partial derivatives are continuous and 
satisfy the Cauchy- Riemann equations at all points of 5, then / is analytic 
in S. We also note that if / is differentiable only at finitely many points, 
then it is nowhere analytic. 


Lecture 7 

Analytic Functions II 


In this lecture, we shall first prove Theorem 6.5 and then through sim- 
ple examples demonstrate how easily this result can be used to check the 
analyticity of functions. We shall also show that the real and imaginary 
parts of an analytic function are solutions of the Laplace equation. 


Proof of Theorem 6.5. From calculus, the increments of the func- 
tions u(x,y) and v(x,y) in the neighborhood of the point (#0,2/0) can be 
written as 

u(x 0 + Ax,y 0 + Ay) -u(x 0 ,y 0 ) = u x (x 0 ,y 0 )Ax + u v (x 0 ,y 0 )Ay + rji(x,y) 
and 


v(xo + Ax,y 0 + Ay)-v(x 0 ,yo) = v x (x 0 , yo)Ax + v y (x 0 , yo)Ay + rj 2 (x, y), 


where 


lim = 0 and 

|Ad-»0 Az 


lim 

I A 2 I— >-0 


m( x ^y) 

\Az\ 


0 . 


Thus, in view of the Cauchy-Riemann conditions (6.5), it follows that 


/Co + Az) - f(z 0 ) 

Az 


, x Ax + iAy iAx — Ay 

u x (xo,yo) — — — — + v x (x Q ,yo) 


+ 


Ax + iAy 

mi^y) ±}m(x 1 y) 

Ax + iAy 


Ax + iAy 


U x (x 0, yo) + iv x (x 0, y 0 )] + 


Viz) 
Az ’ 


where rj(z) = 771 (#, y) + 7772(0;, y)- Now, taking the limit as Az -A 0 on both 
sides and using the fact that rj(z)/Az -A 0 as Az 0, we obtain 


f(z 0 ) = u x (x 0 ,yo) + iv x {x 0 ,yo) 


Combining Theorems 6.4 and 6.5, we find that a necessary and sufficient 
condition for the analyticity of a function /(z) = u(x,y) + iv(x,y) in a 
domain S is the existence of the continuous partial derivatives u x ,u y ,v x , 
and v y , which satisfy the Cauchy-Riemann conditions (6.5). From this it 
immediately follows that if /(z) is analytic in a domain 5, then the function 

g(z ) = /(z) is not analytic in S. 
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Example 7.1. Consider the exponential function f(z ) = e z = e x (co sy+ 
isiny). Then, u(x,y) = e x cos y, v(x,y) = e x siny , and 


du 

dx 


dv 

dy 


'X 


e cos 2 /, 


% 


9x 


e x sin y 


everywhere, and these derivatives are everywhere continuous. Hence, f(z ) 
exists and 

chi chi 

f \ z ) = 7 ^+ 27 ^ = cos y + sin y = e 2 = f(z). 

Example 7.2. The function f(z ) = z 3 = x 3 — 3 xy 2 + i(3x 2 y — ?/ 3 ) is 
an entire function and f(z ) = 3z 2 . 

Example 7.3. Consider the function f(z) = x 2 + y + i(2y — x) . We have 
u(x, y) = x 2 + 2 /, x(x, y) = 2y- x, and u x = 2x, u y = 1, v x = -1, ^ = 2. 
Thus, the Cauchy- Riemann equations are satisfied when x = 1. Since all 
partial derivatives of / are continuous, we conclude that f'(z ) exists only 
on the line x = 1 and 

/'(i + *y) = £( 1 ’») + ®£( 1 >y) = 2_i - 

Example 7.4. Let f(z) = ze~' z ' . Determine the points at which 
f(z ) exists, and find f (z ) at these points. Since f(z) = (x — iy)e~( x ~+ y \ 
u(x,y) = xe-^+y 2 ^, v(x,y) = —ye~^ x2+y2 \ and 


Thus, 


du 

dx 

dv 

dx 

du 


= e~ (x2+v2) -2x 2 e~ {xZ+yZ \ 'y = -2xye~ {x2+v2 \ 

dy 


2 , 2 


du 


,2 , „. 2 ' 


= 2 xye ( x ^ 


2 , „ .2 \ dv 


— _ g— (ad+y 2 ) 2y 2 e~ A z + yZ ) 


2 , „ .2 


’ dy 


dy 


is always satisfied, and — — = — — holds, if and only if 


dx 


dx dy 


2e -C 2 +y 2 ) _ 2x 2 e~ ( ' x2+y2) - 2 y 2 e~ (xZ+y2) = 0 , 


,2 , „ .2 


2 , „ . 2 ' 


or 


2e- (a;2+y2 )(l -x 2 -y 2 ) = 0, 


or a ; 2 + y 2 = 1 . Since all the partial derivatives of / are continuous, we 


conclude that f(z ) exists on the unit circle 




1. Furthermore, on I z = 1, 


f{x + iy ) 


du , , .dv f , 

-(*,y)+,-(x,y) 


— e {x -\-y ) _ 2x 2 e ( x +y ) y 2ixye ^ x ^ 

= e _1 (l — 2 x 2 + 2xyi). 


.2 , „. 2 ' 


,2 , 2 ' 
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Now recall the following result from calculus. 

Theorem 7.1. Suppose (j>(x,y) is a real- valued function defined in a 
domain S. If 4> x = <fi y = 0 at all points in 5, then </> is a constant in S. 

Analogously, for an analytic function, we have the following theorem. 

Theorem 7.2. If /(z) is analytic in a domain S and if f'(z ) = 0 
everywhere in 5, then f(z ) is a constant in S. 

Proof. Since f'(z ) = 0 in 5, all first-order partial derivatives of u and 
v vanish in 5; i.e., u x = u y = v x = v y = 0. Now, since S is connected, we 
have u = a constant and v = a constant in 5. Consequently, / = u + is 
also a constant in S'. I 


Remark 7.1. The connectedness property of S is essential. In fact, if 

< \ then / is analytic and f(z ) = 0 


f(z) is defined by f(z) = 
on its domain of definition, but / is not a constant. 


f 1 

if 

z 

l 2 

if 

z 


Theorem 7.3. If / is analytic in a domain S and if |/| is constant 
there, then / is constant. 


Proof. As usual, let f(z) = u(x,y) + iv(x,y). If |/| = 0, then / = 0. 
Otherwise, |/| 2 = u 2 + v 2 = c ^ 0. Taking the partial derivatives with 
respect to x and ?/, we have 

uu x + vv x = 0 and uu y + vv y = 0. 

Using the Cauchy- Riemann equations, we find 

uu x — vu y = 0 and vu x + uu y = 0 

so that 

(u 2 + v 2 )u x = 0 and {u 2 + v 2 )u y = 0, 

and hence u x = u y = 0. Similarly, we have v x = v y =0. Thus, / is a 
constant. I 


Next, let f(z) = u(x, y) + iv(x, y) be an analytic function in a domain 5, 
so that the Cauchy- Riemann equations u x = v y and u y = — v x are satisfied. 
Differentiating both sides of these equations with respect to x (assuming 
that the functions u and v are twice continuously differentiable, although 
we shall see in Lecture 18 that this assumption is superfluous), we get 


d 2 u d 2 v d 2 u 

dx 2 dxdy dxdy 

Similarly, differentiation with respect to y yields 




d 2 v 
dx 2 



dydx dy 2 


and 


dydx 
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Hence, it follows that 


d 2 u d 2 u 

(7.1) 

dx 2 ' dy 2 

d 2 v d 2 v 

(7.2) 

dx 2 ' dy 2 


The partial differential equation (7.1) ((7.2)) is called the Laplace equation. 
It occurs in the study of problems dealing with electric and magnetic fields, 
stationary states, hydrodynamics, diffusion, and so on. 

A real- valued function (j)(pc, y ) is said to be harmonic in a domain S if 
all its second-order partial derivatives are continuous in S and it satisfies 
4> xx + <j)yy = 0 at each point of S. 

Theorem 7.4. if m = u(x , y) + iv(x, y ) is analytic in a domain A, 
then each of the functions u(x,y) and v(x,y) is harmonic in S. 

Example 7.5. Does there exist an analytic function on the complex 
plane whose real part is given by u(x, y) = 3x 2 + xy + y 2 l Clearly, u xx = 
6, u yy = 2, and hence u xx + u yy ^ 0; i.e., u is not harmonic. Thus, no such 
analytic function exists. 

Let u(x,y) and v(x,y) be two functions harmonic in a domain S that 
satisfy the Cauchy- Riemann equations at every point of S. Then, u(x, y) 
and v(x,y) are called harmonic conjugates of each other. Knowing one of 
them, we can reconstruct the other to within an arbitrary constant. 

Example 7.6. Construct an analytic function whose real part is 
u(x, y) = x 3 — 3 xy 2 + 7 y. Since u xx + u yy = 6x — 6x = 0, u is harmonic in 
the whole plane. We have to find a function v(x, y) so that u and v satisfy 
the Cauchy- Riemann equations; i.e., 

Vy = u x = 3x 2 - 3 y 2 (7.3) 

and 

V x = -Uy = 6 xy - 7. (7.4) 

Integrating (7.3) with respect to y, we get 

O Q 

v(x,y) = 3 xy-y +j;(x). 

Substituting this expression into (7.4), we obtain 

v x = 6xy + ij'(x) = 6xy — 7, 

and hence ij'(x) = —7, which implies that jj{x) = —7 x + a, where a is some 
constant. It follows that v(x,y) = 3 x 2 y — y 3 — 7x + a. Thus, the required 
analytic function is 

f(z) = X 3 - 


3 xy 2 + 7y + i(3x 2 y — y 3 — 7x + a). 
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Example 7.7. Find an analytic function / whose imaginary part is 
given by e~ y sinx. Let v(x,y) = e~ y s\nx. Then it is easy to check that 
v xx + v yy = 0. We have to find a function u(x,y) such that 

u x = v y = — e _2/ sinx, (7-5) 

u y = — v x — — e~ y cos x. (7.6) 

From (7.5), we get u(x,y) = e~ y cos x + </(?/). Substituting this expression 
in (7.6), we obtain 

— sinx + <//(y) = — e~ y sinx. 

Hence, (f)'(y) = 0; i.e., <fi(y) = c for some constant c. Thus, u(x,y) = 
e~ y cosx + c and 

f(z) = e~ y cosx + c + ie~ y sinx = + c. 


Problems 


7 . 1 . Find f(z ) when 

(a). /(*) = ^7yy 0 ^-!/ 2), (b). f(z) = e z \ 

( c )• /(*) = 0^0), (d). f(z) = z 3 + z. 

z 

7 . 2 . Use the definition to find f'(z ) when 

(a)- f( z ) = — ^ 0), (b). f(z) = z 2 - z. 

z 

7 . 3 . Show that 

(a). f(z) — x — iy 2 is differentiable only at y = —1/2 and f'(z ) = 1, 
o). m = x 2 + iy 2 is differentiable only when x = y and f'(z) = 2x, 

(c) . f(z) = yx + iy 2 is differentiable only at x = y = 0 and f'(z ) = 0, 

(d) . f(z) = x 3 +i(l — y) 3 is differentiable only at x = 0, y = 1 and f'(z) = 0. 

7 . 4 . For each of the following functions, determine the set of points at 
which it is (i) differentiable and (ii) analytic. Find the derivative where it 
exists. 

(a) . f(z) = ( x 3 + 3 xy 2 — 3x) + i(y 3 + 3 x 2 y — 3?/), 

(b) . f(z) = 6z 2 — 2 z — 4i|z| 2 , 

(c) . f(z) = (3x 2 + 2x — 3 y 2 - 1) + 2(6x3/ + 2 3/), 
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( d )- f( z ) 


2z 2 + 6 
z(z 2 + 4) ’ 


(e). /(z ) = e y x (cos(2 xy) — isin(2xy)). 

7.5. Find a, 6, c so that the function w = ( ay 3 + zx 3 ) + xy{bx 
is analytic. If z = x + iy, express dw/dz in the form 0(z). 

7.6. Show that there are no analytic functions of the form / = 
with u = x 2 + y 2 . 

7.7. Let /(z) be an analytic function in a domain S. Show that 


d 2 d 2 

+ 


dx 2 dy 2 


) l /(*)| 2 = 4 |/'C) 


+ icy) 
u + iv 


7.8. Let / : C — )► C be defined by 


/(*) 


z 2 


z 


0 


if z^O 
if z = 0. 


(a) . Verify that the Cauchy- Riemann equations for / are satisfied at z = 0. 

(b) . Show that /'( 0) does not exist. 

This problem shows that satisfaction of the Cauchy- Riemann equations at 
a point alone is not enough to ensure that the function is differentiable 
there. 

7.9. Let D and S be domains, and let / : D C and g : S C be 
analytic functions such that f(D) C S. Show that go f : D C is analytic. 

7.10. In polar coordinates x = rcos0, y = rsin#, the function /(z) = 

u(r , 0) 0). Show that the Cauchy- Riemann conditions can be written 

as 

1 1 ch/ 

dr r d6' r dO dr ’ 

and 

f'(z ) = e~ l ° {u r + zv r ). (7.8) 

In particular, show that /(z) = y/re 10 / 2 is differentiable at all z except 
z = 0 and /'(z ) = (l/ 2 y / r)e _261 / 2 . 

7.11. Show that the Cauchy- Riemann conditions are equivalent to = 

I 1 2 

0. Hence, deduce that the function w = /(z) = ze -|2:| is not analytic. 

7.12. Let w = /(z) be analytic in a neighborhood of z o, and wq = 
/(zo), f'(z o) 7 ^ 0. Show that / defines a one-to-one mapping of a neigh- 
borhood of z o onto a neighborhood of Wq. 
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7 . 13 . Use L’Hopital’s Rule to find the following limits: 


(a), lim 


z 7 + i 


Z Yl z 


14 


+ 1 ’ 



lim 

z^-3i 


z 4 — 81 
z 2 + 9 ’ 



z 6 - 64 
lim — . 

i+iVs z 6 + 8 


7 . 14 . Show that if / = u-\-iv is analytic in a region S and u is a constant 
function (i.e., independent of x and y), then / is a constant. 

7 . 15 . Show that if h : IR 2 JR and / = 2 h 3 + ih is an entire function, 
then h is a constant. 


7 . 16 . Suppose / is a real- valued function defined in a domain S C C. 
If / is complex differentiable at zq E 5, show that f'(zo) = 0. 

7 . 17 . Suppose that / = u + iv is analytic in a rectangle with sides 
parallel to the coordinate axes and satisfies the relation u x + v y = 0 for all 
x and y. Show that there exist a real constant c and a complex constant d 
such that f(z) = — icz + d. 

7 . 18 . Show that the functions 

(a). u(x,y) = sin y, (b). v(x,y) = cos x cosh y, 

are harmonic, and find the corresponding analytic function u + iv in each 
case. 

7 . 19 . Suppose that u is harmonic in a domain S. Show that: 

(a) . If v is a harmonic conjugate of u, then —u is a harmonic conjugate of 
v. 

(b) . If v\ and V 2 are harmonic conjugates of u, then v\ and v 2 differ by a 
real constant. 

(c) . If v is a harmonic conjugate of u, then v is also a harmonic conjugate 
of u + c, where c is any real constant. 

7 . 20 . Show that a necessary and sufficient condition for a function 
f(z) = u(x,y) + iv(x,y) to be analytic in a domain S is that its real part 
u(x,y) and imaginary part v(x,y) be conjugate harmonic functions in S. 

7 . 21 . Let f(z) = u(r , 0) + iv(r, 0) be analytic in a domain S that does 
not include the point z = 0. Use (7.7) to show that both u and v satisfy 
the Laplace equation in polar coordinates 


r 


2 


d 2 4> 

dr 2 



d 2 4> 

W 


0. 
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7.22. Use f{t) = — — — - = Re 


t 2 + 1 


t — i 


to show that 


j(n)^ = (-l)"n!(n + 1 )! [( "^ /2] (-l) fc i n+1 2k 


(e + !)"+! ^ (2k)\(n + 1 - 2k)\ 


OR dd> 

7.23 (a). If f(xF iy) = Re ^ is analytic, show that = R 


dx 

(b). Consider the two annulus domains D a = {z : a < 
D\) = {z : b < \z\ < 1}. Define / : D a D 5 by 


z 


dy 

< 1 } and 


/ ( re 10 ) = 


1 — b \ b 
r + 


a 


1 — a 


1 — a 




Show that (i) / is bijective and (ii) / is analytic if and only if a = b. 

7.24. Let f(z ) = u(x,y ) + iv(x,y) be an analytic function. Show that 
level curves of the family u(x,y) = c are orthogonal to the level curves of 
the family v(x, y) = d; i.e. , the intersection of a member of one family with 
that of another takes place at a 90° angle, except possibly at a point where 
f'(z ) = 0. Verify this result for the function f(z ) = z 2 . 


Answers or Hints 


7.1. (a). 3/(2z+l) 2 , (b). 3 z 2 e z3 , (c). 4(1 + z 2 ) 3 (z 2 — l)/z 5 , (d). 3z 2 + 1, 

7.2. (a). /'(*) = lrni A ^ 0 ™“* - 15 ~ z—(z+Az) _ 1 


Ax 


liniA 


z-(z-j-Az) _ 
z—>0 (Ax)(x+Ax)x 


-2 7 


(b). f'(z ) = lim A *_> 0 ( "' A 

2z — 1 . 


0 


lim A 


z— ^0 


2zAz-\-(Az) — Az 
A~~ 


7.3. (a). Since u = x, = —y 2 , u x = 1 , u y = 0, ^ = 0, v y = — 2 ?/, 

the function is differentiable only when 1 = — 2 y or y = — 1 / 2 , and / 7 = 

Ux + iVx = 1 . (b). Since u = x 2 , v = y 2 , u x = 2 x, u y = 0, = 0, v y = 2y, 

the function is differentiable only when 2x = 2 y and f(z ) = 2 ax (c). Since 
u = yx , v = y 2 , u x = y, u y = x, v x = 0 , v y = 2 ?/, the function is 

differentiable only when y = 2 ?/, r = 0 or r = 0 , y = 0 , and f'(z) = 0 . 

-3(l-2 /) 2 


(d). Since u — x 


_ _ 




(1 - y) 3 , = 3x 2 , Uy = 0, v x = 0, V 


' y 


3(1 — y) 2 or x = 0, y = 1, 


the function is differentiable only when 3x 2 = 
and f'(z) = 0 . 

7.4. (a). / is differentiable at every point on the x and y axes, f'(x + 

iO) = 3x 2 — 3, f'( 0 + iy) = 3 y 2 — 3, not analytic anywhere, (b). / is 
differentiable only at the point z = jq — pU, f'ijQ ~ j$i) = y — fi, not 
analytic anywhere, (c). / is differentiable everywhere, f'(z ) = ( 6 x + 2 ) + 
i(6y), analytic everywhere (entire), (d). / is differentiable for all z 7 ^ 0, d= 2 z, 
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f'(z ) = —2 (z 4 + 5 z 2 + 12 )/[z 2 (z 2 + 4) 2 ], analytic in C — {0, ±2 i}. (e). / is 

2 

differentiable everywhere, f'(z ) = — 2ze -2: , analytic everywhere (entire). 


_ 


7 . 5 . a = 1, b = —3, c = —3, y = 0 gives /(x) = 7X 3 , and hence f(z) = iz K 
and dw/dz = 3 iz 2 . 

7 . 6 . u x = 2x, 77^ = 2 y 


v 


y 


— 2x and v x = —2 y => v = 2 xy + f(y ) and 


U*(0,0) = 1, %(o,o) = 0, 


v = —2x7/ + g(x), which is impossible. 

7 . 7 . LHS = 2(t7 2 + Uy) + 2 (t ; 2 + t; 2 ). 

0 ( x / \ f (x 3 — 3xy 2 )/(x 2 + t/ 2 ), (x, 7/) 7^ (0, 0) . , \ 

7 . 8 . (a). w(a:,y) = | ^ (^11(0,0) andw(x,y) 

(y 3 — 3x 2 y)/ (x 2 + y 2 ), (x,y) ^ ( 0,0) 

0, (x, y) = (0, 0). 

1>*(0,0) = 0, w„(0,0) = 1. (b). For z ^ 0, (f(z) - f(0))/(z - 0) = ( z/z ) 2 
Now see Problem 5.6 (a). 

7 . 9 . Use rules for differentiation. 

7 . 10 . Since u r = u x x r + u y y r , uq = tt^x# + u y ye , we have 

u r = 77a, COS 0 ~\~ U y sill 0, Uq = — 77a,r sill 0 H" 77^r cos 0 

and 

tv = 7y cos 0 -\- v y sin 0 , tv = —v x r sin 0 + v y r cos 0, 
which in view of (6.5) is the same as 

v r = — u y cos 6 + u x sin 0, vq = u y r sin 0 + cos 0. 

From (7.9) and (7.10), the Cauchy- Riemann conditions (7.7) are immediate. 
Now, since f'(z) = 77^ + iv x and u x = u r cos 6 — uq^^- = u r cos 0 + v r sin 0, 

x x = v r cos 0 — vq = 7; r cos 0 — u r sin 0, it follows that f'(z) = u r (cos 0 — 


(7.9) 


(7.10) 


r 


7 sin 0) -f 77V ( cos $ — i sin 0) = e 16 ( u r + 77y ) . 

Since 77 = yTcos |, v = yTsin |, u r = cos |, 7751 = — ^yTsin f? v r 

1 sin tv = ^yTcos and hence conditions (7.7) are satisfied. Thus, 


2 vr 2 ’ ^ 2 V ' 2 

/ is differentiable at all z except z = 0. Furthermore, from (7.8) it follows 


that f(z) = e yy^(cos| +7sin|) = 

7 . 11 . Since x = (z -\-z)/ 2 and y = (z — z)/2i, u and v may be regarded as 
functions of z and z. Thus, condition Wz = 0 is the same as ^ || + S + 


cV dx_ 
dx d~z 


dy dz 

+ %%) = °- which is the same as Iff - TiU + 5 5i " %% = °' 

Now compare the real and imaginary parts. 

7 . 12 . Let / = 77 + iv. From calculus, it suffices to show that Jacobian 

u x v x 


J(x 0 ,yo) 


77 


y 


v 


y 


(xq , 7/0) 7^ 0. Now use (6.5) and (6.3) to obtain 


J(xo,yo) = ul(x 0 ,yo) + v 2 (x 0 ,y 0 ) = |/'Oo)| ^ °- 

7 . 13 . (a), i/2, (b). -18, (c). -16. 

7 . 14 . / = 77 + 77;, u = c => u x = u y = 0 =7 v x = v y = 0 =V v is also a 
constant, and hence / is a constant. 

7 . 15 . If / = 77 + 7X, then u = 2h 3 and v = h. Now, by the Cauchy- Riemann 
conditions, we have 6h 2 h x = h y and —6h 2 h y = h x . Thus, —12 h A h x = h x , 
or h x (12h A + 1) = 0, which implies that h x = 0, and from this h y = 0. 
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7.16. In (6.1), if we allow Az 0 along the x-axis, then f'(zo) is real. 
However, if we allow Az 0 along the p-axis, then f'(zo) is purely imagi- 
nary. 

7.17. u x T v y = 0 and u x = v y imply that u x = v y = 0. Thus, u = 

v = ^(x). Now, u y = — v x implies that = c. Hence, 

u = cj)(y) = cy + d\, v = ^(x) = —cx + cfo, where d\ and d 2 are real 
constants. Thus, / = u + iv = —icz + d, where d = d\ + id^ 

7.18. (a), ie z + m, (b). sinxsinh?/ + i cos x cosh 2 / + a. 

7.19. (a). Since / = u + zi; is analytic, ( —i)f = v — iu is analytic. Thus, 
— n is a harmonic conjugate of v. 

7.20. The necessary part is Theorem 7.4. To show the sufficiency part, we 
note that if u(x,y) and v{pc^y) are conjugate harmonic functions, then, in 
particular, they have continuous first derivatives in 5, and hence are dif- 
ferentiable in S. Since u(x,y) and v(x,y) also satisfy the Cauchy- Riemann 
equations in 5, it follows that f(z) is analytic in S. 

7.21. Verify directly. 

7.22. Use f^ n \t) = Re^- anc ^ the binomial theorem. 

7.23. (a), f — Re = Rcoscj)+iRsm(j). By the Cauchy- Riemann equations 

§f cos^-fisin^ = If Sin0 + i2cos0g, 

HA cos (j) — R sin sin (j) — R cos <j)HA ; 

dy ~ ^ dy dx “ ^ dx 1 

i.e., 


0 # 


COS (j) 


dx t Q y 
dR _ / , d# 


— sin (p = R sin + R cos </> — 


<9cc X dy l 

HA cos (j) + HA sin cj) = Rsin</>§^ — Rcosq 

ay “ acc “ “ ay “ acc 

Now (7.11) cos</> + (7.12) sin 0 gives the result, (b). Let 2 q 
^e 102 . Then f(zi) = f(z 2 ) implies that 


1-6 


■a 


n + 


6 — a 


■a 


e i0 i = 


1-6 


■a 


r 2 + 


6 — a 


■a 


(7.11) 

(7.12) 


j 0 -i 

V\e 1 , 2(2 


>702 . 


i.e., ^ri + t — — = -b-^r 2 + 7 —^- and e 26>1 = e^ 2 , and hence n = r 2 and 

= 02- Therefore, / is one-to-one. Now, for any 2 G D^, let 2 = pe l9 . 
Then b < p < 1. Consider p = AA-r + so that r = t— + 4— r- Since 

A = >0? r is an increasing function of p. When p = 5, r = a and 

when p = 1, r = 1, so a < r < 1; hence re 20 E and / (re* 19 ) = pC 19 = z\ 
i.e., / is onto. Now suppose / is analytic then, from part (a), we have 

d f 1 — 6 I 6 — a 5 1 — 6 dr d0_ f 1 — 6 ■ b—a \ 

dx yl — a 1—aJ 1 — a dx dy \^1 — a 1 —aj 

From x = rcos0, y = rsin0, we have A- = cos0, A- = and hence 

^-cos0 = f AA r - 1 _ which implies that = 0, and hence 

b = a. Conversely, if b = a, then f(re z e ) = re 20 and so / is analytic. 

7.24. Since + u y dy/dx = 0 and iq, + v y dy/dx = 0, we have dy / dx = 
—u x /u y and dy/dx = —v x /v y . Thus, at a point of intersection (xo,po ) 7 
from the Cauchy- Riemann conditions and the fact that f'(x o + iyo) ^ 0 it 
follows that (— u x /u y )(—v x /vy ) = — 1 . 


Lecture 8 

Elementary Functions I 


We have already seen that the complex exponential function e z — 
e x (cosy + isiny) is entire, and d(e z )/dz = e z . In this lecture, we shall 
first provide some further properties of the exponential function, and then 
define complex trigonometric and hyperbolic functions in terms of e z . 


Let w = f(z ) be an analytic function in a domain S. Then, in view of 
Problem 7.9 and the fact that the exponential function is entire, it follows 
that the composite function e w is also analytic in S. Thus, for all z C S, we 
have 


d 

dz 




2 

Hence, in particular, the function e z ~ lz + 7 is entire, and 


— e z lzJr7 = (2z — i)e z lz+7 
dz 


The polar components of e z are given by 



e x , arge 2 = y + 2kn, k = 0, ±1,±2, •••. 


Since e x is never zero, it follows that e z is also never zero. However, e z 
does assume every other complex value. 


In calculus, it is shown that the exponential function is one-to-one on 
the real axis. However, it is not one-to-one on the complex plane. In fact, 
we have the following result. 


Theorem 8.1. (i). e z = 1 if and only if z = 2kni, where k is an 

integer, (ii). e Zl = e Z2 if and only if z\ = z^ + 2km, where k is an integer. 


Proof, (i). Suppose that e z = 1 with z = x + iy. Then, we must have 


_ \ f> x+iy 


e z \ — \e 


\e x e iy 


_ e x 


= 1, and so x = 0. This implies that e 


z 


e iy = cos y + isiny = 1. Equating the real and imaginary parts, we have 
cos y = 1, sin y = 0. These two simultaneous equations are satisfied only 
when y = 2kir for some integer k; i.e., z = 2km. Conversely, if z = 2kni 1 
where k is an integer, then e z = e 2k7Tl = e°(cos2/c7r + isin2&7r) = 1. 


(ii). We have e Zl = e Z2 if and only if e Zl Z2 = 1, and hence, from (i) 
zi — Z 2 = 2km, where k is an integer. I 


R.P. Agarwal et al., An Introduction to Complex Analysis, 
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A function / is said to be periodic in a domain D if there exists a 
constant uj such that f(z + ui) = f(z ) for every z in D. Any constant uo 
with this property is called a period of /. 

Since, for all z, e z+2km _ e z ^ we q nc [ that e z is periodic with complex 
period 2ni. Consequently, if we divide the z-plane into the infinite horizontal 
strips 

S n = {x+iy • — oo < x < oo, (2n— l)7r < y < (2n+l)7r, n = 0, d=l, ±2, • • •} 
then e 2 will behave in the same manner on each strip. 




Figure 8.1 

From part (ii) of Theorem 8.1, we see that e z is one-to-one on each strip 
S n . Finally, for the function e 2 , we note that e z = e z . 

Now, for any given complex number z, we define 


yiz _ e ~iz 


IZ I ^ — iz 


sm z = 


2 i 


, cos z = 


+ e 


Since e lz and e lz are entire functions, so are sinz and cosz. In fact, 


d_ 

dz 


d ( e lz — e 


-iz 


sm z = 


dz 


2 i 


2. (ie iz - (~i)e~ iz ) 


— COS z. 


Similarly, 


d_ 

dz 


cos z 


sm z. 


Also, sinz = sinz, cosz = cosz. 


The usual trigonometric identities remain valid with complex variables: 


= sinz, 


sin(z + 27 r) 


cos(z + 27 r) 


cos z. 


(8.1) 
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sin(z + 7 r) = — sin z, cos(z + tt) = —cos z, sin( 7 r /2 — z) = cos z, 

sin(— z) = — sinz, cos(— z) = cosz, sin 2 z + cos 2 z = 1 , 
sin(zi =b Z2) = sin z\ cos z 2 =b cos zi sin Z2, 
cos(zi =b Z2) = cos Z\ cos Z2 =F sin z\ sin Z2, 

r> O 

sin 2 z = 2 sin z cos z, cos 2 z = cos ^ — sin z, 

2 sin(zi + Z2) sin(zi — Z2) = cos 2^2 — cos 2 zi, 

2 cos(zi + Z2) sin(zi — Z2) = sin 2 zi — sin 2^2 . 


Equation (8.1) implies that sin z and cosz are both periodic with period 

27 r. 

Example 8.1. sin z = 0 if and only if z = /c7r, where k is an integer. 
Indeed, if z = &7T, then clearly sinz = 0. Conversely, if sinz = 0, then we 
have (1/2 i){e lz — e~ lz ) = 0; i.e., e lz = e~ xz , and hence iz = — iz + 2kni 1 
which implies that z = kn for some integer k. Thus, the only zeros of sinz 
are real zeros. The same is true for the function cosz; i.e., cosz = 0 if and 
only if z = (tt / 2) + kn. 

The four other complex trigonometric functions are defined by 

sin z cos z 1 1 

tanz = , cotz = , secz = , cosec z = , 

cos z sin z cos z sin z 

The functions cotz and cosec z are analytic for all z except at the points 
z = &7T, whereas the functions tanz and secz are analytic for all z except 
at the points z = (tt / 2) + /c7r, where k is an integer. Furthermore, the usual 
rules for differentiation remain valid for these functions: 


d 

— tan z 

dz 

d 

— cot z 
dz 


9 d 

sec z, -—secz 

dz 

9 d 

— cosec z, — cosec z 
dz 


secz tanz, 
—cosec z cot z. 


For any complex number z, we define 


sinh z = 


e z — e z 


cosh z = 


e z + e 


The functions sinh z and cosh z are entire and 


-^-sinhz = coshz, cosh z = sinhz 

dz dz 


For real x, coshx > 1. Since d(smhx)/dx = coshay sinh a; is an in- 
creasing function. 
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By comparing the definitions of hyperbolic sine and cosine functions 
with those of trigonometric functions, we find 

cosh(iz) = cosz, cos(zz) = cosh z, sinh(iz) = isinz, sin(iz) = isinhz. 

( 8 . 2 ) 

Using relations (8.2) and the trigonometric identities, we can show that 
the following hyperbolic identities are valid in the complex case: 

sinh(— z) = — sinhz, cosh(— z) = coshz, cosh 2 z - sinh 2 z = 1, 
sinh(zi =b Z 2 ) = sinh z\ cosh z 2 ± cosh z\ sinh Z 2 , 
cosh(zi ± Z 2 ) = cosh z\ cosh Z 2 d= sinh z\ sinh Z 2 , 
sinh2z = 2 sinh z cosh z. 


From relations (8.2), it follows that sinhz and coshz are both periodic 
with period 2ni. Furthermore, the zeros of sinhz are z = kni and the zeros 
of coshz are z = (fc + 1 /2)ttz, where k is an integer. 


The four remaining complex hyperbolic functions are given by 

_ sinh z . cosh z 1 .1 

tanhz = — , cothz = — - — , sechz = — , cosechz = — - — . 

cosh z sinh z cosh z sinh z 

The functions coth z and cosech z are analytic for all z except at the points 
z = /c7rz, whereas the functions tanh z and sech z are analytic for all z except 
at the points z = (fc + 1 / 2 )ttz, where k is an integer. Furthermore, for these 
functions also, the usual rules for differentiation remain valid: 


d 

dz 

d 

dz 


tanh z 
coth z 


Example 8.2. 


sechz, 


d_ 

dz 


sech z = 


— cosech 2 z, — cosech z = 

dz 


—sechz tanhz, 

— cosech z cothz. 


Show that 


sin z 


= sin 2 x + sinh 2 y. Since 


sinz = sin (x + iy) = s'm x cos (iy) + cos x sin(iy) 

= sin x cosh y + % cos x sinh?/, 


it follows that 
sin z 2 = 


sin 2 x cosh 2 y + cos 2 x sinh 2 y 

sin 2 x cosh 2 y + (1 — sin 2 x) sinh 2 y 

sin 2 x(cosh 2 y — sinh 2 y) + sinh 2 y = sin 2 x + sinh 2 y. 


Similarly, in view of 


cos z 


cos x cosh y — i sin x sinh 7 /, 
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one can show that 

cos z 2 = cos 2 x + sinh 2 y. 

Example 8.3. 

As in Example 8.2, we have 


sinhz = sinh x cos y + i cosh x sin?/, 
coshz = cosh x cos?/ + i sinh x sin?/. 

Thus, it follows that 



sinh z 2 = sinh 2 x + sin 2 ?/, 
cosh z 2 = sinh 2 x + cos 2 y. 

Example 8.4. 

From the various relations given above, it follows that 

tan z 

, . N sm(x + ??/) 

= tanfx + zy) = - 

cos(x + ??/) 

sin x cosh y + i cos x sinh y 
cos x cosh y — i sin x sinh y 
cos x sin x + i cosh y sinh y 

cos 2 x cosh 2 y + sin 2 x sinh 2 y 

sin 2x . sinh 2 y 

— T x . 

cos 2x + cosh 2 y cos 2x + cosh 2 y 


Lecture 9 

Elementary Functions II 


In this lecture, we shall introduce the complex logarithmic function, 
study some of its properties, and then use it to define complex powers and 
inverse trigonometric functions. 


Let Log r = In r denote the natural logarithm of a positive real number 
r. If z 7 ^ 0, then we define log z to be any of the infinitely many values 


log z 


Log \z\ + % argz 

Log \z\ + iArgz + 2kni, k = 0, =bl,±2, 


Example 9.1. We have 

log 3 = 

log(-l) = 

log(l + i) = 


Log 3 -M arg 3 = (1.098 • • •) + 2kni 1 
Log 1 + i arg(— 1) = (2k + l)7rz, 

Log|l + i\ +iarg(l + i) = Log\/2 + i ^ + 2kT^j , 


where k = 0 , d=l, ± 2 , 

Now we shall show the following properties of the logarithmic function: 


(i). If z 7 ^ 0, then z = e logz . Let z = re %e . Then, 
Hence, log z = Logr + iO. Thus, 


z 


r and argz = 6. 


>l°g ^ _ (Log r+i6>) _ Logr i6 _ 


re 


i0 


z. 


(ii). loge z = z + 2kiri, k = 0 , ± 1 ,± 2 , • 
e x , arge 2 = y + 2kir. Hence, 


Let z = x + iy. Then 



log e z 


Log \ e z 


+ i arg e z 


Log e x + i(y + 2kn) 
x + iy + 2kiri = z + 2kiri. 


(iii). \ 0 gZ 1 Z 2 = 



Indeed, we have 


log zi + log £2 
= log zi - log z 2 . 


logZiZ 2 


Log|ziz 2 | + i arg Z 1 Z 2 

Log|zi| + Log |z 2 | + i arg^i + i arg z 2 

log Z\ +log z 2 . 


(9.1) 

(9.2) 


R.P. Agarwal et al., An Introduction to Complex Analysis, 

DOI 10.1007/978-l-4614-0195-7_9, © Springer Science+Business Media, LLC 2011 


57 


58 


Lecture 9 


As logz is a multi-valued function, we must interpret (9.1) and (9.2) to 
mean that if particular values are assigned to any two of their terms, then 
one can find a value of the third term so that the equation is satisfied. 

Example 9.2. Let z\ = z 2 = — 1. Then, ziz 2 = 1. Thus, logzi = 
(2fci + l)7rz, log z 2 = (2fc 2 + 1)ttz, and log 1 = 2kzni where fci, fc 2 , and 
/C 3 are integers. If we select 7 ri to be the value of logzi and log z 2 , then 
equation (9.1) will be satisfied if we use 2ni for log 1. If we select 0 and 7 ri 
to be the values of log 1 and logzi, respectively, then equation (9.1) will be 
satisfied if we use — 7 ri for log z 2 . 

A branch of a multi-valued function is a single- valued function analytic 
in some domain. The principal value or branch of the logarithm, denoted 
by Logz, is the value inherited from the principal value of the argument: 


Logz 


Log \ z\ + iArgz. 


The value of Argz jumps by 2ni as z crosses the negative real axis. There- 
fore, Logz is not continuous at any point on the nonpositive real axis. 
However, at all points off the nonpositive real axis, Logz is continuous. 

Theorem 9.1. The function Logz is analytic in the domain D * consist- 
ing of all points of the complex plane except those lying on the nonpositive 
real axis; i.e., D * = C — (— 00 , 0). Furthermore, 

— Logz = - for z in D* . 

az z 


y 



Figure 9.1 

Proof. Set w = Log z. Let zq e D * and wq = Logzo- We have to show 
that the 

Log z — Log zo 

hm 

z—^zo Z — Zq 

exists and is equal to 1/zq. Since Logz is continuous, w = Logz wq = 
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Log^o as z zq. Thus, 

Log Z Log Zq 

hm 

z^-zq Z — Zq 


lim 

W^-W 0 


W — W o 
yw gWo 


1 _ 1 

e w ° ~ e Log z 0 


lim 

W->-Wo 


1 



g^o 


W — Wo 

1 


^0 



Note that (9.3) is meaningful since, for z ^ zo, w will not coincide with 

wo. This follows from the fact that z = e^°& z = e w . Thus, w = Log z is 
differentiable at every point in D*, and hence is analytic there. I 


A line used to create a domain of analyticity is called a branch line or 
branch cut. Any point that must he on a branch cut-no matter what branch 
is used-is called a branch point of a multi-valued function. For example, the 
nonpositive real axis shown in Figure 9.1 is a branch cut for Log z, and the 
point z = 0 is a branch point. 

If a is a complex constant and z ^ 0, then we define z a by z a = e alog L 
Powers of z are, in general, multi-valued. 

Example 9.3. Find all values of 1\ Since log 1 = Log 1 - 1 - 2kni = 2kni, 
we have V = e tlogl = e ~ 2kn , where k = 0 , ± 1 , ± 2 , 


Example 9.4. Find all values of (— 2)L Since log(— 2) = Log 2 + 
( 7 r + 2 /c 7 t)z, we have (— 2) 1 = g* lo s(- 2 ) = e «Log2 e -(7r+2/c7r)^ w } iere = 
0, ±1, ±2, • • • . Thus, (— 2) 1 has infinitely many values. 

Example 9.5. Find all values of i~ 2z . Since log i = Logl+(2 fc+ |) 7 ri = 
(2k + 7 T 7 , we have i~ 2% = e~ 2llogl = e~ 2, h 2k + 1/ 2 )^^ = e (4/c+i)7r^ w p ere 

k = 0, ±1, ±2, • • • . 


Since log z = Log \z\ + iArgz + 2kni 1 we can write 

z a _ ^(Logpl+iArg z+2kiri) _ ^a(Log p|+zAl‘g z) ^a2k^i (9 4) 

where k — 0, ±1, ±2, • • • . The value of z a obtained by taking k = k\ and 
k = ^ 2 ( 7 ^ fci) in equation ( 9 . 4 ) will be the same when e a2kl7rl — e a2k 2 7n . 
This occurs if and only if a2k\i:i = a2k27ri + 2mni (m is an integer); i.e., 
a = m/(ki — fe). Hence, formula (9.4) yields some identical values of z a 
only when a is a real rational number. Consequently, if a is not a real 
rational number, we obtain infinitely many different values of z a , one for 
each choice of the integer k in (9.4). 

On the other hand, if = m/n, where m and n > 0 are integers having 
no common factor, then there are exactly n distinct values (branches) of 
z m / n , namely 

m/n (ra/n)Log |z| (ra( Arg z-\-2kiv)i) / n 

/C — o o 


5 


k = 0 , 1 , • • • , n — 1 . 
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In summary, we find: 

1. z a is single- valued when a is a real integer. 

2. z a takes finitely many values when a is a real rational number. 

3. z a takes infinitely many values in all other cases. 

If we use the principal value of log z, we obtain the principal branch of 
z a , namely e °^ j0 ^> z . 

Example 9.6. The principal value of (— i) 1 is e^og(-*) _ e h-W 2 ) = 
e 71- / 2 . 


Since e z is entire and Logz is analytic in the domain D* = C\(— oo,0], 
the chain rule implies that the principal branch of z a is also analytic in D* . 
Furthermore, for z in D*, we have 


d_ 

dz 



e^Log 2 Al (o/Log z) 
dz 



Now we shall use logarithms to describe the inverse of the trigonomet- 
ric and hyperbolic functions. For this, we recall that if / is a one-to-one 
complex function with domain S and range S ' , then the inverse function 
of /, denoted as / -1 , is the function with domain S' and range S defined 
by f~ 1 (w) = z if /(z) = w. It is clear that if the function / is bijective, 
then f~ l maps S' onto S. Furthermore, both the compositions /o/ -1 and 
f~ 1 of are the identity function. For example, the inverse of the function 
f(z) = ax + 6, 0, is f~ l (z) = (z — b)/a. 


The inverse sine function w = sin 1 z is defined by the equation z = 
sin ic. We shall show that sin -1 z is a multi-valued function given by 


sm 


z = — i log[zz + (1 — z 2 ) 1 / 2 


(9.5) 


From the equation 


g IW g — IW 


Z 


sm rc 


2 i 


we have 2 iz = e lw — e %w . Multiplying both sides by e lw , we deduce that 


fliw 


- 2ize lw -1 = 0, 


which is quadratic in e lw . Solving for e lw , we find 

= iz + (1 - z 2 ) 1 / 2 , 


AW 


(9.6) 


where (1 — z 2 ) 1 / 2 is a double- valued function of z. Taking logarithms of each 
side of (9.6) and recalling that w = sin -1 z, we arrive at the representation 
(9.5). 
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Example 9.7. From (9.5), we have 


sin 


(—i) — zlog(l ± \/2). 


However, since 

log(l + >/2) = Log (1 + a/2) + 2kiri, k = 0, ±1, ±2, • • • 

log(l-V^) = Log(V2 - 1) + (2fc + 1 )ttz, fc = 0, ±1, ±2, 
and 


(9.7) 

(9.8) 


Log(v / 2 - 1) = Log 


1 


Log (1 + V2), 


l + \/2 

the lists (9.7) and (9.8) can be combined in one list as 

(— l) fe Log (1 + V2) + km, k = 0, ±1, ±2, • • • . 
Thus, it follows that 


sin 


(—i) = k'K + i(— l) fc+1 Log(l + V2), k = 0,±1,±2, 


Similar to the expression for sin 1 z in (9.5), it is easy to show that 

cos -1 z = — i log[z + i(l — z 2 ) 1 / 2 


and 


. _i i i + z 

tan z = - log 

2 i — z 


(9.9) 


Clearly, the functions cos 1 z and tan 1 z are also multi-valued. 


The derivatives of these three functions are readily obtained from the 
representations above and appear as 


d 

dz 


sin 1 z 


1 


d 


1 


d 


(1 — z 2 ) 1 / 2 ’ dz 


cos z 


(1 — z 2 ) 1 / 2 ’ dz 


tan z = 


1 


1 + z 


2 ' 


Finally, we note that the inverse hyperbolic functions can be treated in 
a corresponding manner. It turns out that 

sinh -1 z = log[z + (z 2 + l) 1 / 2 ], 
cosh -1 z = log[z + (z 2 — l) 1 / 2 ], 

tanh -1 z = - log ^ ^ , 

2 & 1 -z’ 


and 


^ sinh 1 z = 


1 


dz 

d 

dz 

d 

dz 


cosh 1 z = 


tanh 1 z = 


(z 2 + l) 1 / 2 ’ 

1 

(z 2 -1)V2’ 

1 


1 -z 


2 ' 
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Problems 

9.1. Find all values of z such that 

(a). e z = —2, (b). e z = 1 + a/ 3 i, (c). exp(2z — 1) = 1, (d). sinz = 2. 

9.2. If zi, ^2 7^ (7r/2) + /c7r, show that tanzi = tanz 2 if and only if 
Zi = Z 2 + /c7r, where k is an integer. 

9.3. Use (T.7) and (7.8) to prove Theorem 9.1. 

9.4. Evaluate the following: 

(a). Log (— ez), (b). Log(l - i), (c). log(-l + a/3 z). 

9.5. Show that 

(a). Log(l + z) 2 = 2Log(l + i) but (b). Log(— 1 + i) 2 ^ 2Log(— 1 + i). 

9.6. Find the limit lim i ,^ 0 + [Log(a + iy) — Log (a — iy)\ when a > 0, 
and when a < 0. 

9.7. Evaluate the following and find their principal values: 


(! + *)*> ( b )- ( 

-iy 

(c). (1 -i) A \ 

(d). 

(-l + ix/3) 3 / 2 . 

9.8. Establish (9.9). 





9.9. Evaluate the following: 




sin 1 (b). 

sinh 

1 i. 




9.10. Prove the following inequalities: 



e~ 2y 

< 

tan(x + iy) — i 

< 

e~ 2y 

y > o 

1 + e~ 2y 

1 - e~ 2y ’ 

e~ 2y 

< 

cot(x + iy) + i 

< 

e ~ 2y 

y > o 

1 + e~ 2y 

1 - e -2 ^ ’ 

e 2y 

< 

tan(x + iy) + i 

< 

e 2y 

y < o 

1 + e 2y 

l-e 2y ' 

e 2y 

< 

cot(x + iy) — i 

< 

e 2y 

y > o 

1 + e 2y 

1 _ e 2y ’ 


Answers or Hints 

9.1. (a). e z = —2 iff e z = e ln ^e Z7T iff z = In 2 + iir + z(2/c7r), fee Z, (b). 
e 2 = 1 + a/3z = 2e 27r ^ 3 iff z = In 2 + + i(2kn), k e Z, (c). e 22-1 = e 2 ° iff 
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2z — 1 = z(2/c7r) iff z = \ + i(kn), k E Z, (d). sin z = 2 iff e 22 — e = 4i 
iff e 2iz - 4ie iz - 1 = 0 iff e i2 = (4 i ± V-16-f 4)/2 = (4i ± y/Ui)/2 = 
(2 =b y/3)i = (2 + V3)e i7r / 2 , (2 - V3)e i7r / 2 so ^ = ln(2 + \/3) + i (f + 2 /ctt) , 

or ln(2 — y/3) + i (f + 2kn) , k G Z. 

9.2. tanzi — tanz2 = 0 if and only if sin(zi — Z 2 ) = 0. 

9.3. If Logz = Log |z| +iArgz = Logr + iO, then u = Logr, r = 0. Thus, 
u r = 1/r, i£© = 0, r r = 0, v© = 1. 

9.4. (a). Log(— ei) = lne + i(—ir/2 ) = 1 — z7r/2, (b). Log(l — i) = 

In v^2 — in/4 , (c). log(— 1 + \/3i) = In 2 + + 2km, k G Z. 

9.5. (a). Log(l + i) 2 = Log(2i) = In 2 + =2 (in a/2 + i = 2Log(l + 
i), (b). Log(— 1 + z) 2 = Log(— 2z) = In 2 — in/2 and 2Log(— 1 + i) = 

2 (lnv^ + ix) = ln2 + i^. 

9.6. 0 when a > 0, and 27rz when a < 0. 

9.7. (a) (1 + z)* = g^ogT+d = gh ln \/2+i(7r/4+2/e7r)) _ (7r/4+2fe7r) In \/2 

k e Z, (b). (-1)^ = e 7rl °g(- 1 ) = e 7r(lnl+i(7r+2fe7r)) = ^tt 2 (1+2/c) ? ^ 

(c). e^e^ 21n2 / (d). g 3 /2(ln 2+i27r/3) = 2v ^ e i7r = -2y/2. 

9.8. 1 + i tan w = 2e lw / ( e lw + e~ iw ), 1 — i tan w = 2e~ lw / ( e lw + e~ lw ). 

9.9. (a). (4k + 1)tt/ 2 zb zLog(V5 + 2), (b). (4fc + l)7rz/2. 

9.10. Follow the same method as in Example 8.2. 


Lecture 10 

Mappings by Functions I 


In this lecture, we shall present a graphical representation of some ele- 
mentary functions. For this, we will need two complex planes representing, 
respectively, the domain and the image of the function. 

Consider z- and re-planes with the points as usual denoted as z = x + iy 
and re = u + iv. We shall visualize the function re = f(z) as a mapping 
(transformation) from a subset of the z-plane (domain of /) to the re-plane 
(range of /). 

The mapping 

re = Az (10-1) 

is known as dilation. Here, A is a nonzero complex constant and z ^ 0. We 
write A and z in exponential form; i.e., A = ae m , z = re l ° . Then, 

re = (ar)e l(<a + 9 \ ( 10 . 2 ) 

From (10.2), it follows that the transformation (10.1) expands or contracts 
the radius vector representing z by the factor a = \A\ and rotates it through 
an angle a = arg A about the origin. The image of a given region is therefore 
geometrically similar to that region. Thus, in particular, a dilation maps a 
straight line onto a straight line and a circle onto a circle. 

The mapping 

re = z + B (10.3) 

is known as translation ; here, B is any complex constant. It is a translation, 
as can be seen by means of the vector representation of B\ i.e., if re = 
u T iv i z = x + iy, and B = b\ + then the image of any point (x, y ) in 
the z-plane is the point (u, v) = (x + bi, y + 62 ) in the re-plane. Since each 
point in any given region of the z-plane is mapped into the re-plane in this 
manner, the image region is geometrically congruent to the original one. 
Thus, in particular, a translation also maps a straight line onto a straight 
line and a circle onto a circle. 

The general linear mapping 

re = Az + B, d^0, (10-4) 

is an expansion or contraction and a rotation, followed by a translation. 
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Example 10.1. The mapping re = (l + z)z + 2 transforms the rectangu- 
lar region in Figure 10.1 into the rectangular region shown in the re-plane. 
This is clear by writing it as a composition of the transformations 

Z = (1 + i)z and re = Z + 2. 

Since 1 +i = \[2 exp(z7r/4), the first of these transformations is an expansion 

by the factor \/2 and a rotation through the angle 7r/4. The second is a 
translation two units to the right. 



The mapping 


re = z n , n E IN, 


in polar coordinates can be written as 



r n e in6 


(10.5) 


Thus, it maps the annular region r > 0, 0 < 0 < 7r/n, of the z-plane onto 
the upper half p > 0, 0 < </> < 7r, of the re-plane. Clearly, this mapping is 
one-to-one. 


Example 10.2. Let S be the sector S = {z : \z\ < 2, 0 < arg z < n/6} 


Find the image of S under the mapping re = f(z ) = z 3 . Clearly, we have 


m 


{ 


re 


re 


< 8 , 


0 < arg re < tt/2} . 


Example 10.3. Let S be the vertical strip S = {z = x+iy : 2 < x < 3}. 
Find the image of S under the mapping re = f(z) = z 2 . Since re = x 2 — 
y 2 + 2 ixy, a point (x,y) of the z-plane maps into (u,v) = ( x 2 — y 2 ,2xy) 
in the re-plane. Now, eliminating y from the equations u = x 2 — y 2 and 
v = 2 xy, we get 


u 



v 


2 



Thus, a vertical line in the z-plane; i.e., x = xq fixed, maps into a leftward- 
facing parabola with the vertex at (xq,0) and ^-intercepts at (0,±2xq). 
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Hence, as 2 < x < 3, the corresponding parabolas in the re-plane describe 
a parabolic region 


m 


v 2 

< w = u + iv : 4 < r^ < 9 

\ 16 “ “ 



The mapping 

w = - (10.6) 

z 

establishes a one-to-one correspondence between the nonzero points of the 
z- and re-planes. Since zz = |z| 2 , the mapping can be described by means 
of the successive transformations 


Z 


1 


z 


2 Z > 


re = Z. 


(10.7) 


The first of these transformations is an inversion with respect to the 
unit circle |z| = 1; i.e., the image of a nonzero point z is the point Z with 
the properties 




and arg Z 


argz. 


Thus, the points exterior to the circle |z| = 1 are mapped onto the nonzero 
points interior to it, and conversely. Any point on the circle is mapped onto 
itself. The second transformation in (10.7) is simply a reflection in the real 
axis. 


V 



Since lim^o 1/z = oo and lim^oo 1/z = 0, we can define a one-to- 
one transformation w = T(z) from the extended z-plane onto the extended 
re-plane by writing 

oo, z = 0, 

0, z = oo, 

-, otherwise. 

z 


T(z) = { 
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Clearly, T is then continuous throughout the extended z-plane. 


When a point re = u + iv is the image of a nonzero point z = x + iy 
under the transformation re = - = — , then 


Z Z‘ 


x 


u 


x 2 + y a 


v = 


y 


x 2 + y* 


(10.8) 


1 

Also, since z = — 

re 


re 


re 


u 


v 


x 


u 2 + v 2 ’ 


y 


U 2 + V 2 


(10.9) 


Let A, B , C, and D be real numbers such that 


B 2 + C 2 > AAD. 


( 10 . 10 ) 


The equation 


A[x 2 + y 2 ) + Bx + Cy + D 


0 


(10.11) 


represents an arbitrary circle or line according to whether A ^ 0 or A = 0. 
Since (10.11) is the same as 


x + 


B 
2 A 


+ h/ + 


c 

2 A 


VB 2 -PC 2 - 4 AD 

2 A 


condition (10.10) is clear when A ^ 0. Also, when A = 0, condition (10.10) 
reduces to B 2 + C 2 >0, which means B and C are not both zero. 

Now, if x and y satisfy equation (10.11), we can use (10.9) to obtain the 
equation 

D{u 2 + v 2 ) + Bu — Cv + A = 0, (10.12) 

which also represents a circle or line. Conversely, if u and v satisfy equation 
(10.12), it follows from relations (10.8) that x and y satisfy equation (10.11). 

From (10.11) and (10.12), it is clear that: 

(1) . A circle ( A ^ 0) not passing through the origin (JD ^ 0) in the z-plane 
is transformed into a circle not passing through the origin in the re-plane. 

(2) . A circle ( A ^ 0) through the origin [D = 0) in the z-plane is trans- 
formed into a line that does not pass through the origin in the re-plane. 

(3) . A line ( A = 0) not passing through the origin ( D ^ 0) in the z- plane 
is transformed into a circle through the origin in the re-plane. 

(4) . A line ( A = 0) through the origin D = 0 in the z-plane is transformed 
into a line through the origin in the re-plane. 
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Example 10.4. In view of ( 10 . 11 ) and ( 10 . 12 ), 
ci (ci 7 ^ 0 ) is transformed by w = 1/z into the circle — 
or 



a vertical line x = 
ci(u 2 + v 2 ) + u = 0 , 


which is centered on the u - axis and tangent to the v-axis. 


Example 10.5. The transformation w = 1/z maps a horizontal line 
y = c 2 (c 2 7 ^ 0 ) onto the circle 


u 


2 


+ 






which is centered on the v-axis and tangent to the u- axis. 

Example 10.6. When w = 1/z, the half-plane x > c\ (ci > 0 ) is 
mapped onto the disk 



Lecture 11 

Mappings by Functions II 


In this lecture, we shall study graphical representations of the Mobius 
transformation, the trigonometric mapping sin z, and the function z 1 / 2 . 


The transformation 


w 


az + 6 
cz + d’ 


ad — be ^ 0 , 


( 11 . 1 ) 


where a, 6 , c, and d are complex numbers, is called a linear fractional 
transformation or Mobius transformation. Clearly, (11.1) can be written as 


Azw + Bz + Cw + D = 0, AD — BC 0, (11.2) 


and, conversely, any equation of type ( 11 . 2 ) can be put in the form ( 11 . 1 ). 
Since (11.2) is linear in z and linear in w, or bilinear in z and re, another 
name for a linear fractional transformation is bilinear transformation. 


When c — 0, the condition ad — be ^ 0 reduces to ad ^ 0 and (11.1) 
becomes a nonconstant linear function. When c^O, (11.1) can be written 
as 


a be — ad 1 

w = — | -, ad — be ^ 0 . 

c c cz + d 


(11.3) 


Once again, the condition be— ad 7 ^ 0 ensures that we do not have a constant 
function. 


Equation (11.3) reveals that, when c / 0, a linear transformation is a 
composition of the mappings 

_ 7 TTr 1 a be — ad TTr 

Z = cz + d, II = — . w = — | W, ad — bc^0. 

Z c c 

Thus, a linear fractional transformation always transforms circles and lines 
into circles and lines because these special linear fractional transformations 
do this. 


Solving (11.1) for z, we find 

—dw + b T T . ^ 

z = , ad — be ^ 0. (11.4) 

cw — a 

Thus, when a given point w is the image of some point z under transforma- 
tion (11.1), the point z is retrieved by means of equation (11.4). If c = 0, 
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so that a and d are both nonzero, each point in the re-plane is evidently the 
image of one and only one point in the z-plane. The same is true if c 7^ 0, 
except when w = a/c, since the denominator in equation (11.4) vanishes 
if w has that value. We can, however, enlarge the domain of definition of 
(11.1) in order to define a linear fractional transformation T on the ex- 
tended z-plane such that the point w = a/c is the image of z = oo when 
c / 0. We first write 


T{z) 


az + b 
cz + d’ 


ad — be 7^ 0. 


(11.5) 


We then write T(oo) = oo if c = 0 and T(oo) = a/c and T(—d/c ) = oo if 
c ^ 0. 


It can be shown that T is continuous on the extended z-plane. It also 
agrees with the way in which we enlarged the domain of definition of the 
transformation w = 1 / z. 

When its domain of definition is enlarged in this way, the linear trans- 
formation (11.5) is a one-to-one mapping of the extended 2- plane onto the 
extended re-plane. Hence, associated with the transformation T there is 
an inverse transformation T _1 that is defined on the extended re-plane as 
follows: T -1 (re) = z if and only if T(z) = re. From (11.4), we have 

T _1 (re) = , ad — be (11.6) 

ere — a 


Clearly, T 1 is itself a linear fractional transformation, where T 1 (oc) = 00 
if c = 0 and T~ 1 (a/c) = 00 and T _1 (oc) = — d/c if c 7^ 0. 

If T and T ' are two linear fractional transformations given by 


T(z) 


a\z + b± 
c\z + d\ 


and T\z ) 


a 2 z + b 2 
c 2 z + d 2 ’ 


where a\d\ — b±ci 7^ 0 and a 2 d 2 — b 2 c 2 7^ 0, then their composition, 


T'[T(z) 


(< aia 2 + c\b 2 )z + {a 2 b\ + d\b 2 ) 
{a\c 2 + Cid 2 )z + {c 2 b\ + d\d 2 ) 


(aid 1 -bici)(a 2 d 2 -b 2 c 2 ) 7^ Q, 


is also a linear fractional transformation. Note that, in particular, T 1 [T(z) 
z for each point z in the extended plane. 


There is always a linear fractional transformation that maps three given 
distinct points 2q, z 2 and Z 3 onto three specified distinct points w 1, w 2 , 
and w 3, respectively. In fact, it can be written as 

(W - W!)(W 2 ~ W 3 ) _ (Z ~ Z!)(Z 2 ~ Z 3 ) 

{w - w 3 ){w 2 - Wi) (z - z 3 )(z 2 - Zi) ' 


(11.7) 
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To verify this, we write (11.7) as 

(z- z 3 )(z 2 - z 1 )(w -w 1 )(w 2 -w 3 ) = {z-z 1 )(z 2 -z 3 )(w-w 3 )(w 2 -w 1 ). 

( 11 . 8 ) 

If z = zi, the right-hand side of (11.8) is zero and it follows that w = w\. 
Similarly, if z = 23 , the left-hand side of (11.8) is zero and we get w = w 3 . 
If z = z 2 , we have the equation 

('W - Wi )(w 2 - w 3 ) = (w - w 3 )(w 2 - aq), 

whose unique solution is w = w 2 . One can see that the mapping defined by 
equation (11.7) is actually a linear fractional transformation by expanding 
the products in ( 11 . 8 ) and writing the result in the form 

Azw + Bz + Cw + D = 0. (11.9) 

The condition AD — BC 7 ^ 0, which is needed with (11.9), is clearly satisfied 
because (11.7) does not define a constant function. We also note that (11.7) 
defines the only linear fractional transformation mapping the points 2 q, z 2 , 
and Z3 onto w 2 , and w 3 , respectively. 

Example 11.1. Find the bilinear transformation that maps the points 
z\ — — 1 , z 2 — 0 , and z 3 = 1 onto the points w\ = — i, w 2 = 1 , and w 3 = i. 
Using equation (11.7), we have 

+ _ (z + 1)(0 — 1) 

(w - i)( 1 -hi) (z - 1)(0 + 1 ) ’ 

which on solving for w in terms of z gives the transformation 

i — z 

w = . 

i -h z 

If (11.7) is modified properly, it can also be used when the point at 

infinity is one of the prescribed points in either the (extended) z- or re- 

plane. Suppose, for example, that z\ = 00 . Since any linear fractional 
transformation is continuous on the extended plane, we need only replace 
Z\ on the right-hand side of (11.7) by l/zi, clear fractions, and let z\ tend 
to zero 

lim (-Z- l/-Zl)(Z2 -Z3) Zl = lim (ziz ~ 1 )(z 2 - £3) = Z 2 ~ z 3 

Zi^o {z ~ z 3 )(z 2 ~ 1 /zi) Zl Z !-> 0 (z ~ Z 3 )(ZiZ 2 - 1 ) Z - ^3 * 

Thus, the desired modification of (11.7) is 

(W - W!)(W 2 ~ W 3 ) _ Z 2 ~ Z 3 

(w - w 3 )(w 2 - Wi) Z - z 3 


( 11 . 10 ) 
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Note that this modification is obtained by simply deleting the factors in- 
volving z\ in (11.7). Furthermore, the same formal approach applies when 
any of the other prescribed points is oo. 

Example 11.2. Find the bilinear transformation that maps the points 
z i = l, Z 2 = 0, and z 3 = — 1 onto the points w\ = i, a ; 2 = 00 , and w 3 = 1. 
In this case, we use the modification 

w-wi _ (z - Z\ ) (z 2 - z 3 ) 
w -w 3 (z - z 3 )(z 2 - zi) 


to obtain 


which gives 


w — i (z — 1)(0 + 1) 

w — 1 (z + 1)(0 — 1) ’ 

(i + l)z + (i - 1) 


Now let S be the semi-infinite strip S = {z = x + iy : — tt/ 2 < x < 
7r/2, y > 0}. We shall find the image of S under the mapping w = /(z) = 
sinz. For this, since 

w = u L iv = sin x cosh 7 / + i cosxsinhT/, 


we have 

u = sin x cosh?/ and u = cosxsinh?/. (11.11) 

Thus, if y = 0, then u = 0 and u = sinx, and hence w = sinz maps the 
interval — tt/2 < x < tt/ 2 into the interval —1 < u < 1. If x = 7r/2, then 
u = cosh?/ and ?; = 0, and hence w = sinz maps the positive- vertical line 
x = 7r/2 onto the part u > 1 of the real axis of the ?u-plane. Similarly, if 
x = — 7r/2, then w = sinz maps the positive-vertical line x = —ix/2 onto 
the part u < —1 of the real axis of the w-plane. Hence, under the mapping 
w = sinz, the boundary of S is mapped to the entire u- axis. If y = y 3 > 0 
and — 7r/2 < x < tt/2, equations (11.11) imply that ?; > 0 and 

u 2 v 2 

2— + 2— = (HT 2 ) 

cosh 2/0 sinh y 3 

and hence w = sinz maps the interval —tt/2 < x < tt/2 into the up- 
per semi-ellipse. The ^-intercepts of this ellipse are at d=cosh?/o, and 
the ?;-intercept is at sinh?/o- Since lim yo ^o sinh?/o = 0, lim yo ^o cosh?/o = 
1 , lim^^oo sinh?/o = 00 , and lim^^oo cosh?/o = 00 , as y 3 varies in the 
interval 0 < y 3 < 00 , the upper semi-ellipses fill the upper half ?c-plane. 
Thus, the image of S under the mapping w = sinz is the upper half ?c-plane 
including the ??-axis. 
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From the considerations above it is clear that the image of the infinite 
strip {z = x + iy : —n/2 < x < tt /2, — oo < y < 00} under the mapping 
w = sin z is the entire re-plane. 

Finally, we shall consider the mapping w = f(z ) = z 1 / 2 . For this, we 
recall that the mapping g(z) = z 2 is not one-to-one; however, if we restrict 
the domain of g to S = {z : — tt/ 2 < argz < tt / 2}, then it is one-to-one. 
To see this, let zi, Z2 G S. If z 2 = z|; i.e., z\ — z\ = (zi — Z2)(zi + Z2) = 0 , 
then either zi = Z2 or z\ = — Z2. Since for z = 0 the argz is not defined, 
both z\ and Z2 cannot be zero. Furthermore, since the points z and — z are 
symmetric about the origin, if Z2 G 5 , then — Z2 0 S. Hence, z\ 7^ — Z2, and 
we must have z\ = Z2. Thus, the mapping g(z) = z 2 is one-to-one on S to 
C — { 0 }, and therefore the inverse function g~ 1 (z) = /(z) = z 1 / 2 exists. 
The domain of g -1 is thus C — { 0 } and the range is the domain of g; i.e., 
S. In conclusion, if z = re 20 , then the principal branch /1 of the function 
w = /(z) = z 1 / 2 is 

fi( z ) = \[re %e l 2 , r>0, — tt < 6 < tt, 


and it takes the square root of the modulus of a point and halves the 
principal argument. In particular, under this mapping the image of the 


sector {z : |z| < 4 , tt /3 < argz < tt/ 2 } is the sector {z : 
argz < tt / 4} . 


z 


< 2 , 7r/6 < 


From the arguments above it is clear that the principal branch /1 of the 
function w = /(z) = z 1 / n is 


h(z) = r 1 /n e i0/n , r> 0 , -7r<6»<7r, 


and it takes the nth root of the modulus of a point and divides the principal 
argument by n. 


Problems 


11 . 1 . Find images of the following sets under the mapping w = e z : 

(a) , the vertical line segment x = a, — tt < y < 7r, 

(b) . the horizontal line — oo < x < oo, y = 6, 

(c) . the rectangular area — 1 < x < 1 , 0<?/<7r, 

(d) . the region — oo <x<oo, — tt < y < tt. 


11 . 2 . Find images of the following sets under the mapping w 

(a) , {z : 0 < | z | < 1, 0 < argz < tt/2}, 

(b) . {z : 3 < \z\, 0 < argz < 7r}. 


= 1 /z 
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11 . 3 . Find images of the following sets under the mapping w = Log z : 

(a), {z : \z\ > 0}, (b). {z : \z\ = r}, 

(c). {z : arg 2 = 0}, (d). {z : 2 < \z\ < 5}. 


11 . 4 . Show that as z moves on the real axis from —1 to +1 the point 
1 — iz 

w = moves on part of the unit circle with center (0, 0) and radius 1. 

z — i 


11 . 5 . Show that when is purely imaginary, the locus of 2 is a 

z — 1 _ 

circle with center at (1/2, 1/2) and radius 1 / a/2 , but when it is purely real 
the locus is a straight line. 

11 . 6 . A point o; G C is called a fixed point of the mapping / provided 
/(a) = a. 

(a) . Show that except the unit mapping w = z, (11.1) can have at most 
two fixed points. 

(b) . If (11.1) has two distinct fixed points, a and /3, then 

w — a z — a a — ca 

w — f3 z — (3 a — c/3 

(c) . If (11.1) has only one fixed point, a, then 

1 1 c 

— 1 • 

w — a z — a a — ca 



Find the fixed points of 



z + 1 


and 


5z + 3 
22 - 1 ' 


11 . 7 . Find the entire linear transformation with fixed point 1 + 2i that 
maps the point i into the point —i. 


11 . 8 . Show that a necessary and sufficient condition for two Mobius 
transformations 


Ti(z) 


CLiZ + bi 

c\z H- di 


and 72(2) 


a 2 z + 6 2 
c 2 z + d 2 


to be identical is that a 2 = Aai, b 2 = A61, C2 = Aci, d 2 = Adi, A 7^ 0. 


11 . 9 . For any four complex numbers 21, 22, 23, 24 in the extended plane, 
the cross ratio is denoted and defined as 

Zj - Zi _ Z2 - Zi _ (Z4 - Zl)(z 2 - z 3 ) 

Z 4 - z 3 ' z 2 - z 3 (z 4 ~ Z 3 )(Z 2 - Zi) ' 


{zi,Z2,Zz,Z 4 ) = 


Show that 
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(a) , the cross ratio is invariant under any linear fractional transformation 
F\ i.e., 

(T(z 1 ),T(z 2 ),T(z 3 ),T(z 4 )) = (z 1 ,z 2 ,z 3 ,z 4 ), 

(b) . the complex numbers Zi, z 2 , Z 3 , Z 4 he on a line or a circle in the complex 
plane if and only if their cross ratio is a real number. 

11 . 10 . Show that the image of the vertical line x = xo, where — tt/ 2 < 
< tt/ 2, under the mapping w = sin z is the right-half of the hyperbola 

u 2 v 2 

= 1 

sin 2 xq cos 2 xo 

if xq > 0 and the left-half if xq < 0. 

11 . 11 . Find the image of the rectangle S = {z = x + iy : —tt/2 < x < 
7r/2, 0 < c < y < d] under the mapping w = sin z. 

11.12. Find the image of the semi-infinite strip S = {z = x + iy : 0 < 
x < 7r/2, y > 0} under the mapping w = cos z. 


Answers or Hints 


11 . 1 . (a), circle \ w\ = e a , (b). ray arg w = 6, (c). semi- annular area between 

semi-circles of radii e _1 and e with center at 0, (d). C — {0}. 

11 . 2 . (a), {w : 1 < \w\, — 7r/2 < arg w < 0}, (b). {w : 0 < \w\ < 

1/3, — 7 r < arg re < 0}. 

11 . 3 . (a), {w : —00 < u < 00, — tt < v < 7 r}, (b). {w : u = Logr, —7 r < 

v < 7T } , (c). {w : —00 < u < 00, v = 0}, (d). {w : Log2 < u < 

Log5, — 7 t < v < tt}. 

11 . 4 . w = 

X < 1 , u = 


2x 


x 2j r(y — l) 2 
2k V 


+ izs 


x 2 + (y 
2 


= uFiv. On the real axis, y = 0, — 1 < 

2 1 2 4ad + (lHjkc 4 — 2ic^) -1 tp 

a^-j-T ? - - T+^’ and hence w + v = T-^p 1 = 1- W 

x = — 1 , then u = — 1 , v = 0; if x = 0, then u = 0, v = 1; if x = 1 then 
u = 1, v = 0. Hence, re moves on the upper half of the unit circle. 


w 


x(x — l)+y(y — l)+i(l — x — y) 
(x — 1 ) 2 -\-y 2 


, and hence w is imaginary provided 


y = 0; i.e., (x — 1/2) 2 + (y — 1/2) 2 = 1/2 and w is real if 


11 . 5 . 

x 2 — x F y‘ 
x + y = 1. 

11 . 6 . (a). Find all possible solutions of z = (az + b) / [cz + d). (b). Verify 
directly, (c). Verify directly, (d). zb i and (3 zb y/l5)/2. 

11 . 7 . w = (2 + -b 1 — 3i. 

11 . 8 . The sufficiency is obvious. If T\(z) = T 2 (z), then in particular 
Ti(0) = T 2 ( 0), Ti(l) = T 2 (l), Ti(oo) = T 2 ( 00), which give 


d\ d 2 


Ui +61 n 2 H - ^2 ^1 ^2 
ci + di c 2 + d 2 ’ ci c 2 




76 


Lecture 11 


Substituting b± = fidi, 62 = &i = z^ci, and a2 = VC2 in the second 
relation, we find {c\d2 — C2d\)(v — g) = 0 . But v ^ g, since otherwise 
ai/ci = bi/di] i.e., a\d\ — &1C1 = 0 . Thus, c\jd\ = c 2 /d2. 

11 . 9 . (a). Define T' by (T(zi), T(z 2 ), T(z 3 ), w) = (zi, z 2 , z 3 , z), that maps 
Zj to T(zj), j = 1 , 2, 3 . But T(z) itself also maps z^ to T(zj). By uniqueness, 
w = T'(z ) = T(z). Therefore, this equality holds for re = T(z) also. In par- 
ticular, it holds for z = z 4 and w = T(z 4 ). (b). Suppose that zi, Z2, z 3 , z 4 he 
on a line or circle 7. We can find a linear fractional transformation w = /(z) 
that maps 7 onto the real axis. Then, each Wj = f(zj ) will be real. Conse- 
quently, the cross ratio (irq, rc2, re 3 , re 4 ) will be real. But then, from ( 11 . 7 ), 
(zi,z 2 ,z 3 ,z 4 ) must also be real. Conversely, suppose that (zi, z 2 , z 3 , z 4 ) is 
real. We need to show that the points zi, z 2 , z 3 , z 4 he on some line or circle. 
Clearly, any three points he on some line or circle (a line if the points are 
collinear, a circle otherwise). Hence, there is a unique line or circle 71 pass- 
ing through the points zi,z 2 ,z 3 . Therefore, it suffices to show that z 4 also 
lies on 71. Let w = g(z) be a linear fractional transformation that maps 71 
to the real axis, and let Wj = g(zj). Since zi, z 2 , z 3 he on 71, wi,W2, re 3 will 
be on the real axis. Now, since (irq, rc 3 , rc 4 ) = (zi, z 2 , z 3 , z 4 ) is real, we 
can solve it for rc 4 in terms of (z 4 , z 2 , Z3, z 4 ) and uq, rc2, re 3 , and hence re 4 
must also be real. Finally, since w = g(z) is one-to-one, the only values in 
the z-plane that can map to the real axis in the re-plane are on 71. Hence, 
z 4 = g _1 (rc 4 ) is on 71. 

11.10. Use (11.11). 

11.11. The region between upper semi-ellipses given by ( 11 . 12 ) with y 0 = c 
and yo = d. 

11 . 12 . Since u = cos x cosh y, v = — sinxsinhy, the image region is {w = 
u + iv : u > 0, v < 0}. 


Lecture 12 

Curves, Contours, and 
Simply Connected Domains 


In this lecture, we define a few terms that will be used repeatedly in 
complex integration. We shall also state Jordan’s Curve Theorem, which 
seems to be quite obvious; however, its proof is rather complicated. 


Let x(t) and y(t) be continuous real- valued functions defined on [a, b\. 
A curve or path 7 in the complex plane is the range of the continuous 
function z : [a, b\ C given by z(t) = x(t) + iy(t), t £ [a, b\. The curve 
7 begins with its initial point z(a) = x(a) + iy(a) and goes all the way 
to its terminal point z(b) = x(b) + iy(b). If we write the function z(t) in 
its parametric form; i.e., z{t) = (x(£), y(£)), then the curve 7 is the set of 
points {z(t) = (x(t),y(t)) : t £ [a, b]}. This set is called the track of 7, and 
is denoted as {7}. 


Terminal point 



Figure 12.1 


The curve 7 is said to be simple if for all different £1,^2 £ [<T &]> z (ti) 7^ 
i.e., 7 does not cross itself. 




Figure 12.2 

The curve 7 is said to be closed if z(a) = z(b). The interior of a closed 
curve 7 is denoted as I( 7). The curve 7 is called a simple closed curve (or 
Jordan curve ) if it is closed and a < t\ < £2 < b implies that z(t\) 7^ £(£2); 
i.e., 7 does not cross itself except at the end points. 


R.P. Agarwal et al., An Introduction to Complex Analysis, 

DOI 10.1007/978-l-4614-0195-7_12, © Springer Science+Business Media, LLC 2011 
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Example 12.1. 

71 , denoted as [z \ , z- 2 


Let 27, z 2 G C be different points. The line segment 
and given by 


z(t ) = Z\+t(z 2 — Z\), 0 < t < 1, 


is a simple curve. 



Figure 12.3 


Example 12.2. The unit circle 72 given by 




cos t + i sin £, 0 < t < 2 tt 


is a simple closed curve. 



Example 12.3. Consider the functions z\(t) = e 2t , t G [0, 2tt] and 
Z2 (t) = e 27Tlt , t G [ 0 , 1 ]. Both curves trace the unit circle. Thus, different 
functions may represent the same curve. 


A curve 7 given by the range of z : [a, b] C is called smooth if 


(i) . z'(t) = x\t) + iy'(t) exists and is continuous on [a, 6], 

(ii) . z'(t) ^ 0 for all t G (a, 6). 


Example 12.4. Clearly, the curves 71 and 72 are smooth; however, 
the curve 73 given by 



t + 2tz, 0 < t < 1 
t + 2i, l<t<2 


is simple but not smooth 
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V 



Figure 12.5 


A curve 7 given by the range of z 
continuous if 


a, b] C is said to be piecewise 


(i) . z(t) exists and is continuous for all but finitely many points in (a, b ), 

(ii) . at any point c E (a, b) where z fails to be continuous, both the left 
limit lim t ^ c - z{t) and the right limit lim t ^ c + z(t) exist and are finite, and 

(iii) . at the end points the right limit lim t _ )>a + z(t) and the left limit lim t _^- z 
exist and are finite. 


The curve 7 is called piecewise smooth if z and z' both are piecewise 
continuous. 


A contour 7 is a sequence of smooth curves {71, • • • , y n } such that the 
terminal point of 7^ coincides with the initial point of 7/c+i for 1 < k < n— 1 . 
In this case, we write 


7 = 7i +72 H h7n- 

It is clear that a contour is a continuous piecewise smooth curve. 



7 


Figure 12.6 


The opposite contour of 7 is 

-7 = (-7n) + (“7n-l) 4 K — 7l)- 

Example 12.5. Let 71 be the curve z\(t) = t + 2 ti, 0 < t < 1, and 72 
be the curve Z2 = t + 2 i, 1 < t < 2 . Then, 7 = 71 + 72 is a contour (see 
Figure 12 . 5 ). 
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Now consider any partition a = to < t\ < • • • < t n -\ < t n = b of 
the interval [a, b]. Then, the line segments [z(tj-i), z(tj)\, j = 1,2 
form a polygonal contour cr that is inscribed in the curve 7. Clearly, such 
an inscribed polygon a contour a has a finite length, which we denote and 
define as 


e a = Yt - zfe-i )) 2 + (y(tj) - yih-i )) 2 } 1/2 • 

3 = 1 

A curve 7 is said to be rectifiable if the lengths t G of all inscribed poly- 
gons a are bounded. The length t of 7 is defined as i = sup If 7 is 
a piecewise smooth curve, then the Mean Value Theorem ensures that the 
curve 7 is rectifiable. 

A simple closed contour 7 is called positively oriented (anticlockwise) if 
the interior domain lies to the left of an observer tracing out the points in 
order; otherwise it is negatively oriented (clockwise). With this convention, 
it is clear that the positive direction of traversing a curve surrounding the 
point at infinity is the clockwise direction. A simple open contour 7 is said 
to be positively oriented if we traverse it from its initial point to its terminal 
point. 



Positively 

oriented 


Figure 12.7 


Theorem 12.1 (Jordan Curve Theorem). The points on any 
simple closed curve or simple closed contour 7 are boundary points of two 
distinct domains, one of which is the interior of 7 and is bounded. The 
other, which is the exterior of 7 , is unbounded. 


Example 12.6. Consider the disjoint open disks S\ = {z : \z — zq\ < r} 
and S2 = {z : \z — zq\ > r}. Clearly, the circle 7 = {z : \z — Zo\ = r} is a 
closed contour, and the points on 7 are the boundary points of S 1 and £2. 
The interior of 7 is Si, which is bounded, and the exterior of 7 is S2, which 
is unbounded. 


A simply connected domain S is a domain having the following property: 
If 7 is any simple closed contour lying in S, then the domain interior to 7 
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lies wholly in S. An immediate consequence of Theorem 12.1 is that the 
interior of a simple closed curve is simply connected. A domain that is not 
simply connected is called multiply connected. 



Simply connected 


Not simply connected 



Simply connected 



Figure 12.8 


Problems 


12 . 1 . For each of the following domains, determine whether it is simply 
connected, multiply connected, or neither (not connected): 

(a) . A = {z : 0 < \2z — 1| < 3}, 

(b) . B = {z : Argz ^ 0}, 

(c) . C = {z : \z — i\ > 1 , \z — 3| > 3 and \z\ < 10 }, 

(d) . D = {z : Imz ^ 0}, 

(e) . E = {z : \z\ < 1 and R ez < 0}, 

(f) . F = C — {x + iy : 0 < x < 3}. 

12 . 2 . Let 7 = AqAi • • • A n -iA n be a closed polygonal Jordan curve 
with interior I(y). Show that the following are equivalent: 
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(a) . The polygon 7(7) is convex. 

(b) . For j = 1 , • • • , n, the line Lj containing Aj_\Aj does not intersect 

*( 7 ). 

(c) . /(y) is the intersection of a finite number of closed half-planes. 

12 . 3 . Show that every convex domain is simply connected. 

12 . 4 . Let S d C be an open set, and let f 1 S — y C be a continuous 
function. Show that if S is connected, then f(S) is also connected. 


Answers or Hints 

12 . 1 . (a). Multiply-connected, (b). simply connected, (c). multiply- 
connected, (d). not connected, (e). simply connected, (f). not connected. 

12 . 2 . (a). =>• (b). Since 7(7) and Lj are convex, so is I } := 7(7) D Lj, 

which must then be a line segment since it is a subset of a line. Since 7(7) 
is convex, the interior angles at Aj - 1 and Aj are less than 7 r, so points on 

Lj\Aj-iAj that are sufficiently close to Aj - 1 or Aj are not in 7(7) and 
therefore also not in lj. This implies that 1 } = Aj-\Aj since it is a line 
segment containing Aj-\Aj. 

(b) . =^> (c). For j = 1 , . . . , n, 7(7) is entirely on one side of Lj, so 7(7) is in a 
closed half-plane 77 j that has Lj as its boundary. Then 7(7) C P|j=i Hj =: 

C. We claim that 7(7) = C. If not, there is some point zo G C\7(7). Let 
z\ be any point in 7(7). By Theorem 12 . 1 , the line segment joining zo and 
z\ intersects 7 at some point. This point is on Aj 0 _ 1 A j0 for some jo, and 
then zo and z\ are on opposite sides of Lj 0 . Since z\ G 7(7) C H j0 , then 
z, 0 ^ 77 j 0 , which is a contradiction since Zo G C. 

(c) . =7 (a). This follows since every closed half-plane is convex and an 
intersection of convex sets is convex. 

12 . 3 . Let S' be a convex domain and 7 a simple closed curve lying in S. 
We want to show that the domain 7(7) interior to 7 lies in S. If not, there 

is some point z 0 £ 7 ( 7 )\S f . Let L be any line through zq. Since 7(7) is 

bounded, we can take two points z\ and z 2 on L \7 (7) such that z 0 is on the 
line segment joining z\ and Z2. By Theorem 12 . 1 , the line segment joining 
zo and z 1 (resp. z 0 and Z2) intersects 7 at some point z[ (resp. z' 2 ). Then 
z[ and z ' 2 are in S and z 0 is on the line segment joining them, so zo G S 
since S is convex, a contradiction. 

12 . 4 . Let wi,W2 G f(S). Then, there exist zi,Z2 G S such that W\ = 
/(zi), W2 = /(z 2). Since 5 is connected, there exists a curve 7 in S 
connecting z\ and Z2. Suppose z = z(t), a < t < b represents 7. Then, 
/(z( 7 )), a < t < b defines a curve in f(S) connecting w\ and W2- 


Lecture 13 

Complex Integration 


In this lecture, we shall introduce integration of complex-valued func- 
tions along a directed contour. For this, we shall begin with the integration 
of complex- valued functions of a real variable. Our approach is based on 
Riemann integration from calculus. We shall also prove an inequality that 
plays a fundamental role in our later lectures. 


Recall that a complex- valued function w of a real variable t G [a, b\ C IR 
is defined as w(t) = u(t) + iv(t); i.e., w : [a, b] C IR -A C. The derivative of 
w(t) at a point t is defined as 

= w'(t) = u'(t) + 

CLL 

provided each of the derivatives u' and v' exists at t. Similarly, the integral 
of w(t) over [a, b } is defined as 

pb pb pb 

/ w(t)dt = / u(t)dt + i / v(t)dt 

J CL J CL J CL 

provided the individual integrals on the right exist. For this, it is sufficient 
to assume that the functions u and v are piecewise continuous in [a, b\. The 
following properties of differentiation and integration hold: 

(i) . +w 2 (t)} = w[(t) + w' 2 (t) . 

dt 

d d 

(ii) . —[z 0 wi(t)] = z 0 —wi(t), zq € C. 

pb pb pb 

(iii) . / [wi(t) + W2(t)]dt = / wi(t)dt + / W2(t)dt. 


a 


a 


a 


pb pb 

(iv) . / zoWi(t)dt = zq wi(t)dt, zo G C. 

J a J a 

pb pb pb pb 

(v) . Re / w\(t)dt = / Re[wi(t)]dt, Im / w\(t)dt = / lm[wi(t)]dt 

J CL J CL J CL J CL 

Here we shall show only (iv). For this, let zo = xo + iyo and w\(t) 
ui(t) + iv\(t). Then, we have 


zoWi(t) = [x 0 ui(t) - yoVi(t)} + i[x 0 vi(t) + yoUi(t)] 


R.P. Agarwal et al., An Introduction to Complex Analysis, 

DOI 10.1007/978-l-4614-0195-7_13, © Springer Science+Business Media, LLC 2011 


83 


84 


Lecture 13 


and 


zoWi(t)dt = 


* b rb 

[x 0 ui(t) - y 0 vi(t)]dt + i / [xov^t) + y 0 ui(t)]dt 


a 


a 


a 


b rb 

xq I ui(t)dt — yo / vi (t)dt 


Li 


a J a 

b nb 

x 0 i vi(t)dt + yo / u\{t)dt 


a 


a 


(x 0 + iyo) 

•b 


>b nb 

ui(t)dt + i / v\ (t)dt 


a 


a 


- z o / wi(t)dt. 

a 


Example 13.1. Suppose w(t) is continuous on [a, b } and w'(t) exists on 
(a, b). For such functions, the Mean Value Theorem for derivatives no longer 
applies; i.e. , it is not necessarily true that there is a number c G (a, b) such 
that w'(c) = ( w(b ) — w(a))/(b — a). To show this, we consider the function 
w(t) = e 2t , 0 < t < 27 r. Clearly, \w'(t)\ = \ie lt \ = 1, and hence w'(t) is 
never zero, while w(2tt) — w(0) = 0. 

< \f(x)\dx. We 

a, b] C; i.e., 


We recall that if / : [a, b] — 1R, then | f a f(x)dx 
shall now show that the same inequality holds for w : 


w(t)dt 


a 


,b 

< / \w(t)\dt, a < b < oo. 

J a 


For this, let | f w(t)dt\ = r, so that f a w(t)dt = re l ° in polar form. Now 
we have 


r = e 


—i6 


rb nb 

/ w(t)dt = / e~ l9 w{t)dt 

J a J a 


>b r>b 

Re e~ ie w{t) dt-\-i Im e~ %e w{t) I dt 


a 


a 


(= 0 since LHS is real) 


Re e l6 w(t) dt 


a 


< 


Re e l6 w(t) dt 


a 

•6 


< 


Re e l6 w(t) dt 


a 


< 


e l6 w{t) I dt 


w(t)\dt (since 


■id 


1) 


a 


a 
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We note that the Fundamental Theorem of Calculus also holds: If 
W(t) = U(t) + iV(t), w(t ) = u(t) + and W'(t) = re(£), £ E [a, 6], 
then 

r b 

w(t)dt = W(b)-W(a). 

Thus, in particular, we have 


a 


a 


e Zot dt = — e Zot 

zo 


a 


1 

zo 


(e Zob - z Zoa ) , z 0 ^ 0 . 


The length of a smooth curve 7 given by the range of z : [a, b\ C is 
defined by 


£(7) 


z'(t)\dt. 


a 


Example 13.2. For z(t) = z\ + t(z 2 — 27), 0 < t < 1, we have 

^(t) = Z2 — 27, and hence T(y) = / |^2 — Zi|d£ = |z2 — ^1 

Jo 


Example 13.3. For z(t) = zq + re lt , 0 < £ < 27r, we have 

•27T 


z'(t) = £re 2t , and hence T(y) = 


ire 


it 


dt = 2 ttv. 


0 


Now let S be an open set, and let 7, given by the range of z : [a, b\ C, 
be a smooth curve in S. If / : S C is continuous, then the integral of f 
along 7 is defined by 

f{z)dz = [ f(z{t))z'{t)dt. 


7 


a 


/ 



1 5 


/ 


Figure 13.1 

The following properties of the integration above are immediate: 

[f(z) ±g(z)]dz = ( f(z)dz± f g(z)dz, 

J 'y J ' y 

/ z 0 f(z)dz = z 0 f(z)dz, z 0 e C, 

J 'V J 'V 


f{z)dz 


f(z)dz. 


-7 


7 
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Example 13.4. Let f(z) = z — 1 and let 7 be the curve given by 
z(t) = t + it 2 , 0 < t < 1 . Clearly, 7 is smooth and 



f f(z(t))z'(t)dt = f (t + it 2 — 1)(1 + 2 it)dt 

Jo Jo 

f (t — 1 — 2 t 3 )dt + i f ( 2 t(t — 1) + t 2 )dt, 

Jo Jo 


which can now be easily evaluated. 

Example 13.5. Let f(z) = z + (I/2) for z ^ 0 and 7 be the upper 
semi-circle at the origin of radius 1 ; i.e. , z(t) = e 7 ™*, 0 < t < 1 . Clearly, 7 
is smooth and 




= 7 n. 


The length of a contour 7 = 71 + • • • + 7 n is defined by 

n n 

Hi) = T ( len S th of 7i ) = Y.HiH 
3= 1 i =1 


If / : 5 — ^ C is continuous on {7}, then the contour integral of f along 
7 is defined by 



Example 13.6. Let f(z) = z — 1 and 7 = 71 + 72, where 71 is given 
by zi(t) = £, 0 < £ < 1 and 72 is given by ^(t) = 1 + i(t — 1), 1 < t < 2. 
Clearly, the contour 7 is piecewise smooth, and 



'i r 2 

f(z 1 (t))z 1 (t)dt+ / f(z 2 (t))z' 2 (t)dt 

0 


J (t — 1 )dt -f - J i(t — l)idt, 


which can be evaluated. 

Theorem 13.1 (ML-Inequality). Suppose that / is continuous 
on an open set containing a contour 7, and \f(z)\ < M for all z e { 7 }- 
Then, the following inequality holds 



< ML , 
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where L is the length of 7 . 


Proof. First assume that 7 given by the range of z : [a, b\ C is a 
smooth curve. Then, we have 


[ f{z)dz 

— 

J 1 



f(z(t))z'(t)dt 


a 


< 


\f( z (t))\\z'(t)\dt 


a 


< M f \z'(t)\dt = ML. 

J a 


If 7 = 71 + 72 + • • • + 7 n , where 71 , 72 , • • • , 7 n are smooth, then we find 


[ f(z)dz 

— 




n 


E / 

j=i ^ 


n 

* E 

i=i 


f{z)dz 


't;i 


n 


< yjV/%) = ML( 7 ). ■ 

3 = 1 

Example 13.7. Let 7 be given by z(t) = 2e 2t , 0 < t < 2i r. Show that 

47re 2 


7 


z 2 + 1 


dz 


Since le 2 = e x < e 2 and z 2 + 1 > z 2 


< 


- 1 


7 


z 2 -f- 1 


dz 


e ^ 47re 

< — x 2 x 27 r = 


4 — 1 1 = 3, it follows that 
2 


Problems 


13 . 1 . Evaluate the following integrals 

■1 pTT / 4 


(a). I (l + it z )dt, 
0 


(b). / te ^ dt, 


— 7T 
2 


pit nZ 

(c). J (sin 2t + i cos 2t)dt, (d). J Log(l + it)dt. 

13 . 2 . Find the length of the arch of the cycloid given by z(t) = a(t — 
sint) + ai(l — cost), 0 < t < 2 tt where a is a positive real number. 

13 . 3 . Let 7 be the curve given by z(t) = t + it 2 , 0 < t < 27 t. Evaluate 
z 2 dz. 


7 
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13 . 4 . Let /(z) — y — x — 3 ix 2 and 7 be given by the line segment z = 0 

to z = 1 + i. Evaluate / /(z)dz. 

«/ 7 

13 . 5 . Let 7 be given by the semicircle z = 2e l9 , 0 < 6 < tt. Evaluate 

— dz and / \z 1 ^ 2 \ exp(iArg z)dz. 


7 


-7 


13 . 6 . Show that if m and n are integers, then 


•27 r 


e ime e -ine d Q = { 0 when m^n 


0 


27 r when m = n. 


Hence, evaluate / z rn z n dz , where 7 is the circle given by z = cos t + 


i sint, 0 < t < 27 r. 


7 


X ^ y ^ 

13 . 7 . Let 7 be the positively oriented ellipse — r- + 777 = 1 with a 2 — b 2 = 

a 2 o 2 


1. Show that 


dz 


= ±2tt, 


7 >Jl — z* 

where a continuous branch of the integrand is chosen. 

13.8. Let zi(£), a < t < b and Z 2 (t), c < t < d be equivalent param- 
eterizations of the same curve 7 ; i.e. , there is an increasing continuously 
differentiable function : [c, d] —> [a, b] such that 0(c) = a and 0(d) = b 
and Z 2 (t) = z\ o 0(t) for all t E [c, d]. Show that if / is continuous on an 
open set containing 7 , then 

f(zi(t))z[(t)dt = [ f(z 2 (t))z' 2 (t)dt. 


a 


13 . 9 . Let 7 be the arc of the circle \z\ = 2 from z = 2 to z = 2i that 
lies in the first quadrant. Without evaluating the integral, show that 


dz 


7 


Z' 


1 


7 r 

< -. 
“ 3 


13 . 10 . Let 7 be the circle |z| = 2 . Show that 


1 


7 


z 2 — 1 


■dz 


< 


47T 


13 . 11 . Show that if 7 is the boundary of the triangle with vertices at 
z = 0, z = 3i, and z = —4 oriented in the counterclockwise direction, then 
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13.12. Let 7 r be the circle \z\ = R described in the counterclockwise 
direction, where R > 0. Suppose Logz is the principal branch of the loga- 
rithm function. Show that 



< 



13.13. Let 7 r be the circle \z\ = R described in the counterclockwise 
direction, where R > 2. Suppose Logz is the principal branch of the loga- 
rithm function. Show that 



Log z 2 
z 2 + z + 1 


dz 


< 27 tR 


( 7T + 2Log R\ 
\R 2 -R- l) m 


13.14. Let S be an open connected set and 7 a closed curve in S. 
Suppose f(z) is analytic on S and the derivative f'(z) is continuous on S. 
Show that 


I 



f(z)f'( z )dz 


is purely imaginary. 


13.15. Let f(z) be a continuous function in the region \z\ > 1, and 
suppose the limit lim^oo zf(z ) = A exists. Let a be a fixed real number 
such that 0 < a < 2 tt. Denote by 7 r the circular arc given by parametric 


equation z = Re l ° , 0 < 6 < a with R > 1. Find lim 

R — ^00 



f(z)dz. 


Answers or Hints 


13.1. (a). 1 + i\, (b). Re ® 71 ' 2 / 16 _ e ”7 , (c). 0, (d). 71111(1 + 
2 

t 2 )dt + i tan ~ 1 tdt. 


13.2. 8 a. 


13.3. J^\z\ 2 dz = Jq 71 \t + it 2 \ 2 (1 -\- 2ti)dt = J Q Z7r (t 2 + t 4 )(l + 2ti)dt 


27 r 


13-4. f(y 


X 


3 ix 2 )dz = — t — 3it 2 )(l -f i)dt = 1 — i (7 (t) = 


(1 + i)t , t G [0, 1]) 

13.5. f ^=1 dz = C 2e 

J'y z JO 


id 


-Jq \2e ie \ 1 ^e ie 2ie ie d6 = - V2e 2ie \l = 0 


2ie l0 d6 = —4 — 2i?r,f_ \z \ 1 / 2 exp (iArgz) dz = 


13.6. J Q 27r e h m n I°dO = 2tt if rri = n and = n ) d /i(m — n)} = 0 if 

m 7^ n. Now \ ' z rn z n dz = J Q 27r e irnt e~ int ie lt dt = 2xi if m — n + 1 = 0 and 0 
if m — n + 1 7^ 0. 
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13 . 7 . In parametric form, the equation of ellipse is x = a cost, y = 
bsint, t G [0,27 r]. Thus, z(t) = a cost + ibsint. Since a 2 — b 2 = 1, we 
find y/l — z 2 = d=(asint — ibcost) and z'(t) = — asint + ibcost. 


13 -8- Lf(z 2 (t))z' 2 (t)dt =fcf( z i(<P( t ))) z i(<l > ( t ))<t>'( t )dt = J"f(z 1 (s))z' 1 (s)ds. 


>d 


13 . 9 . 


X 


dz 


7 2; 


2 -l 


< ML(q), |z| = 2, |z 2 — 1| > \z\ 2 — 1 > 3, so 


;2 — 1 


< I 


if z G 7, L(7) = -f = 7T. 

13 . 10 . |z 2 — 1| > z 2 — 1 = 3 for z =2. Thus, 


X 


dz 


7 z 2 — 1 


< 


47T 


— 3 


13 . 11 . 


f (e z — z)dz < f^e z dz + f zdz < 0 + 4(5 + 4 + 3) = 48 



1019 Logz _ Logi?+/Argz . |Log^i+7r _ Log g+7r r Log £ , . 

^2 — ^2 - i ?2 — 2 : 2 - 

27r i? = 27, . 

13 . 13 . Similar to Problem 13.12. 

13 . 14 . Let the parametric equation of 7 be z = z(t), a < t < b. Since 
7 is a closed curve, z(a) = z(b). Let /(z) = u(z) + iv(z), where u,v are 

real, so f(z ) = + iv x =v y - iu v . Thus, I = f a ( u(z(t )) - w(z(£)))(u x + 

®)(a; t + iy t )dt. Hence, Re/ = y(uu x x t - uv x y t + vu x y t + vv x x t )dt = 


IV 


f a [(uu x x t + uu y y t ) + (vv y yt + vv x Xt)]dt = (1/2) f a [^(u 2 + v 2 )]dt = 0. 
13 . 15 . Clearly, f f(z)dz = f(Re l0 )Rie l0 dO = i J ^ Re 10 f(Re l0 )dO and 


iAa = i Add. Hence, | f^ R f(z)dz — iAa\ < \ Re 10 f(Re 10 ) — A\d0. Now 


since lirn^oo z/(z) = A, for any e > 0 there exists a S > 0 such that 
Re 10 f(Re 10 ) — A\ < e/a for all 0. Therefore, it follows that | f f(z)dz — 

iAa | < e, and hence lim#-^ f f(z)dz = iAa. 


Lecture 14 

Independence of Path 


The main result of this lecture is to provide conditions on the function / 
so that its contour integral is independent of the path joining the initial and 
terminal points. This result, in particular, helps in computing the contour 
integrals rather easily. 


Let / be a continuous function in a domain S. A function F such that 
F'(z) = f(z ) for all z G S is called an antiderivative of / on S. Since / 
is continuous, F is analytic, and hence continuous. Furthermore, any two 
antiderivatives of / differ by a constant. 

Example 14.1. Clearly, 

f(z) z n e z cos z sin z 

z n + 1 

F(z) he e z + c sin z F c — cos z -he, 

W 71+ 1 

where c is an arbitrary constant. 


The main result of this lecture is the following. 

Theorem 14.1. Suppose that the function / is continuous and has an 
antiderivative F in a domain A. If a, f3 G S and 7 is a contour in S joining 
a and /?, then 

[ f(z)dz = F{P) - F(a); 

J 7 

i.e., the integral only depends on the end points and not on the choice of 
7. In particular, if 7 is a closed contour in 5, then 



0 . 


Proof. Suppose that 7 = 71+72+- • -+ 7 n, where, for each 1 < j < n, 7 j is 
a smooth curve given by Zj : [<+-1, dj] — C such that 27 (ao) = a, z n (a n ) = 

p. 
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Now, since 


d 


37 F( z i(t)) = F ' = /(Zjityz'jit), 


dt 


it follows that 

f(z)dz = ( f(zj(t))z'j(t)dt = F(zj(t)) 

J CL j — \ 

= F(zj(dj)) — F(zj(dj- 1 )). 

Therefore, we have 


a> 


(2 7 _i 


n 


n 


f(z)dz = f{z)dz = ^{Fizjicij)) - Fizjidj-!))} 


7 


J- 


: 1 J Zj 


3 = 1 


= {F(zi(ai)) - F(^i(a 0 ))} H h {F(z n (a n )) - F(z n (a n - 1))} 

= F(/3)-F(a). 

If 7 is closed, then a = (3, so we have 

f f(z)dz = F(p) - F(a) =0. I 

J i 

Example 14.2. Compute the integral / (z 2 — 2 )dz, where 7 is the 
contour in Figure 14.2. 



Figure 14.2 


Since z 2 — 2 has the antiderivative (z 3 / 3) — 2z, we find 


z l 


- 2z 


= 3. 


0 


f (z 2 — 2 )dz = f (z 2 — 2)dz = 

J 7 Jo 

Example 14.3. Compute the integral / e z dz , where 7 is the part of 

J 7 

the unit circle joining 1 to i in the counterclockwise direction. Since e z is 
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the derivative of e z , 


Example 14.4. 

in Figure 14.3. 


by the theorem above, we have 


e z dz = e l — e. 


7 


Compute the integral / sin zdz , where 7 is the contour 


7 



Since sin 2 : has the antiderivative F(z) = — cos z, by Theorem 14.1, we 
have 

6+3z 

= — cos(6 + 3i) + cos(— 3). 


sin zdz = — cos z 


7 


Example 14.5. 

14.4. 


Compute 


dz/z , where 7 is the contour in Figure 



Figure 14.4 

At each point of the contour 7, the function 1/z is the derivative of the 
principal branch of logz. Hence, we have 



Log z 


—i 

i 


Log (— z) - Log (i) 



— 7 ri. 


Example 14.6. Compute the integral 

integer not equal to —1 and 7 r is the circle 
the counterclockwise direction. 



z - z 0 


zo) n dz, where n is an 
= r traversed once in 
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Let S = C — {zq}. Then, S is a domain and the function (z — z o) n 
is continuous throughout S. Moreover, (z — z o) n is the derivative of the 
function (z — zo) n+1 /(n + 1). Since j r is a closed contour that lies in S, we 
deduce that 



zo) n dz 


0, n / — 1. 


We shall now prove the following theorem. 


Theorem 14.2. Let / be a continuous function in a domain S. Then, 
the following statements are equivalent: 

(i) . / has an antiderivative in S. 

(ii) . For any closed contour 7 in 5, f( z ) = 0. 

(iii) . The contour integrals of / are independent of paths in 5; i.e. , if 
a, j3 G S and 71 and 72 are contours in S joining a and /?, then 




f(z)dz. 


Proof. Theorem 14.1 shows that (i) => (iii) => (ii), so we need to prove 
that (ii) => (iii) => (i). 

(ii) => (iii). 71 + (—72) is a closed contour in S (see Figure 14.5). Hence, 


7 i + ( — 72) 


f{z)dz 



f(z)dz 



0. 


7i 



Figure 14.5 



(in) 


(i). Fix zo E S. For any 27 E 5, define F(z\) = / f(z)dz , where 

J 7 


7 


is a contour in S joining zq to z\. By (iii), the function F is well-defined. 
Let h E C be such that \h\ is sufficiently small, so that [z 1, zi+h\ C S (see 
Figure 14.6). Then, we have 


F{z 1 Lh)-F{z 1 ) 

h 


1 

h 


7+[zi,zi+h] 


7 


f(z)dz 


1 

h 


[zi,Z!+h\ 


f(z)dz 
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and 


/m = ,M l{. 


ldz = — 


[Z!,Z! -\~h] 


h J [zi ,zi~\-h\ 


f(zi)dz. 


Therefore, it follows that 


F{z 1 Fh)-F{z 1 ) 

h 


- f(z 1) = T f (f(z)-f(z 1 ))dz. (14.1) 

^ J[zi,zi+h\ 


We shall show that the right hand side of (14.1) tends to 0 as h 0. For 
this, let e > 0 be given. Since / is continuous at z\, there exists a S > 0 
such that 

Z-Zi < 5 => \f(z) - f(zi)\ < e. (14-2) 


Since the length of [z\,z\ + h] is equal to \h\, if \h\ < 6 then for all 
z € (zi,zi + h\, | z — z±\ < \h\ < S. Thus, if \h\ < S, then 


F( Zl +h)~ F( Zl ) 
h 


f(z i) 


< 


1 

h 

1 


(f(z) ~ f(zi))dz 


h 


[zi,zi+h\ 


h\ by (14.2) and the ML-inequality 


e. 


Thus, F'(zi) = /(zi); i.e., F is an antiderivative of / in S. 


Example 14.7. Let 7 = 

given by z\(t) = ti and Z 2 (t) - 
(y — x) + 3 ix 2 . It follows that 


7i +72, where 71 and 72 respectively are 
= t + i, t G [0,1]. Furthermore, let f(z) = 


f (z)dz 


■1 r 1 

/(zi(t))z x (t)dt + / f(z 2 (t))z' 2 (t)dt 


7 


.1 ,.1 

tidt 
0 ^0 


+ f (1 — t + 3 t 2 i)dt 

J 0 


1 3. 
— T — 'i • 

2 2 


Now let 73 be given by zs(t) = i + £(1 + i), t G [0, 1]. Then, for the same 
function /, we have 


/ f(z)dz = 2i. 

J 73 


Hence, although 7 and 73 have the same end points, 


f{z)dz ± / f(z)dz. 

7 ^73 


Thus, from Theorem 14.2, this function / cannot have an antiderivative. 


Lecture 15 

Cauchy-Goursat Theorem 


In this lecture, we shall prove that the integral of an analytic func- 
tion over a simple closed contour is zero. This result is one of the most 
fundamental theorems in complex analysis. 

We begin with the following theorem from calculus. 

Theorem 15.1 (Green’s Theorem). Let C be a piecewise 
smooth, simple closed curve that bounds a domain D in the complex plane. 
Let P and Q be two real-valued functions defined on an open set U that 
contains D, and suppose that P and Q have continuous first order partial 
derivatives. Then, 


Pdy — Qdx 


c 



dP_ dQ_\ 
dx dy ) 


dxdy , 


where C is taken along the positive direction. 


The left-hand side of this equality is the line integral, whereas the right- 
hand side is the double integral. 

Now consider a function f(z ) = u(x,y) P iv(x,y) that is analytic in a 
simply connected domain S. Suppose that 7 is a simple, closed, positively 
oriented contour lying in S and given by the function z(t) = x(t) + iy(t), t E 
a, b\. Then, we have 


f(z)dz = 


7 


a 


>b /•/ / \\dz(t) 

f(z(t))—dt 


u(x(t ), y(t)) + iv{x(t ), y(t))] ( ^ + i— I dt 


a 


>b r 


a L 


dx 


u(x(t), y(t ))— - v(x(t), y(t )) ^ 


dt dt 
dy 


*6 r 


Pi 


a L 


dx 


dt 
dy 


v(x(t),y(t)) — +u(x(t),y(t)) dt 


dt 


7 


(udx — vdy ) Pi ( vdx + udy) 

J 1 


Thus, if the partial derivatives of u and v are continuous, then, by Green’s 
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Theorem, we have 


f(z)dz 


7 



dv du 


dx dy 


dxdy + i 



du dv 


s / y dx dy 


dxdy , 


where S' is the domain interior to 7 . Since f(z) is analytic in S', the first 
partial derivatives of u and v satisfy the Cauchy- Riemann equations. Hence, 
it follows that 


j f(z)dz = 0. 

J / y 


7 

Thus, we have shown that if / is analytic in a simply connected domain 
and its derivative f'(z) is continuous (recall that analyticity ensures the 
existence of f(z ); however, it does not guarantee the continuity of /'(z)), 
then its integral around any simple closed contour in the domain is zero. 
Goursat was the first to prove that the condition of continuity on f can be 
omitted. 

Theorem 15.2 (Cauchy-Goursat Theorem). If / is analytic 
in a simply connected domain S and 7 is any simple, closed, rectifiable 

contour in S, then / f(z)dz = 0. 

Proof. The proof is divided into the following three steps. 

Step 1. If 7 is the boundary dA of a triangle A, then f dA f{z)dz = 0 : We 
construct four smaller triangles A j, j = 1 , 2 , 3, 4 by joining the midpoints 
of the sides of A by straight lines. Then, from Figure 15.1, it is clear that 


f{z)dz 


dA 


4 

E 

3 = 1 


/ (z)dz, 


dA 


A 


A 




which in view of the triangle inequality leads to 


f{z)dz 


dA 


4 

* E 

3 = 1 


f(z)dz 


dA, 
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Let A 1 be the triangle among A.-, j = 1, 2, 3, 4 such that 


dA 1 


f{z)dz 


max 

1<J<4 


<9 A, 


f{z)dz 


so that 


<9A 


f{z)dz 


< 4 


3A 1 


f{z)dz 


which is the same as 


dA 1 


/ (z)dz 


1 

> - 
“ 4 


<9A 


f(z)dz 


Following the process above we divide the triangle A 1 into four smaller 
triangles A*, j = 1,2, 3, 4, and obtain the triangle A 2 such that 


<9A 2 


f{z)dz 


1 

> - 
~ 4 


dA 1 


/ {z)dz 


> 


1 

42 


<9A 


f{z)dz 


Continuing in this way, we obtain a sequence of triangles A = A 0 D A 1 D 
A 2 Z9 * such that 


f{z)dz 


dA 


n 


1 

> - 
“ 4 


f{z)dz 


dA 


n — 1 


for all n > 1. This inequality from induction gives 


f{z)dz 


dA 


n 


> 


1 


4 


n 


d A 


f {z)dz 


We also note that the length L(d A n ) is given by 
L{d A n ) = ^L(9A ra_1 ) = 2_L(aA n “ 2 ) = • 


1 


(15.1) 


L(d A 0 ), (15.2) 


m 


and hence lin^^oo diam A n = 0. Thus, from Theorem 4.1, Pl^Lo = 
{^o}. Now, since the function / is analytic at zo, in view of (6.2), there 
exists a function rj{z) such that 


f(z) = f(zo) + f(zo)(z - Z 0 ) +r)(z)(z - z 0 ), 


(15.3) 


where \im z ^ Zo rj(z) = 0. Since the functions 1 and (z — z 0 ) are analytic 
and their derivatives are continuous, f dAn 1 dz = fdA n (z — zo)dz = 0, and 
hence, from (15.3), we find 


f(z)dz = / d( z )( z ~ z o )dz. 


d A n 


d A n 


(15.4) 
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Next, since lim z ^ Zo rj(z) = 0, for a given e > 0 we can find a S > 0 such 
that 


z — zq\ < S implies that | rj(z) < 


L 2 (< 9A°) 


e. 


(15.5) 


We choose an integer n such that dA n lies in the neighborhood \z — zo\ < 5, 
as in Figure 15.2. 


A 



Figure 15.2 

Finally, for all z G 9A n , it is clear that 


z 


zo 


< \l{0 AO, 


which from (15.2) is the same as 




zo 


< 


1 


L(dA°). 


2n+l 


(15.6) 


Now, successively from (15.1), (15.4)-(15.6), Theorem 13.1, and (15.2), we 
have 



< 




f(z)dz 


< 

< 

< 


n 


n 


4 


e 2 


dA n 

2 


rj(z)(z — zo)dz 


1 


L(<9A°)L(<9A n ) 


L 2 {d A 0 ) 2 ^+ x 

"um ^ L{dA ° ] 


e. 


Since e is arbitrary, it follows that f dA f(z)dz = 0. 


Step 2. If 7 is the boundary dC of a polygonal contour C, then f(z)dz = 
0 : We can add interior edges of C so that the interior is subdivided into 
a finite number of triangles (see Figure 15.3). From Step 1, the integral 
around each triangle is zero, and since the sum of all these integrals is equal 
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to the integral around G\ i.e. , 




f(z)dz, 


Step 2 follows. 




Step 3. We approximate the simple closed contour 7 by a polygonal con- 
tour C n (see Figure 15.4). Then, the difference between J ‘ f(z)dz and 

f c f(z)dz can be made arbitrarily small as n - 


00. 



Figure 15.4 


Remark 15.1 (i). If 7 is a closed contour but not simple, then the 

integration over 7 can always be decomposed into integrations over simple 
closed curves. 

(ii) . Since the interior of a simple closed contour is a simple connected 
domain, Theorem 15.2 can be stated in a more practical form: If 7 is a 
simple closed contour and / is analytic at each point on and inside 7, then 
f 7 f (z)dz = 0. 

(iii) . Theorem 14.2 can be stated as follows: In a simple connected do- 
main, any analytic function has an antiderivative, its contour integrals are 
independent of the path, and its integrals over a closed contour vanish. 


Example 15.1. Evaluate 


,2 


7 


z 2 - 16 


dz where 7 is the circle 


z 


= 2 


traversed once counterclockwise. Since e z / (z 2 — 16) is analytic everywhere 
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except at z = ±4, where the denominator vanishes, and since these points 
he exterior to the contour, the integral is zero by Theorem 15.2. 

Example 15.2. The function f(z) = e z is analytic in C. The function 
F(z) = Jj Q z j e w dw , where [0, z] is the line segment joining 0 and z is an 

antiderivative of /. However, we do not know how to express this as an 
algebraic function of elementary functions. 


Lecture 16 

Deformation Theorem 


In this lecture, we shall show that the integral of a given function along 
some given path can be replaced by the integral of the same function along 
a more amenable path. 

Let 71 be a simple closed contour that can be continuously deformed into 
another simple closed contour 72 without passing through a point where / 
is not analytic. Then the value of the integral J f(z)dz is the same as 

f f(z)dz. (Here, in Figure 16 . 1 , we have taken 72 as a circle for simplicity 

7 2 

and applications in mind.) 



Figure 16.1 


We state this result precisely in the following theorem. 


Theorem 16.1. Let 71 and 72 be positively oriented, simple, closed 
contours with 72 interior to 71. If / is analytic on the closed region con- 
taining {71} and {72} and the points between them, then 




f(z)dz. 


Proof. We draw two line segments from 71 to 72. Then, the end points 
Pi and P2 of the segments divide 71 into two contours, 71 a and 715, and 
the end points P3 and P4 divide 72 into 72 a and 72 6- Let P1P3 and P2P4 
denote the line segments from Pi to P3 and P2 to P4, respectively. Now, 
by Remark 15.1 (ii), we have 

[ f(z)dz = ( [ + [ + [ ) f{z)dz 

d 'll a \d P 1 P 3 J a dp 4 P 2 / 
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and 


[ f(z)dz = ( [ 
hi b \Jf 


+ / + / ] f( z )d z - 

P2P4 h" 2 b J P3P1 



Adding these equations, we find 


f{z)dz 


71 


+ / j f{z) dz 

71 a hlb- 

+ / ) f(z)dz 

72a ^725/ 


f(z)dz. 


72 


■dz, where 


Example 16.1. Determine the possible values of [ 

h \ z ~ a ) 

7 is any positively oriented, simple, closed contour not passing through 
z = a. Observe that the function 1 / (z — a) is analytic everywhere except at 
the point z = a. If a lies exterior to 7 , then the integral is zero by Theorem 
15.2. If a lies inside 7 , we choose a small circle 7 r centered at a and lying 
within 7 . Then, from Theorem 16.1, it follows that 


dz 


dz 


z — a 


7 ~ J lr 

AO 


z — a 


Now, since, on 7 r , z = a + re lt> (r is fixed), dz = rie l6 dO, and hence 


dz 


‘2tt 


1 


•27T 


77 


z — a 


-e ie rie ie d0 = / idO = 2tti, 

0 r J 0 


Hence, we have 


dz 


7 


z — a 


2iri 

0 


if a is inside 7 
if a is outside 7 . 
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Example 

Figure 16.3. 



Clearly, the integrand 1 / (z 2 — 1 ) fails to be analytic at z = ±1. Since the 
point 1 lies outside of 7 , the integral over 7 is the same as the integral over 
that small circle 7 r enclosing —1. Using partial fraction expansion, we find 




1 

2 (z + 1 ) 


dz 


— 7T i. 


Now we state the following result that extends Theorem 16.1. 

Theorem 16.2. Let 7 , 71 , • • • , 7 n be simple, closed, positively oriented 
contours such that each 7 j, j = 1, • • • , n lies interior to 7 , and the interior 
of 7 j has no points in common with the interior of 7 ^ if j 7 ^ k (see Figure 
16.4, where for simplicity we have taken each 7 j to be a circle). If / is 
analytic on the closed region containing { 7 }, { 71 }, • • • , { 7 n} and the points 
between them, then 



(16.1) 



Figure 16.4 
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Proof. The proof of Theorem 16.2 is exactly the same as that of Theorem 
16.1, except here we need to divide 7 into several parts. I 


Example 16.3. 



Figure 16.5 


The integrand f(z ) = (5 z — 2 )/(z 2 — z ) is analytic everywhere except for 
the zeros of the denominator, z = 0 and z = 1. Let 71 and 72 be two small 
circles enclosing these points. Then, using Theorem 16.2, we get 



Figure 16.6 


Thus, we have 



f{z)dz 



f(z)dz + 



f(z)dz. 





2 x 27 ri + 0 + 0 + 3 x 2ni 



= IO 7 ri. 


Example 16.4. Let 7 be a simple closed contour that contains the 
distinct points 27, £2, * • • , z n in its interior. We shall show that 



dz 

Zl)(z - Z 2 ) ■ ■ ■ {z - Z n ) 


0. 


For this, we write the partial fractional decomposition 


1 


A 


+ 


A 


+ ••• + 


A 


n 


Z — Z 


n 


(z - Zi)(z -z 2 )---(z- Zn) 


Z — Z 1 


X - Z2 


5 
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which is the same as 

n 

1 = ^Aj(z- zi)---{z- Zj ^i)(z- z j+ i)---(z- z n ). 

3 = 1 

Thus, comparing the coefficients of z n ~ 1 on both the sides, we find that 
A\ + A2 + • • • + A n = 0. Next, let 7j, j = 1, 2, • • • , n be small circles 
with center Zj, that he in the interior of 7. Then, from Theorem 16.2 and 
Example 16.1, it follows that 



dz 

zi ){z - z 2 ) • • • (z 




2 ni Aj = 0. 

3 = 1 


Problems 

16 . 1 . Use an antiderivative to show that for every 7 extending from a 
point z\ to a point Z2 



1 


n + 1 


z 


n+l 


Z 


n+ 1\ 


for n = 0, 1, 2, • • • . 


16 . 2 . Let 7 be the semicircle from —3 i to 3 i in anticlockwise direction. 
Show that / — = ni. 


7 


z 


16 . 3 . Evaluate each of the following integrals where the path is an 
arbitrary contour between the limits of integrations 

ri/2 p7T+2i p3 

(a). J e nz dz , (b). J cos dz, (c). J (z — 3 ) 3 dz. 

16 . 4 . Show that if z l is the principal value, then 



l + e-” 
2 


(l-i), 


where 7 is the upper semicircle from z = ltoz = — 1. 

16 . 5 . Let f and g' be analytic for all z, and let 7 be any contour 
joining the points z\ and Z2. Show that 


f(z)g’(z)dz = f(z 2 )g(z 2 ) - f(zi)g(zi) - / f(z)g(z)dz. 
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16 . 6 . Let / = u + iv be continuous and possess continuous partial 
derivatives with respect to x and y in a neighborhood of z = 0 . Show that 
/ is differentiable at z = 0 if and only if 


1 


lim 

r— ?►() 7T 


/ f(z)dz = 0 . 

J \z\—r 


( 16 . 2 ) 


16 . 7 . Use Green’s Theorem to show that 


Area of D 


1 

2 


zdz . 


c 


16 . 8 . For each of the following functions /, describe the domain of ana- 
lyticity and apply the Cauchy-Goursat Theorem to show that / f(z)dz = 


0, where 7 is the circle 
(a). f(z) = 1 




= 1 : 

(b). f(z ) = 


7 


+ 2z + 2’ 

What about (c). f(z) = ( 2 z — i)~ 2 ? 

16 . 9 . Let 7 denote the boundary of the domain between the circle 
1 2: | = 4 and the square whose sides he along the lines x = ±1, y = ±1. 
Assuming that 7 is oriented so that the points of the domain he to the left 


of 7, state why / f(z)dz = 0 when 
(a). f(z ) = Z + f , (b). f(z) = Z 


sin zj 2 


1 — e 


z 


16 . 10 . Let 7 denote the boundary of the domain between the circles 
= 1 and \z\ = 2. Assuming that 7 is oriented so that the points of 

the domain he to the left of 7, show that / f(z)dz = 0 for the following 
functions: 


(a). f(z) = 


Z 2 + 9 ’ 


(b). f(z) = cot z. 


16 . 11 . Let 7 be the unit circle | z 
direction. Evaluate 

(a), f Log (z + 2)dz, (b). f 

J -V J ' V 


= 1 traversed twice in the clockwise 


3z 2 + 1 


16 . 12 . Let r, R be constants such that 0 < r < R. Denote by y r the 
circle z = re l ° , 0 < 6 < 27 r. Show that 


1 


R + z 


27 ri .1 (R — 


dz = 1 
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Hence, deduce that 

J_ R R 2 ~ de 

2n Jq R 2 + r 2 — 2 rR cos 6 
16 . 13 . Suppose that / is of the form 

” A . 

3 = 1 


where g is analytic inside and on the simple, closed, positively oriented 
contour 7 containing 0 in its interior. Show that / f(z)dz = 2niA\. 


7 


16 . 14 . Establish the following Wallis formulas 

(2 k)\ f2 ” 


p2ir 

(a) ' Jo COs2ktdt = 27T 2 2fc (fc!) 2 ’ 

p2tt 

(c). / 

Jo 


2/c+l 


tdt 


sin 2k tdt = 27r-X-77^r, (d). 


(b). 1 cos 
0 

27T 

sin 2fc+1 tdt 

2 2fc (fc!) 2 ’ y 0 


0, 

0. 


Answers or Hints 


16 . 1 . f z n dz = 
j 7 


,n+l 


n+l (*2 ' ‘ - *1 
3i 


n+l 


)• 


16 . 2 . / ch/z = Logz (since ^Logz = ^ on 7) = In |3| + 

3 % 

(in |3| — = in. 

16 . 3 . (a). (l+i)/7r, (b). e-fe _1 , (c). —4. 

16 . 4 . Principal value z % = e^og^ Hence, J z l dz — — e dl6 \e l9 d6 

_ ^2^( e_7r + 1 )‘ 

16 . 5 . Use [/(z)^(z)]' = f(z)g(z) + f{z)g\z). 

16 . 6 . As in Lecture 15, we have 

L\=r f( z ) dz = / f\ z \<r(- v * ~ u y) dxd V + i f f\ z \ <r (ux ~ v y )dxdy , 


and hence, from the Mean Value Theorem of integral calculus, we find 


+2 7|=r f( z ) dz = - + y) + Uy(x, y)) + i(u x (x, y) - v y (x, y)), 

where (x,y) and (x,y) are suitable points. Thus, (16.2) holds if and only if 
the Cauchy-Riemann conditions (6.5) hold at z = 0. Now, since the partial 
derivatives of u and v are continuous, it is equivalent to the differentiability 
of / at z = 0. 
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16 . 7 . In Green’s Theorem, we let P = x and Q = y, to obtain 2 f f D dxdy = 
f c xdy — ydx , and hence 2D = f c xdy — ydx. Suppose the parametric 
equation of C is x = x(t), y = y(t), so that z(t) = x(t) + iy(t) and 

x(a) = x(b), y(a) = y(b) (C is closed). Then 2D = J^(xy' — yx')dt. 
Now J c zdz = fa(x — iy)(x' + iy')dt = f^[(xx' + 2/?/) + 2(07/ — 2/x')]dt = 
\[x 2 (t) + ?/ 2 (t)]|^ + i fa(xy f — yx')dt = 0 + i J^(xy' — yx')dt = 2 iD, and 


hence D = ^ f c zdz = — | f c zdz. 

16 . 8 . (a). /(z) = and thus analytic if 2; 7^ —1 + i or 

— 1 — i\ furthermore, J ‘ g2+ ^ +2 = 0? (b). ze~ z is entire, (c). Analytic if 

z 7^ i/ 2, cannot apply Cauchy- Gour sat Theorem; however, since / has an 
antiderivative on 7, fj (2z — i) 2 

16 . 9 . (a). /'(z) = [(sin z/2)(l) — (z+2)(l/2) cosz/2]/ sin 2 z/2 if sin z/2 7^ 0; 
sin z/2 = 0 if and only if e - lz / 2 ^ e lz — 1) = 0; i.e., if and only if e lz = 1, 
or z = 2 /c 7 t, fc G Z; none of this point is in the domain. (b). f'(z) = 
[(1 — e z ) — z(— e 2 )]/(l — e z ) 2 if e z 7^ 1; e z = 1 if and only if z = 2kni, fc G Z; 
none of this point is in the domain. Finally, note that 7 = 71 + 72 and 


f /dz = f /dz = 0. 

J'yi J J 7 2 ^ 




16 . 10 . (a). /(z) = e z / (z 2 + 9) is analytic if z 2 + 9 7^ 0; i.e., z = ±3 i. But 
±3 i are not in the domain, and hence, by the Cauchy-Goursat Theorem, 
/ 71 f{z)dz = / 72 f(z)dz = 0. Hence, f y f{z)dz = 0. 



(b). cotz is analytic if sinz 7^ 0; i.e., z 7^ fc?r, fc G Z. But kn are not in the 
domain for all fc G Z. Hence, as in (a), J ' cot zdz = 0. 


16 . 11 . Let 7 be the circle 



1 taken in the anticlockwise direction. 
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(a). Log (z + 2)dz = 0 by the Cauchy-Goursat Theorem, (b). 3 ,. 2 ^ 1 = 

3 L 


V3 


V3 


2 i(4 — i/vT) 2i(4+'i/v / 3) 


dz = ^(27 xi) — ^(—27 ri) = 0. Thus, 


- / 7 Log (z + 2 )dz = / 7 Log(z + 2)dz + / 7 Log(z + 2)dz = 0 and - g 3^- = 

f dz I f dz r\ 

J7 3 ^ 2 + l ^ J7 32 2 + l — U ' 

16 . 12 . Use partial fractions. Compare the real parts. 

16 . 13 . Use Theorem 16.1 and Examples 14.6 and 16.1. 

16 . 14 . Let 7 be the unit circle \z\ = 1. Then, -^7 / 7 ( z + y)™ if ~ hf x 

J Q 27r cos n tdt. Now expand (z + 1 / z) n using the binomial formula, and use 
Problem 16.13. 


Lecture 17 

Cauchy’s Integral Formula 


In this lecture, we shall present Cauchy’s integral formula that expresses 
the value of an analytic function at any point of a domain in terms of the 
values on the boundary of this domain, and has numerous important appli- 
cations. We shall also prove a result that paves the way for the Cauchy’s 
integral formula for derivatives given in the next lecture. 


Theorem 17.1 (Cauchy’s Integral Formula). Let 7 be a 

simple, closed, positively oriented contour. If / is analytic in some simply 
connected domain S containing 7 and zq is any point inside 7 , then 


/Oo) = 



(17.1) 


Proof. The function f(z)j(z — Zq) is analytic everywhere in S except at 
the point zq. Hence, in view of Theorem 16.1, the integral over 7 is the same 
as the integral over some small positively oriented circle y r : \z — zo\ = r; 
i.e.. 





dz. 


z - z 0 



Figure 17.1 


We write the right-hand side of the preceding equality as the sum of two 
integrals as follows: 




- fM dz. 
z - z 0 


However, since from Example 16.1 



f(z 0 )2ni, 
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it follows that 


I^-dz = f(zo) 2 »,+ / Ml IM dl . 


7 


2 - Zo 


h 


z - z 0 


The first two terms in the equation above are independent of r, and hence 
the value of the last term does not change if we allow r 0 ; i.e. , 


7 


-l^Ldz = /<«,) 2»> + hm I MzIM dz , 

Z — Zo r^0+ 


77 


2 - ^0 


(17.2) 


Let M r = max{| /(z) — /(zo)| : 2 ; G 7 f }. Since / is continuous, such a finite 
number M r exists, and clearly, M r — > 0 as r —> 0. Now, for 2 ) on y r , we 
have 


fjz) - / 7 o) 

z - z 0 

Hence, from Theorem 13.1, we find 


I/O) - /(zo) 


< 


M 


r 


r 


r 


7r 


f(z)~f(z 0 ) 
z - z 0 


dz 


M 


M 


< — -L( 7 r ) = — -27rr = 27r M r , 


r 


r 


which implies that 


1 1 f(z) ~ /Oo) 7 

hm / ^ — ^-^dz = 0 . 

r— 


7r 


2 - ^0 


Therefore, equation (17.2) reduces to 


/(*) 


7 


z - z 0 


dz = / (z Q ) 2 tt7 , 


which is the same as (17.1). I 
Example 17.1. Compute the integral 


7 


e 2 ^ + sin z 


z — 7T 


dz, where 7 is the 


circle z — 2 1 = 2 traversed once in the counterclockwise direction. Since 
the function /(z) = e 2z + sinz is analytic inside and on 7 , and the point 
zq = 7 r lies inside 7 , from (17.1) we have 


7 


e 22 + sin z 


z — 7T 


dz = 27id/(7r) = 2irie 2lT . 


Example 17.2. Compute the integral 


7 


cos z + sin z 
z 2 — 9 


dz along the 


contour given in Figure 17.2. Clearly, the integrand fails to be analytic at 
the points z = ±3. However, only z = 3 lies inside 7 . If we write (cosz + 
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sinz)/(z 2 — 9) = [(cosz + sin z)/(z + 3)]/(z — 3), then we can apply (17.1) 
to the function f(z) = (cos z + sin z)/ (z + 3). Hence, it follows that 



cos z + sin z 
z 2 — 9 


dz 


2m f (3) 


1 

3 


7ri(cos 3 + sin 3). 



Example 17.3. 

figure-eight contour. 


Figure 17.2 


Compute 


7 


z(z — 2) 


dz , where 7 is the following 



Figure 17.3 

Let 71 and 72 be the positively oriented left lobe and the negatively oriented 
right lobe, respectively. Then, we have 





e z / (z — 2) 


dz T 


eVz 


71 

2iri 


z 


72 


z — 2 


dz 




z — 2 


2=0 


+ (-2m) - 

z 


m — e m. 


z = 2 


Example 17.4. 

contour. 


Compute 





dz, where 7 


is the following 



Figure 17.4 


114 


Lecture 17 


Clearly, we have 


7 


z(z — 2) 


dz = 


,2 


7 


2(z-2) 




— 2i vi 


dz — 


— 27 vi 


7 


2z 


■dz 


,z 


z = 2 


= 7T7e — 717. 


2=0 


Now we shall prove the following general result, which we shall need in 
the next lecture. 

Theorem 17.2. Let the function g be continuous on the contour 7. 
For each z not on 7, we define 


G(z) = f 

J7 


9(0 

Z-z 




Then, the function G is analytic at each point not on 7, and its derivative 
is given by 

G ' w - / <07r- d( ' 


Proof. Let z be a fixed point not on 7. We need to show that 


lim 

Az^O 


G{z + A z) — G(z) 


Az 


7 


j/%04 
(£ - z r 


or, equivalently, the difference 


A = 


G(z + Az) — G(z) 


Az 


7 


( f -*) 2 


approaches zero as Az -A 0. 


From the definition of G(z), we have 


G(z + Az) — G(z) 

Az 


1 


Az 


7 


1 


1 


[(£-(* + a*)) (e-7j 

9(0 


9(0<% 


7 


(t-z- Az)(£ - z) 


dZ 


where Az is chosen sufficiently small so that z + Az also lies off of 7. Then, 
we get 


A = 


g(0<% 


7 


9 ( 0^4 

(€-z~ Az)(^-z) L (£ - zf 


= Az 


9(0<% 


7 


(£,-z~ Az)(£ - z) 2 
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£ 



7 


Figure 17.5 

Let M = max ^ 7 \g(£)\ and let d equal the shortest distance from z to 7 , so 
that |£ — z\ > d > 0 for all £ on 7 . Since we are letting Az approach zero, 
we may assume that \Az\ < d/2. Then, by the triangle inequality, we have 


|f-z-Az| > \£-z 
for all £ on 7 . Hence, it follows that 

9(0 


Az | > d — (d/ 2 ) = d /2 


< 


M 


id? 


(i-z- A z)(i - z) 2 
for all £ on 7 . Now, from Theorem 13.1, we find 

3 ( 0 # 


2 M 


A 


A z 


7 


(£ - Z - Az)(£ - ^) 2 


< 


Az|2ML(7) 


d 3 


where £( 7 ) denotes the length of 7 . Thus, A must approach zero as Az -7 0. 
This completes the proof. I 


Lecture 18 

Cauchy’s Integral Formula 

for Derivatives 


In this lecture, we shall show that, for an analytic function in a given 
domain, all the derivatives exist and are analytic. This result leads to 
Cauchy’s integral formula for derivatives. Next, we shall prove Morera’s 
Theorem, which is a converse of the Cauchy-Goursat Theorem. We shall 
also establish Cauchy’s inequality for the derivatives, which plays an im- 
portant role in proving Liouville’s Theorem. 


The arguments employed to prove Theorem 17.2 can be repeated. In 
fact, starting with the function 


H(z) = f 


9(0 


(£ - A 


dt; (z not on 7 ), 


(18.1) 


it can be shown that H is analytic at each point not on 7 and that 


H'(z) 


9(0 


7 


(£ - A 


(z not on 7 ), 


which is obtained formally from (18.1) by differentiating with respect to z 
under the integral sign. 


Now 
analytic 
U of Zq . 


we shall apply these results to analytic functions. Suppose that / is 
at some point zq. Then, / is differentiable in some neighborhood 
Choose a positively oriented circle y r : |£ — zq\ = r in U. 



Figure 18.1 
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By Cauchy’s Integral Theorem, we have 


f(z) 


1 


27 ri 


7 t 


m 

Z-z 


d £ ( z inside y r ), 


and hence it follows from Theorem 17.2 that 


f'(z) = 


1 


/(C) 


27 ri 




(c - z) : 


d £ ( z inside y r ) 


(18.2) 


(18.3) 


Clearly, the right-hand side of (18.3) is a function of the form (18.1), and 
hence it has a derivative at each point inside y r . Since the domain interior 
to 7 r is a neighborhood of zq, f is analytic at zq. 


We summarize these considerations in the following theorem. 

Theorem 18.1 (Differentiation of Analytic Functions). If 

/ is analytic in a domain S', then all its derivatives /', /", • • • , f^ n \ • • • exist 
and are analytic in S. 

Remark 18.1. The analogue of Theorem 18.1 for real functions does 
not hold, for example, the function f(x) = cc 3 / 2 , x G ]R is differentiable for 
all real x, but f'(x) = (3/2)x 1 / 2 has no derivative at x = 0. 

Now, repeated differentiation of (18.3) with respect to z under the in- 
tegral sign leads to the following result. 

Theorem 18.2 (Cauchy’s Integral Formula for Deriva- 
tives). If / is analytic inside and on a simple, closed, positively oriented 
contour 7, and if z is any point inside 7, then 

/< “’ w = is/ (77^ n=i - 2 - (i8 ’ 4 > 


From an applications point of view, it is better to write (18.2) and (18.4) 
in the equivalent form 


f(z) 


7 


(z - Zo) 


n 


■dz = 


27 xi 


(n — 1)! 


f [n 1} 7o), n= 1,2 ,--; 


(18.5) 


here, z 0 is inside 7. 

Example 18.1. Compute 


sin 3z 


7 


z 


dz, where 7 is the circle 


z 


= 1 


traversed once counterclockwise. Since /(z) = sin3z is analytic inside and 
on 7, from (18.5) with zo = 0 and n = 4, we have 

sin3z 7 27 ri ^ . 

—^~ dZ = -gj-/ (°) = - 97 T l. 


7 


3 ! 
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Example 18.2. Compute / 

J "V 


3z + 1 


dz along the contour 7 given in 

sy Z yZ Z ) 

Figure 17.3. As in Example 17.3, let 71 and 72 be the positively oriented 
left lobe and the negatively oriented right lobe, respectively. Then, we have 


3z + 1 


dz = 


7 z(z - 2) 2 j 7l z 

Applying (18.5) to the right-hand side, we get 


(3z + l)/(z — 2 ) 2 dz + f (3£+l)/£^_ 


72 


7 - 2)' 


7 


3z+ 1 
z(z — 2) 2 


dz = 2ni 


3z + 1 


z = 0 

1 1 

-7ri H — jci = 7 ri. 
2 2 


27tz d f 3z + 1 
1! dz V z 


2=2 


Example 18.3. Compute J 
in Figure 18.2. 


cosh z 
z(z + 1 ) : 


dz, where the contour 7 is given 



Figure 18.2 

Using partial fraction expansion, we have 

1 1 1 

z(z T l ) 2 z z T 1 (z + l ) 2 ’ 

and hence, from (18.5), it follows that 


1 


7 


cosh z 
z(z + l ) 2 


dz = 


coshz f coshz 

dz — / dz — 


7 


z 


7 


z T 1 


7 


cosh z 

7+v 


■dz 


2717 cosh z 

— 2717 cosh z 

„ . d 

2 7 n _ cosh z 


2 = 0 

0 

73 

T— 1 

1 

C 


= 27id — 2717 cosh 1 + 2717 sinh 1 


Now recall that if /(z) = u(x, y ) + iv(x, y ) is analytic, then 


, .dv 

J (z) = — + i 


dv du 
— i 


dx dx dy dy 
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We now know from Theorem 18.1 that f is analytic, and hence continuous. 
Therefore, the equations above imply that all first order partial derivatives 
of u and v are continuous. Similarly, since f" exists and is given by 

d 2 v . d 2 u 

— % 

dydx dydx 

d 2 u .d 2 v 

dy 2 dy 2 

the continuity of f" implies that all second-order partial derivatives of u 
and v are continuous at the point where / is analytic. Continuing with this 
process, we obtain the following interesting theorem. 

Theorem 18.3. If / = u + iv is analytic in a domain S', then all partial 
derivatives of u and v exist and are continuous in S. 



The following result is a converse of Theorem 15.2. 


Theorem 18.4 


a domain S and 
analytic. 



(Morera’s Theorem). If / is continuous in 
f(z)dz = 0 for every closed contour 7 in S, then / is 


Proof. By Theorem 14.2, / has an antiderivative F in S; i.e., F'(z) = 
/(z), z <E S. This means that F(z) is analytic. But then, from Theorem 
18.1, F'(z) is analytic; i.e., f(z) is analytic. I 


Example 18.4. Consider the function f(z) = / e z t dt. Let 7 be 

J 0 

any simple closed contour in the complex plane. Changing the order of 
integration, we have 




0 . 


2 

Hence, in view of Theorem 18.4, the function f(z) = (1 — e~ z )/ z 2 , z 7 ^ 0 
is analytic. 


Now we shall prove the following theorem. 

Theorem 18.5 (Cauchy’s Inequality). Let / be an analytic 
function inside and on a circle 7 # of radius R centered at zq. If \f(z)\ < M 
for all 2; on 7^, then the following inequality holds 


nl M 
R n 


n = 1 , 2 , 


/ (n To) 


< 
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Proof. From (18.4), with z = zo, £ = z, and 7 = 7 r, assumed to be 
positively oriented, we have 


/ (n 7o) 



/(*) 


(z - z 0 ) n+1 


dz. 


(18.6) 


For z on 7 ^, the integrand is bounded by M / R n+1 and the length of 7 r is 
2ttR. Thus, from Theorem 13.1, it follows that 


&\z 0 ) 


< 


n\ M 
27 r R n + X 


27 tR 


n\M 

R n 


Finally, we shall prove the following result. 

Theorem 18.6 (Liouville’s Theorem). The only bounded 
entire functions are the constant functions. 


Proof. Suppose / is analytic and bounded by some number M over the 
whole complex plane C. By Theorem 18.5, for the case n = 1, we have 
\f'(z 0 )\ < M/R for any zo G C and for any R > 0. Letting R 00 , we 
find f'(zo) = 0 for any zo- Hence, f vanishes everywhere; i.e., / must be a 
constant. I 


Problems 


18 . 1 . Show that the Cauchy integral formula implies the Cauchy- 
Goursat Theorem. 

18 . 2 . Suppose that / is analytic in a simply connected domain 5, and 
let zo G S be a fixed point. Define the integral along any contour connecting 

the points zq and z G S as F(z) = / f(£)d£. Show that F'(z) = /(z); i.e., 

J Zo 

the integral is also an analytic function of its upper limit. 

18 . 3 . Suppose that / is analytic in a domain S, and let zo G S be a 
fixed point. Define 


9{z) 


f(z) ~ /Co) 

z- z 0 
f (zo) 


if Zo 

if z — Zo- 


Show that g is analytic in S. Hence, deduce that the function 


sm z 


g(z) = 


z 


1 


if z^O 
if z = 0 


(18.7) 
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is entire. 


18.4. Let / be analytic within and on a positively oriented closed 
contour 7 , and the point zq is not on 7 . Show that 


f(z) 


7 


7 - Zo) 2 


dz = 


7 


f(z) 

z - z 0 


dz. 


18.5. Let u = u(x, y ) be a harmonic function in a domain S. Show that 
all partial derivatives u x ,u y , u xx , u xy , u yy , • • • exist and are harmonic. 

18.6. Let 7 be a simple closed contour described in the positive sense, 

f + 7£ 

and write g(z) = / — — d£. Show that g(z) = 67 viz when 7 is inside 7 

(s — z ) 

and that g(z) = 0 when z is outside 7. 

18.7. Let f(z) = ( e z + e~ z )/2. Evaluate f dz , where 7 is any 

simple closed curve enclosing 0. 


18.8. (a). Let 7 be the contour 2 ? = e z6> , — tt < 0 < tt traversed in the 


,az 


positive direction. Show that, for any real constant a, 


dz 


2717. 


7 


7 


* 7 r 


(b). Deduce that / e acos6 C os(a sin 0 )d 0 = tt. 

Jo 

18.9. Let 7 denote the boundary of the rectangle whose vertices are 
— 2 — 2z, 2 — 27,2 + 7 and —2 + 7 in the positive direction. Evaluate each of 
the following integrals: 


(a). 


(d). 


e ” -dz, (b). / C -^dz, (c) 


7 


7—111 
7 ^ 4 


7 


7 


7 


(27+l) : 


+7, 


7 


7 2 +2 


c?7, (e). / 

Ji 


dz 


7(7+1)’ 


(f) 


7 L 


e 2 sin 7 + 


1 


(7 2 +3) 2 _ 


G?7. 


18.10. Let / be analytic inside and on the unit circle 7 . Show that, for 

0 < 7 <1, 


2 TTif(z) = j 


m „ r no 


7 £,-z ' 7 7 C - 1 /z 


~dC 


Hence, deduce the Poisson integral formula 


f{re l9 ) = 


1 


•27T 


(1 — r 2 ) 


f(e u )dt , 0 < r < 1, 


27T 


0 


1 — 2r cos(0 — t) + r 


18.11. If f(z) is analytic and \f(z)\ < 1/(1 — \z\) in 
/'(0)| <4. 


7 


< 1, show that 
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18.12. Let the function / be entire and /(z ) 
that / must have at least one zero. 


oo as z —> oo. Show 


. Show that 


1 f(z) 

< 

z 

that \b 

< 

1 . 


18.14. Suppose f(z ) is an entire function with f(z ) = /(z + 1) = f(z+i) 
for all z G C. Show that f(z ) is a constant. 

18.15. Suppose /(z ) and g(z) are entire functions, g(z) ^ 0 and |/(z)| < 
|g(z)|, z G C. Show that there is a constant c such that /(z) = cg{z). 

18.16. Show that an entire function whose real part is nonpositive is 
constant. 

18.17. A subset S of C is said to be dense in C if its closure S = C. 
Show that the image of a nonconstant entire function is dense in C. 

18.18. Suppose /(z,t) is continuous, and continuously differentiable 
with respect to t, and suppose 7 is a smooth curve in the domain of defi- 
nition of /. Then, the function F(t) = / f(z,t)dz is continuously differen- 

Ji 

tiable with respect to t, and its derivative is 

dF(t) f df(z,t) 


dt 


7 


dt 


dz. 


18.19. Let /(z, A) be a continuous function of z on the bounded closed 
region S for each value of A in | A — Ao | < p, and /(z, A) F(z) uniformly 
as A Ao- Show that F(z) is continuous on S. Moreover, if 7 is any closed 
contour lying in 5, then 


lim 

A^Aq 


f(z, X)dz 


F(z)dz. 


18.20. Let /(z, A) be an analytic function of z on the domain S for 
each value of A in | A — Ao | < p, and /(z, A) F(z) uniformly as A Ao in 
every closed region G of S. Show that F(z) is analytic on S. Moreover, as 
A ^ Aq, df(z,\)/dz—> F'(z ) uniformly on G. 


Answers or Hints 


18.1. Let / be a complex function that is analytic throughout the region 
enclosed by a simple closed contour 7 . Let zo be a point inside 7 . Then 

fj f{ z )dz = y nz) jL~ Zo) dz = 2m(f(zo)(zo - z 0 )) = 0. 


'7 


2 — 20 
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18.2. If 2 + e 5, then - f(z) = R fg Az [/(£) - /(«. 

Since / is continuous at z, |£ — z\ < S, or in particular |Az| < S implies 


1/(0 - f( z ) I < e- Thus, 


F(z+Az)-F(z) 

Az 


m 


< 


Az 


r 

J z 


z+Az 


| del 


e. 


18.3. Let B(zo, R ) be an open disk contained in S. For z yf zq in B(zq, R ) 
consider the segment £(t) = zo(l — t) + tz, t G [0,1]. Since f is analytic in 

B(zo,R) we can write g(z) as g(z) = Jo f'(( z ~ + z o )dt. This is also 

defined at z = zo, in fact, g(z o) = Jq f'(zo)dt = f'(zo). Now use the fact 
that f" is analytic in B(zq,R)- 

18.4. Use (1T.1) for f(z ) and (18.6) for n — 1. 

18.5. For each point zo = (xo>2/o) in S there exists a disk B(zo,R) C S'. 
In this disk, a conjugate harmonic function v exists, so that the function 
/ = u + iv is analytic. Now use Theorem 18.1. 

18.6. If z is inside 7, we have J J*~ 7 A df = ^ rf"(z ) = 67riz (/(£) = 


£ 3 + 7£). If z is outside 7 , then ^/£ 7 | is analytic throughout the region 
enclosed by 7 (including 7 ) and therefore j ‘ y-ly df = 0. 


7 2; 


= /: 
>7r ^acos0 


7 j- cos 9 y,a s i n $ 


ze 


i6 


dO 


— ” cos(a sin 0)d0 — f_ e acost> sin(a sin 6)d0 = 2iti. 


-7 Tl 


/ 4 ), (b). 0, (c). 7rz/2, (d). — Tre^/v^, (e). 0, 


18. T. 0. 

18.8. (a). 27r/(e a ‘°), (b). J) 

f 77 cos 6 

J —7T 

18.9. (a). 27r/(e 
(f). — 7rV5/18. 

18.10. 1/z is outside 7. Take z = re 20 and £ = 

18.11. For any r < 1, let y r denote the circle \z\ = r. By (18.6), we have 

|/'(°)| < 2^/ 7r < ^77T=7 27rr = 7ib)' Nowletr = 1 / 2 ' 

18.12. If / has no zero in C, then g(z) = l//(z) is entire and g(z) -A 0 
as z -A 00. Now show that g is bounded, and then apply Theorem 18.6 to 
conclude that g is a constant. 

18.13. Note that f"(z 0 ) = it; I 7R if'( z )/( z ~ z o) 2 ]dz, where 7# is the 

circle \z — zo\ = R taken in the positive direction. Hence, |/"(zo)| < Mr/R 
where Mr > \f\z)\ on \z — zo\ = R. Now, since \f'(z)\ < |z|, it follows 
that \f"(z 0 )\ < (R + \zo\)/R for all R. Thus, in particular, for all z 0 G 
C, |/"(z 0 )| < 2. Therefore, in view of Theorem 18.6, f"(z) must be a 
constant, and so /(z) = a + az + 6z 2 . However, |/'(z)| < |z| implies that 
/'(0) = 0, and hence we should have a = 0; i.e., /(z) = a + 6z 2 . Finally, 
since |/"(z)| = |26| < 2, |b| < 1. 

18.14. Observe that /(z) is bounded, and apply Theorem 18.6. 

18.15. Observe that f(z)/g(z) is entire and |/(z)/g(z)| < 1. Now use The- 
orem 18.6. 

18.16. If / = u + iv , then u < 0 implies |e^| = e n < 1. Thus, in view of 
Theorem 18.6, e? = c. Hence, e? f = 0, which gives f f = 0. 

18.17. Let / : C ^ C be an entire function. If /(C) is not dense in C, 


then C\/(C) is open and ^ 0. Thus, there exist w G C\/(C) and r > 0 
such that B(w,r) C C\/(C). Hence, |/(z) — rc| > r > 0 for all z G C. 
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Consider the function g : C C defined by g(z) = l/(/(z) — w). Clearly, 
g(z) is entire since /(z) is; moreover, \g(z)\ < 1/r, so g(z) is bounded. By 
Theorem 18 . 6 , g(z) must be a constant, and hence f(z ) must be a constant. 

18.18. Consider f^[f(z,t) — f(z,to)]dz. If / is real- valued, 

then by the Mean Value Theorem we have F(yt \zf^ to ^ = / d ^ot where 
t* lies between to and t but depends on z. Thus, 


F{t)-F{t q ) 
t— to 



9f(z,t) 7 
dt 



g/CT) 

dt 


9f(z,t) 

dt 



Now, using uniform continuity of ^ in 7 x [t 0 ,t] and letting t — )• to, the 
result follows. If / is complex- valued, we use the same argument for the 
real and imaginary parts separately. Finally, the continuity of ^ implies 

that of 

18.19. Since /(z, A) is continuous, for every e > 0 there exists a S = S(z 0, A) 
such that \z — zo\ < S => |/(z, A) — /(zo, A)| < e/3. Since /(z, A) — F(z) 
uniformly, there exists 0 < // < p such that | A — Ao < p' => |/(z, A) - 
F(z)| < e/3. Thus, |z — zo| < 5 , |A — Ao| < p' => \F(z) — F(zo)| < | F(z) — 
f(z, A)| + |/(z, A)-/(z 0 , A)| + |/(z 0 , A)-F(z 0 )| < e. Again, since /(z, A) 
F(z) uniformly, for every e > 0 there exists 0 < p' < p such that | A — Ao | < 

p' = 4 > |/(z, A) — F(z)| < e/L( 7 ), but then f (f(z, A) — F(z))dz < e. 


18.20. Similar to that of Problem 18.19. 


Lecture 19 

The Fundamental Theorem 

of Algebra 


In this lecture, we shall prove the Fundamental Theorem of Algebra, 
which states that every nonconstant polynomial with complex coefficients 
has at least one zero. Then, as a consequence of this theorem, we shall 
establish that every polynomial of degree n has exactly n zeros, counting 
multiplicities. For a given polynomial, we shall also provide some bounds 
on its zeros in terms of the coefficients. 


A point zq g C is called a zero of order m for the function / if / is 
analytic at z 0 and f(z 0 ) = f'(zo) = ■■ ■ = f ( ' m ~ 1 \z 0 ) = 0, / (m) (zo) ^ 0. A 
zero of order 1 is called a simple zero. The main result of this lecture is the 
following theorem. 

Theorem 19.1 (The Fundamental Theorem of Algebra). 

Every nonconstant polynomial 

P n (z) = a n z n + a n -\z n ~ x H haiz + a 0 , n > 1, (19.1) 

where the coefficients cq, j = 0, 1, • • • ,n are complex and a n ^ 0 has at 
least one zero in C. 


To prove this theorem, we need the following lemma. 


Lemma 19.1. Let A 


> 


max 

0<j <n 


a j 


. Then, for \z\ > 2nA/|a n |, \P n (z) 


z\ n /2. 

Proof. Since 

Pn(^) — % (cL n T 

\ Z 

by the triangle inequality, we find 


O j n — l C^n — 2 

o 
Z z 


A 


ao 




n 


&U — 1 C(n— 2 do 

a n H 1 o 1 h 


z 


Z ‘ 


z 


n 


> 


a 


n 


(19.2) 


CL n —i a\ clq 

r * * * H : — t i 


z 


z 12 - 1 ' z n 


Now, for \z\ > 2 nA/ 
thus obviously 2 nA/ 


CL n 

CL n 


(> 1, indeed A > 
> 1), we have 


a 


n 


(19.3) 

, and hence A / 1 a n > 1 and 


an—k 


z 


k 



A 

A 


CL n 

< - 


7 < - 


- < - 



z 

k — 

z 


2 n 
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Thus, it follows that 


( 2 n _ 1 U\ QjQ 

r * * * H t Hr 


Z 


z 


n— 1 


Z 


n 


< 


< 


Hence, from ( 19.2)- ( 19.4) , we get 


^n — 1 


Z 


a 


n 


CL n 


CL\ 


n — 1 


Z 


+ 


2 n 


+ ••• + 


2 n 


+ 


a 


n 


ao 


z 


n 


2 n 


a 


n 


(19.4) 


fn(z) 


> 


z 


z 


n 


n 


^n— 1 . ^n— 2 

a n H 1 w- + 


z 


Z' 


a 


n 


a 


n 


a 


n 


Z 


+ 


n 


ao 


z 


n 


From Lemma 19.1, it is clear that | P n (z) 


oo as 


z 


oo. 


Proof of Theorem 19.1. Suppose to the contrary that P n (z) has 
no zeros. Then, 1/P n (z) is an entire function. Now, for |z| > 2nA/\a 7 
view of Lemma 19.1, we have 


m 


1 


Pn(z) 


< 


1 


a 


n 


Z 


< 


2 | a 


In— 1 


n 


n 


/ 2 “ ( 2 nA) 


n 


Also, for | z | < 2nA/\a n \, 1 / P n (z) is a continuous function on a closed disk. 
Hence, it is bounded there. Therefore, 1/P n (z) is bounded on the whole 
complex plane. But then, by Theorem 18.6 it must be a constant. Thus, 
P n (z) itself is a constant, which contradicts our assumption. I 

There are numerous other proofs of the Fundamental Theorem of Alge- 
bra. In fact, we shall give another proof in Lecture 37. 

Now let zi G C be a zero of P n (z); i.e. , P n (zi) = 0. Then, we have 
P n (z) = P n (z)-P n (zi) = a n (z n -Zi)+a n - 1 (z n ~ 1 -z , {- 1 )-\ {-a^z-zi), 


and hence it follows that 


P n (z) = (z zi)P n —i(z), (19.5) 

where P n -i(z) is a polynomial of degree (n — 1). Repetition of this process 
finally leads to a complete factorization 

Pn(z) = a n (z - zi)(z - z 2 ) • • • (z - z n ), (19.6) 

where zi, Z 2 , • • • , z n are not necessarily distinct. From (19.6), we can con- 
clude that P n (z) does not vanish for any z 7 ^ Zj, i < j < n. Furthermore, 
the factorization (19.5) is unique except for the order of factors. We sum- 
marize these considerations in the following corollary. 
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Corollary 19.1. The polynomial P n (z) has exactly n zeros, counting 
multiplicities. 

Multiplying the factors in (19.6) and equating the coefficients of identical 
powers of z on the left- and right-hand sides, we get the following relations 
between the roots and the coefficients of P n (z) : 

CLqfi — 2 . 

Z\ + Z2 + • ' • + z n = , 

CL n 

Uji — 2 

Z1Z2 + Z1Z3-] b Z n — iZ n = , 

a n (19.7) 


Z\Z 2 ---Z n = (-1) 


n 


do 


a 


n 


For our next result, we shall need the following lemma. 

Lemma 19.2. For any complex number c ^ 1, the following identity 
holds: 

1 - c n+1 


1 + c + c + • • • + c = 


1 — c 


(19.8) 


Proof. It suffices to observe that 
(1 - c)( 1 + c + c 2 H h C n ) 

= (1 -t-c + c 2 H + c n ) - (c -f c 2 H + c n+1 ) = 1 — c n+1 . 


Theorem 19.2. Let B = max 

0<j<n— 1 

1, 2, • • • , n of P n (z) he inside the circle 


a, 


. Then, all zeros Zfc, k 


z 


= 1 + 


B 


a 


n 


= R. 


(19.9) 


Proof. If B = 0, then the result is obviously true. So, we consider the 


case when B > 0. For 
Lemma 19.2, we have 

Pn(z) > 

> 


z 


> 


> 1, from (19.1), the triangle inequality, and 


CLnZ 


a 


n 


a 


n 


a 


— ( a n —\z n 1 + • • • + cl\z\ + uq ) 


n 


-B( 
n - B 


Z 


n — 1 


2) 


n 


- 1 


H h |^| + l) 


z 


n 


B 


z 


- 1 


- 1 


z 


n 


a 


n 


B 


z 


- 1 


> 0, 


Thus, if 
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which is the same as 


z 


1 + 


B 


a 


n 


= R, 


then | P n oi > 0; i.e. , there is no zero on or outside the circle \z\ = R 


Corollary 19.2. Let ao ^ 0 and C = max 

l<j<n 

z \ c , k = 1, 2, • • • , n of P n (z) lie outside the circle 


dj 


. Then, all zeros 


z 


1 


1 + 


C_ 

l&o 


r. 


(19.10) 


Proof. Set z = 1 /w, so that P n (z) = Q n (w) / w n , where 


Qn(w) aow n + a\w n 1 H V a n -iw + a n , 


The zeros of Qn(w) hr view of Theorem 19.2 he inside the circle 


w 


= 1 + 


C_ 

lao 


1 

r 


Thus, the zeros of P n (z) he outside the circle 


z 


= r. 


Remark 19.1. From Theorem 19.2 and Corollary 19.2, it follows that 
all zeros z^, k = 1, 2, • • • , n of P n (z) he inside the annulus r < |z| < R; i.e., 
satisfy the inequality 


1 


1 + 


C_ 

lao 


< Z\z < 1 + 


B 


a 


n 


(19.11) 


Example 19.1. For the polynomial 


z 


z 2 + z - 1 = (z 2 + l)(z - 1), 


we have B = C = 1, and hence, from Remark 19.1, all its zeros i, — i, 1 
must he inside the annulus 1/2 < |z| < 2. 

Example 19.2. For the polynomial 

z 5 - 4z 4 + z 3 + 4z 2 + 2z - 4, 

zi = 1 is an exact zero, and the other approximate zeros are z 2 = —0.778384 
-0.603392z, z 3 = -0.778384 + 0.603392i, z 4 = 1.245346, z 5 = 3.311422. 
Since for this polynomial B = C = 4, from Remark 19.1 all these zeros 
must he inside the annulus 1/2 < |z| < 5. 
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Theorem 19.3. The smallest convex polygon that contains the zeros 
of a polynomial P n (z) also contains the zeros of P^{z). 


Proof. We shall prove that “If all zeros of a polynomial P n (z) he in a 
half-plane, then all zeros of the derivative P f n {z) he in the same half-plane.” 
The general result will follow by considering the half-planes below (above) 
every pair of adjacent vertices of the smallest convex polygon that contains 
the zeros of P n (z). From (19.6), it follows that 


KM 

Pn(z) 


1 1 
1 

Z — Zi Z — Z2 


+ •" + 


1 



(19.12) 


Suppose that the half-plane S is defined as the part of the plane where 
Im (z — a)/b < 0 (see dilation and translation in Lecture 10). If Zj is in S 
and z is not, then we have 


Im 




> 0. 


But the imaginary parts of reciprocal numbers have opposite signs. There- 
fore, under the same assumption, Im b(z — Zj)~ l < 0. If this is true for all 
j, we conclude from (19.12) that 


Pn(z 



< 0, 


and hence P^{z) ^ 0. I 


Problems 

19 . 1 . Show that if the coefficients of the polynomial equation P n (z) = 0 
are real and if Zq is a root, then zq is also a root. 

19 . 2 . Let P(z) and Q(z) be two polynomials of degree at most n that 
agree on n + 1 distinct points. Show that P(z) = Q(z), z e C. 

19 . 3 . Show that if the coefficients of the polynomial equation 

Pni^z) — a n z n + a n -\z n + • • • + cl\z -t- no = 0 (19.13) 

are positive and nondecreasing; i.e., 0 < a n < a n _i < • • • < ao, then (19.13) 
has no root in the circle \z\ < 1, except perhaps at z = — 1. 

19 . 4 . If P n (z) has distinct roots • • • , z n and if Q(z) is a polynomial 
of degree < n, show that 


130 


Lecture 19 


19.5. Show that 


1 

2 


+ cos 0 + cos 26 + • • • + cos nO = 


sin 6 + sin 26 + • • • + sin n6 


cos 0/2 


sin(n + 1/2)0 
2 sin 0/2 ’ 

— cos(n + 1/2)0 
2 sin 0/2 


The first equality is due to Lagrange. 

19.6. Consider the polynomial equation 

z 4 — iz 3 + 7 z 2 — iz -f 6 = 0 

for which the roots are i, — i, — 2i, 3i. 

(a) . Verify the relations (19.7). 

(b) . Use (19.11) to find the annulus region in which the roots he. 

19.7. Show that there are at most n points in the extended re-plane with 
fewer than n distinct inverse images under the mapping w = P n (z), n > 1. 

19.8. Show that there are at most n + m points in the extended re- 
plan e with fewer than N = max{n, m} > 1 distinct inverse images under 
the rational mapping re = P(z)/Q(z), where P(z) and Q(z) are polynomials 
of degree n > 1 and m > i, respectively. 


Answers or Hints 


19.1. P u (zq) — u n ZQ + a n _i^Q + • • • + cliZq + ao — 0. 

19.2. The function </(z) = P(z) — Q(z) is a polynomial of degree at most 
n that has n + 1 distinct zeros. Now apply Corollary 19.1. 


19.3. Obviously, z = 1 is not a solution. Consider 
z = ±1. It suffices to show that 


z 


< 1 except at 


(1 — z)(a n Z U + CL n —iZ n 1 + • • • + CL\Z + a 0 )| > 0. 


Since (1 — z)(a n z n + a n _iz n_1 + • • • + a\z + a o) = ao 
a n )z n + • • • + (ao — ai)z], it follows that 

|(1 — z)(a n z n + a n _iz n 1 + • • • + aiz + ao)| 


CLnZ 


n+l 


Now, 


> 


ao 


^ n z (a n _i CL n )z T ■ * * T (ao cl\)z 


UnZ 71 + (tin - 1 — a n)z n + ' ' ' + (&0 — ai)z 

< a n \z n+1 \ + (a n _i - a n )|z n | H b (a 0 - ai) 


z 


(19.14) 

+ (&n-l — 

(19.15) 

(19.16) 


with equality if and only if z G IR and z > 0. However, for such z, P(z) > 
0 (ao > 0). Thus, in (19.16) we need to consider only strict inequality. 
Then, it follows that 
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a n z T (u n — 1 a n 'jz * * * H~ (no a \ ^)z 

< a n + (a n ~i — a n ) + • • • + (ao — a±) = &o- 


(19.17) 


Using (19.17) in (19.15), we get the required inequality (19.14). 

19 . 4 . Since P n (z) = a n (z — z\)(z — z^) • • • (z — z n ), it suffices to show that 


n 


4>{z) = Q{z)-^2j— 


(z - Zi) ■ ■ ■ (z - Zj-i)(z - z j+ 1) • • • (z - z n ) 


(Zj - Zl) ■ ■ ■ ( Zj - - Z j+ 1) • • • (z-j - Z n ) 


Q(zj) = 0 . 


Clearly, (f){z) is a polynomial of degree at most (n— 1). Furthermore, (j)(zk ) = 
Q(zk) — Q(zk) = 0, 1 < k < n; i.e., (j>{z) has at least n zeros. Now use 


Problem 19.2. 

19 . 5 . In (19.8), let c = e 10 and separate real and imaginary parts. 

19 . 6 . (a). Verify directly, (b). 6/13 < \z\ <8. 

19 . 7 . Since P n (z) = oo if and only if z = oo, the point oo has just 
one inverse image. If A ^ oo has fewer than n distinct inverse images, 
the equation P n (z) = A must have a multiple root; i.e., must satisfy the 
equation P^(z) = 0. But this equation is of degree n — 1, and hence can 
have at most n — 1 distinct roots, say oq, • • • , ay, 1 < r < n — 1. Thus, 
Pn (aq ),•••, P n (ay), oo are the only values of A for which the equation 
P n (z) = A can have a multiple root. Clearly, at most n of these num- 
bers are distinct. 

19 . 8 . Arguments are similar to that of Problem 19.7. 


Lecture 20 

Maximum Modulus Principle 


In this lecture, we shall prove that a function analytic in a bounded do- 
main and continuous up to and including its boundary attains its maximum 
modulus on the boundary. This result has direct applications to harmonic 
functions. 


Let / be a function analytic inside and on the positively oriented circle 
7 r of radius r around Zq. Parameterizing y r by z = Zq + re zt , 0 < t < 2n, 
we can write (18.6) as 


f {n \z o) 


n\ [ 2jt f (zq + re lt ) . 


2i xi 

n\ 

2irr n 


^n+l gi(n+l)t 


ire lt dt 


>2tt 


f(z Q + re it )e~ mt dt, 


-int 


0 


which for n = 0 is the same as 


1 f 27T 

/Co) = ^ J f (z 0 + re lt ) dt, ( 20 . 1 ) 


i.e., f(zo) is the average of its value around the circle y r . This result is 
known as Gauss’s mean-value property. We shall use this result to prove 
the following lemma. 


Lemma 20.1. Suppose that f(z) is analytic in an open disk centered 
at Zq and that the maximum value of \f(z)\ over this disk is \f(zo)\. Then, 
\f(z) | is a constant in the disk. 


Proof. Let p be the radius of the disk. Then, for every r such that 
0 < r < p, we have the mean- value property (20.1). Hence, we find 


/Co) 


i 

27T 



/ ( 2)0 + re u ) dt 


< 


1 


27 r 


c27T 

/ / (zo + re lt ) dt. ( 20 . 2 ) 

Jo 


However, since \f(zo)\ is the maximum value of |/(z)|, we have \f(z)\ < 
\f(zo) | whenever \z — zq\ < p- Thus, from (20.2), we get 


1 f 27T 

/Co) I - 2 ^ J \f{ z o+re )\dt < 


1 


•27T 


27 r 


|/Co)|* = I/Co) 


0 


(20.3) 
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From (20.3), it follows that 


/Oo) 



/ ( z 0 + 



or 



/ ( z o + 



0 . 


The integrand \f(zo)\ — \f (zo + re lt ) is continuous in the variable £, and 
by our assumption on |/(zq)| it is greater than or equal to zero on the entire 
interval 0 < t < 2 tt. Because the value of the integral is zero, it follows that 
the integrand is identically zero, i.e., 


/ (z 0 + re lt ) 


f(zo)\, 0 < r < p, 0 <t < 2 tt 


or 


f(z) I = \f(zo) 


whenever 


2 - zo 


< p. 


Hence, \f(z) 


must be constant. I 


Now we shall use Lemma 20.1 to prove the following important theorem. 

Theorem 20.1 (Maximum Modulus Principle). If / is 

analytic in a domain S and \f(z)\ achieves its maximum value at a point 
z o in 5, then / is constant in S. 

Proof. We shall prove that |/| is constant in S. Then, by Theorem 7.3, 
we can conclude that / is constant. 


Let w be a point in S. Since S is connected, there is a polygonal path 
joining zq to w. Using topological considerations, we can always cover the 
path by a sequence of disks {L>o, i, • • • , B n } centered at zq, ^i, * * • , z n = re, 
respectively, that satisfy the following properties: 


(i) . Bi is contained in the domain S for every i. 

(ii) . Zi lies on the path for every i. 

(iii) . Bi contains the point Zi + 1 for i = 0, 1, • • • , n — 1. 


Since \f(zo)\ is the maximum value of \f(z)\ over 5, it is the maximum 
value of \f(z)\ over Bq. By Lemma 20.1, \f(z)\ is constant in the disk Bq. 
In particular, |/(^o)| = |/(^i)| since z\ G Bq. Therefore, \f(zi)\ is the 
maximum value of \f(z)\ over the disk B\. By Lemma 20.1 again, \f(z)\ is 
constant in B\. By using the same argument repeatedly, we deduce that 
f(z ) | is constant over the disks H 0 , L>i, • • • , B n . In particular, |/(^o)| = 
f(w ) |. Since w is arbitrary, we conclude that |/| is constant in S. Hence, 
/ is constant in S. I 
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The following version of Theorem 20.1 is directly applicable in applica- 
tions. 


Theorem 20.2. A function analytic in a bounded domain and con- 
tinuous up to and including its boundary attains its maximum modulus on 
the boundary. 


Example 20.1. Find the maximum value of \z 2 + 2z — 3| in the disk 
B{ 0, 1). Clearly, z 2 -\-2z — 3 is analytic in the disk B{ 0, 1) and continuous on 
the closed disk F>(0, 1). By Theorem 20.2, the maximum of \z 2 -\-2z — 3| must 


occur on the boundary of the disk; i.e., on the circle 
the circle by z(t) = e zt , 0 < t < 2i r, we get 




1. Parameterizing 


z 2 + 2z 



(z 2 + 2z — 3)(z 2 + 2z — 3) 

(e 2it + 2e u - 3) ( e~ 2it + 2e~ it - 3) 
(14 — 6cos2t — 8 cost). 


The function 14— 6 cos 2t — 8 cos t attains its maximum when t = cos 1 (1/3). 
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Thus, the maximum value of \z 2 + 2z — 3| is 8/\/3 


Example 20.2. Find the maximum of | sinz| on the square {x + zy : 
0 < x < 27 r, 0 < y < 2tt} . Since sin 2 : is entire, we can apply Theorem 
20.2. Now, since | sin(x + iy) | 2 = sin 2 x + sinh 2 y (see Example 8.2) on 
the boundary y = 0, | sin 2 z| has maximum 1; for x = 0, the maximum is 
sinh 2 2tt since sinh?/ increases with y\ for x = 27T, the maximum is again 
sinh 2 tt; and for y = 27T, the maximum is sinh 27T + 1. Thus, the maximum 
of |sinz| 2 occurs at x = tt/2, y = 2 tt and is sinh 2 27T + 1 = cosh 2 2tt. 
Therefore, the maximum of I sin z on the square is cosh27r. 


y 



2 3 

Example 20.3. Find the maximum of \e z | on B{ 0, 1). Since e z is 
an entire function, it is analytic in the disk F>(0, 1) and continuous on the 

3 

closed disk F>(0, 1). By Theorem 20.2, the maximum of \e z | occurs on the 
boundary of the disk; i.e., the circle IT = 1. Let z = x + iy. Then 


,x 3 J r3ix 2 y — 3xy —iy x 6 —3xy 


Since \z\ = 1, we have x 2 + y 2 = 1. Thus, 


= e 


4x 2 — 3x 


— 1 < X < 1 


The maximum value of e 4x -3x , — 1 < x < 1, is equal to e and is attained 

3 

at x = —1/2 and x = 1. Hence, the maximum of \e z \ is e, which occurs at 
x = —1/2, y = ±\/3/2, and x = 1, y = 0. 

Example 20.4. Consider the entire function e~ lz = e~^ x ~ y ^>e 2xy in 
the positive quadrant S = {z = x + iy : x > 0, y > 0}. Since \f(z)\ = e 2xy , 
on the boundary of 5, \f(z)\ = 1; however, \f(z)\ 00 as y = x 00 . 

Thus, the maximum modulus principle fails on unbounded domains. 


An immediate application of Theorem 20.2 applied to the function g = 
1 // gives the following result. 

Theorem 20.3 (Minimum Modulus Principle). A function 
/ analytic in a bounded domain 5, continuous up to and including its 
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boundary, and f(z ) ^ 0 for all z G S', attains its minimum modulus on the 
boundary. 


A combination of Theorems 20.1-20.3 leads to the following result. 


Theorem 20.4. Suppose that / is analytic in a bounded domain S, 
continuous up to and including its boundary, and /(z) ^ 0 for all z E S. 
Then, |/| attains a maximum M and a minimum m on the boundary, and 
either / is a constant or m < \m\ < M for all z E S. 

Finally, we note that the Maximum Modulus Principle and Minimum 
Modulus Principle have local versions also: Let /(z) be analytic and not 
constant in a neighborhood N of Zq. Then, there are points in N lying 
arbitrarily close to zo, where |/(z)| > |/(zo)|; he., |/(z)| cannot have a 
local maximum at zq. If, in addition, /(To) ^ 0, there are points in N lying 
arbitrarily close to zo, where |/(z)| < |/(zo)|; he., |/(z)| cannot have a local 
minimum at zq. 


Problems 


z 


20.1. Find the maximum of 
< 1 and Imz > 0}. 


ze' 


+ z 2 | and | iz 2 — 2z| on the set {z : 


20.2. Find the maximum of | cosz| on the square {x + iy : 0 < x 
27 r, 0 < y < 2tt}. (Observe that | cos(0 + 2iri)\ > 1). 


< 


20.3. Consider the function g(z) defined in (18.7) on the rectangle with 
vertices at 0, 7 r, i, 7r + i. Find the maximum and minimum values of \g(z)\ 
and determine where these values occur. 


20.4. Consider the function f(z) = z + 1. Find the maximum and 
minimum of |/| in the closed triangle with vertices at z = 0, z = 2, and 

z = i. 


20.5. Suppose f(z) and g(z) are continuous in H(0,r) and analytic in 
F>(0, r) and that f(z) ^ 0 and g{z) ^ 0 for all z E B(0,r). If \f(z) \ = \ g(z) 
= r, show that there exists a constant c such that I cl = 1 and 


z 


for 

f(z) = cg(z ) for all z in H(0,r). 


Answers or Hints 


20 . 1 . 

* = 1 , 


ze z + 2 T 


z 


e + z 


1 -e 1 + 1| = e + 1), 


< 

iz 2 


(note that when z = i, \i • i 2 — 2i 


+ |z| < e + 1 if \z\ < 1 (note that when 
2 z = z iz — 2 < iz L 2 < 3 if z <1 
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20 . 2 . We need only to consider either x = 0, 2tt or y = 0, 27 r. 


cos(x + iy) 


cos x cos iy — sm x sm iy 



e~ y +e v 


2 


< 


cos iy 


cosx 


px — 2n | ^-ix-\-2ir 



e ix +e~ ix 


2 


if x 


if y 


0, 27 r 

0 


Note that 


-27 r | ^-ix-\-2ir 


< 


— 2tt I _27t 

e +e 


if y = 27t. 
COS(0 + 27T7). 


20 . 3 . sinhl, z — i\ 0, z — x. 

20 . 4 . The maximum is attained at z = 2 and equals 3, whereas the mini- 
mum is attained at z = 0 and equals 1. 

20 . 5 . The function h(z) = f(z)/g(z) satisfies the conditions of Theorem 
20.4, and hence there exist u, v E dB(Q,r) such that \h(u)\ < \h(z)\ < \ h{v) 
for all z E 0, r). But, |/(z)| = | g(z) \ for z E SB( 0, r), and hence |/i(z)| = 1 
for all z E i?(0,r). The result now follows from Theorem 7.3. 


Lecture 21 

Sequences and Series 
of Numbers 


In this lecture, we shall collect several results for complex sequences and 
series of numbers. Their proofs require essentially the same arguments as 
in calculus. 


A sequence of complex numbers is a function whose domain is the set of 
nonnegative integers and whose range is a subset of complex numbers. We 
denote a complex sequence as {z n }^T 0 * This sequence is said to have the 
limit z, and we write lim n ^ 00 z n = z, or equivalently z n -A z as n -A oo, if 


for any e > 0 there exists an integer N = N(e) such that \z n — z| < e for 
all n > N. Intuitively, this means that as n increases the distance between 
z n and z gets smaller and smaller. If {z n } has no limit, we say it diverges. 


Example 21.1. (i) lim n ^ 00 i/n = 0, (ii) {i n } diverges, 

then 


lim z n 

n—Y oo 


0 

1 

divergent 


if 


z 


< 1 


if z = 1 
otherwise. 


(iii) if z G C, 

(2! . !) 


Example 21.2. Consider z n = l+(— 1 ) n (y/n), n > 1. Clearly, |z n 
however, if the principal values of the arguments are chosen, then 



arg z 2 k 


tan 


1 

2 k 


-A 0 and argz 2 /e+i 


27 r — tan 1 


1 


2k + 1 


27 r. 


Thus, linin^oo argz n does not exist. 

We list the principal properties of complex sequences as follows: 

PI. A convergent sequence has a unique limit. 

P2. A convergent sequence is bounded. 

P3. If hnq^oo z n = z and hm rWOO w n = w, and a and f3 are complex 
numbers, then lim n ^ 00 (az n + pw n ) = az + / 3w . 

P4. If linin^ooZn = z and lim^oo w n = w, then lim n ^ 00 (z n rc n ) = 
liuin^oo z n x lim n ^oo w n = zw. 

P5. If limn^ooZn = z and Hindoo w n = w, then lim n ^ 00 (z n /rc n ) = 
linin^oo z n / linin^oo w n = z/w , provided w ^ 0. 
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P6. If lira 
lirru ,^ z, 


n— ^oo Zn — ^5 then linin-yoo 

z 


n 


z n = z and lim n ^oo z. 

n— ^oo ^ n — % • 

P7. If z n — x n + iy n , n > 0 and z = x + iy, then liaq^oo z n = z if and 
only if — )► x and y n y. 

z n = 0 and \w n \ < \z n \, n > 0, then lim n ^oo w n = 0. 


P8. If lim 


n— >- oo ^n 


P9. If lim n ^ 00 z n = 0 and {re n } is a bounded sequence, then 
lilll/i—^oo — 0* 


P10. From any bounded sequence, it is possible to extract a convergent 
subsequence. 


Pll. A sequence {z n } is called a Cauchy sequence if for any e > 0 there 

< e. The sequence 


z n -z. 


exists an integer N > 0 such that n, m> N 
{z n } is convergent if and only if it is a Cauchy sequence. 


P12. ( Heine’s Criterion ) . Let / be a function defined in a neighborhood 
of z. The function / is continuous at z if and only if for any sequence {z n } 
converging to z the condition lim n ^ 00 f(z n ) = f(z) holds. 


A point z is called a limit point (or an accumulation point ) of the se- 
quence {z n } if for every neighborhood N(z) there exists a subsequence 
{z nk } for which all terms belong to N(z). Alternatively, z is said to be 
a limit point of {z n } if every neighborhood N(z) contains infinitely many 
terms of {z n }. From P10, in particular, it follows that every bounded real 
sequence {a n } has at least one limit point. For example, for the sequence 
{(— l) n }, — 1 and 1 are the limit points. An unbounded sequence may 

not have a limit point; e.g. {y/ n }; however, an unbounded real sequence 
{a n } has at least one limit point if we allow the values Too and — oo. 
This means that the real sequence {a n } has Too as a limit point if it 
contains arbitrarily large positive terms, and — oo as a limit point if it con- 
tains negative terms of arbitrarily large absolute value. Clearly, for the 
sequence {1, 1, 2, 1, 2,3, 1, 2, 3,4, * • *}, each natural number is a limit point. 
The largest (smallest) limit point of the (bounded or unbounded) real se- 
quence {a n } is called the limit superior or upper limit ( limit inferior or 
lower limit) and is denoted as limsup n ^ 00 a n (lim inf n _ )>00 a n ). For exam- 
ple, the sequence {a n } defined by u n = (— l) n (3 + 1/n) is bounded with 
lower bound —4 and upper bound 7/2. For this sequence, the limit points 
are —3 and 3, and hence lim sup n _ 5 > 00 a n = 3 and liminf n ^ 00 a n = —3. 
For the sequence {1, 1, 2, 1, 2, 3, 1, 2, 3, 4, • • •}, lim sup n _ )>00 a n = oo and 
lim inf n _ )>00 a n = 1. For a real bounded sequence {a n }, it follows that 
lim n ^ 00 a n = a if and only if liminf n ^ 00 a n = a = lim sup n _ 5>00 a n . For 
an unbounded real sequence {a n }, we have lin^^oo a n = oo if and only if 
lim inf n ^ 00 a n = oo = lim sup n ^ oc a n , and hnv^oo a n = — oo if and only if 
liminf n ^ 00 a n = — oo = lim sup n ^ oc a n . Now let {a n } and {b n } be bounded 
sequences of real numbers. For these sequences, it can easily be shown that: 

(1). If a n < 6 n , n G A 7, then lim sup n _ 5>00 a n < limsup n ^ 00 6 n and 
liminfn^oo a 

n Si liminC^oo b n . 
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(2) . limsup n ^ QO (a n + b n ) < lim sup n ^ 00 a n + lim sup n ^ oc b n . 

(3) . liminf n ^ 00 (a n + 6 n ) > liminf^oo a n + lim inf^oo b n . 

In (2) and (3), the inequality sign cannot be replaced by equality. For 
this it suffices to consider a n = (— l) n and b n = (— l) n+1 . 


A series is a formal expression of the form zo + z\ + • • • or, equiva- 
lently, YlpLo Z L w h ere the terms Zj are complex numbers. The nth partial 
sum of the series, denoted by s n , is the sum of the first n + 1 terms; i.e., 
s n = XI j=o z j • If the sequence of partial sums {s n }^L 0 has a limit s, the 

series is said to converge , or sum, to s, and we write s = To A series 

that does not converge is said to diverge. The series Yl'jLo z 3 sa ^ t° 
be absolutely convergent provided that the series of magnitudes Y^jLo I z j 

converges. For example, the series Eylo( — 'OVC? + f) 2 converges abso- 
lutely. A complex series that is convergent but not absolutely convergent is 
called conditionally convergent. For example, the series Y^jLo /U + 1) 
converges conditionally. 


Example 21.3. Consider the geometric series 
From Lemma 19.2, we have 


where c < 1 


a 



{a + ac ac ~\~ * * * T ac ) 


ac n+1 
1 — c 


Since | c\ < 1, the term |a| |c| n+1 /|l — c\ converges to 0 as n — > oo. Thus, the 
geometric series converges to a/(l — c). 


The following properties of complex series are similar to those of real 
series: 


Ql. If z j converges, then lim n ^. 00 z n = 0. 

Q2. If Yl'jLo Z 1 converges, then lim m ^ 00 Y2 ™= m + 1 ^ = °- 

Q3. If z j converges, then there exists a real constant M such that 
zj | < M for all j. 

Q4. If X^o z j and z0 Wj converge, and a and {3 are complex mim- 
bers, then Y3jL 0 (<* z j + 3 w j) = a Ejlo z j + 3 Ejlo w j- 

Q5. If Zj = Xj + iy 3 and s = u + iv, then Ejlo z j converges to s if and 

1 .£ OO -i v— ' OG 

only if 2^ j=0 Xj = u and 2^ =0 Vj = v. 

Q6. If Eylo z 3 converges absolutely, then it converges; however, the 
converse is not true. 


Q7. If£ 


OO 

3 


:0 Z 3 


converges absolutely, then its every rearrangement is 


absolutely convergent and converges to the same limit. 


Q8. The series Y2j = o z j converges if and only if for any given e > 0 

n — Zn-C 1 T 


there exists an N > 0 such that m > n > N implies — s 
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z n+ 2 + • • • + z m \ < e. This is known as Cauchy’s criterion 


Q9. ( Comparison Test). If 
then z j converges. 




'3 


< aj for all j and Y^jLo a 3 converges, 


Q10. ( Cauchy’s Root Test). If p = lirn^oo \zj\ 1 ^ either exists or is 
infinite, then the series z j converges absolutely if p < 1 and diverges 

if p 1. If p — 1 the test is inconclusive. 


Qll. ( d’Alembert’s Ratio Test). If Hindoo \cj+i/cj\ = p, then the series 
converges absolutely if p < 1 and diverges if p > 1. If p = 1 the 


E 

test is inconclusive. 


:0 z 3 


Now let z j an d w j gi yen series. The Cauchy product of 

these series is defined to be the new series YlpLo > where 


3 3 

tj = Z 0 Wj+ZiWj-i-\ \-Zj-iWi+ZjW 0 = 2 i^ZkWj-k = 2_jZj-kW k . 

k = 0 k = 0 

( 21 . 2 ) 

The following example shows that the Cauchy product of two convergent 
series need not be convergent. 

Example 21.4. The series J2pLo z j an d Y^jjLo w ji where Zj = Wj = 
(— 1 y (j + l) -1 / 2 , are convergent. The Cauchy product of these series is 
HjLotj, where 


tj = (-1)- 7 ^2(k + 1) 1/2 (j + 1 - k) 1/2 


k=0 


Now since from the arithmetic-geometric mean inequality 

y/(k+l)U + l-k) < k l±l±l±lNi = i+1, 


we find 


(k + l)~ 1/2 (j + l-k)~ 1/2 > 


3 + 2 


Thus, it follows that 


(-1 ytj > (i + l)-j 7 > 1 for all j> 0. 

J T z 

Hence, tj does not tend to zero as j oo. This shows that the Cauchy 
product of these series diverges. 
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Q12. If z j an d Yl^jLo w j converge to z and re, respectively, and 

their Cauchy product converges, then 


oo 


Eo 

1 = 0 



(21.3) 


However, if z j an d o w j converge absolutely to z and re, respec- 

tively, then their Cauchy product also converges absolutely, and (21.3) 
holds. 


Problems 


21 . 1 . Discuss the convergence of the following sequences: 


(a to + wr, (b) 


n 


1 + i 


n 


> (c) 


3 n + 7 ni 
2 n + 5 i 


21 . 2 . Discuss the convergence of the following series: 


oo 


(“>• E 77 


o3 


OO 


(7 + ‘) 1 2 ’ 


w-E 

1=0 


(l + 3ip 


oo 


(=>-E 

3=0 


J 7T J7T 

COS 1- l sin — 


oo 


m-E 


1=0 


20 

5 + ij 2 


21.3. Examine the series ]y\ =0 Zj for its convergence or divergence, 
where Zj are recursively defined as 


1 , (2 + 3 i)j 

Z 0 = l+z, Zj + i — — — -z,- 


7 + 5r/ 


2 ^ 


21.4. If 0 < r < 1, show that 

1 — r cos 


oo 


(a). r J cos jO 
l=o 


oo 


1 + r 2 — 2r cos 6 


, (b). r J sin 


r sin 0 


l=o 


1 + r 2 — 2r cos 9 


21.5. Iflim 


n— >- oo 


z n = z, show that lim n ^ oo (z 0 + zi H bz n )/(n-f 1) 


z. 


21 . 6 . Prove that if J2j=o z j converges and |argZj| < 6 < tt/2, then it 
converges absolutely. 


21.7. Suppose that z o an d ^2j= o z j are convergent and Re Zj > 0. 

Show that \ z j \ 2 converges. 
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21.8. A metric space (S', d) is said to be complete if every Cauchy 
sequence in S converges. Show that (C , d) with any metric d is complete. 


21.9. The function f : S C is said to be uniformly continuous on S 


if for every given e > 0 there exists a 5 = 5(e) > 0 such that 
implies \f(z) — f(w) \ < e for all z,w E S. Show that: 


z 


w 


< S 


(a). The function f(z ) = 1/z is continuous on S 
not uniformly continuous. 


{z : 0 < \z\ < 1 }, but 


(b). If S is compact and f{z) is continuous on S, then it is uniformly 
continuous. 


Answers or Hints 


21 . 1 . (a). Converges to 3, (b). in polar form lim n ^ 00 e * n7r / 4 oscillates, and 
hence diverges, (c). converges to (3 + 7%)j 2 . 

21 . 2 . (a). Absolutely convergent, (b). geometric series 5/(4 — 3z), (c). di- 
vergent, (d). absolutely convergent. 

21.3. Absolutely convergent. 

21.4. In Example 21.3, let a = 1, c = re l6 . 

21.5. Writing w n = z n — z, this is equivalent to showing that if lim w n = 0, 
then lim(reo + w\ + • • • + w n ) / {n + 1) = 0. Given £ > 0, there are Ni > 1 
and N 2 such that n> N\ implies \w n \ < s/2 and 


n > N 2 => 


|wp+WlH h WNi 

n+1 



Then, by the triangle inequality, 


n > max{W, W 2 } 


|w 0 +WiH hw n 

n+1 

I W ATi H I - \ w i 


< 


Iwq+WiH \~U) N-i -1 


+ 


n+1 


< - + 
^ 2 ^ 


n+1 

n— .ZVi + 1 e ^ „ 
n+1 2 <£ ' 


21.6. Writing Zj = xj + iyj 


if) ■ 

Vj e 3 


since Xj > 0 , \yj 


Xj 


tan 0j 


x 


3 


tan 0, and ^ Xj converges, ^ \l/j\ also converges. Since \zj\ < \xj\ + 


< 

Vj I 


by the triangle inequality, then \zj\ converges 
21.7. Writing Zj - 


x 


+ iyj, since J2 x j converges and Xj > 0 , {xj} is 
bounded, say, Xj < M. Then 0 < xj < Mxj , so ^xj also converges. 


j 


Since zj = xj — yj + 2ixy, ^{xj—yj) converges. Then so does ^ yj since 

yj = xj - {xj — yj). Since \zj\ 2 = xj + yj , then ^ |zj | 2 also converges. 
21.8. We will show that C with the Euclidean metric is complete. Let 
{z n } be a Cauchy sequence in C, so that for e > 0 there is an N such that 


| Z n Z rn 
and I y n - 


< e for n, m > N. Let z n = x n + iy n . Since 


rp rp 

pp tXj 


m 


< I z n - z. 


'm 


Vm 


< 


z n — Zm | for all n, m, we find that {x n } and {y n } are real 
Cauchy sequences. They both converge since 1R is complete, say to p and 
< 7 , respectively. Then, it follows that {z n } converges to p + iq E C. 
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21 . 9 . (a). Let z = S (0 < S < 1) and e = 5/(1 + e). Then, 


z 


w 


< 5, 


but | /(z) — f(w) | = e/5 > e. (b). Suppose not. Then there exists a zo, and 

< 1/n and 


Z n ~ W 


for each n there are points z n and w n in S such that 
| f(z n ) — f(w n ) | > eo- Now, since S is compact, there exists a subsequence 
• and a point z* G S such that z* = lim^oo z nk . Since 


Z'm i z n 2 1 


z * - 


w 


n k 


< z * — z. 


'n k 


+ 1/n/c, it is clear that z* = lim^^oo w n k - Thus, from the 
continuity of f(z), we have /(z*) = lim^oo f(z nh ) = lim fe _ ) . 0 o f(w nk ). Now 
notice that in e 0 < | f(z nk ) - f{w n J| < \f{z„ k ) - f(z*) \ + |/(z*) - f(w nk ) 
the right-hand side tends to zero. 


Lecture 22 

Sequences and Series 
of Functions 


In this lecture, we shall prove some results for complex sequences and 
series of functions. These results will be needed repeatedly in later lectures. 

Let {f n (z)}^L 0 be a sequence of complex functions defined on a domain 
SCC. Suppose that for any z C S the complex sequence {f n (z)} converges. 
Define f(z) = linq^oo f n (z) for any z <E S. We say {f n (z)} converges 
to f(z) pointwise on S. The sequence {f n (z)} is said to converge to f(z) 
uniformly on S if for every e > 0 there exists an integer N > 0 such that 
n > N implies | f n (z) — f(z)\ < e for all z E 5; i.e., the same N works for 
all points z G S. The series fj( z ) converges uniformly to s(z) on S if 

the sequence of its partial sums; i.e., s n (z) = J2j=o fj( z )i n > 0 converges 
uniformly to s(z) there. For the sequences and series of functions we shall 
prove the following results. 

Theorem 22.1 (Cauchy’s Criterion). The sequence {f„(z ) } 
converges uniformly on a domain S to f(z) if and only if for any e > 0 
there exists an N(e) such that, for all z <E S, n > TV, and any natural 
number m, the inequality 


\fn-\-m[z') fn(z') C 


( 22 . 1 ) 


holds. 

Proof. If {fn(z)} converges uniformly on S', then for any e > 0 there 
exists an N = N(e) such that, for all z G S', n > N , and any natural 
number m, 


\fn(z)-f(z)\ < | and \f n+m (z) - f(z)\ < | 
Thus, from the triangle inequality, we find 


\fn+m{z) - fn{z)\ < \fn+m(z)-f(z)\ + \f(z)-f n (z)\ < | + | 


Conversely, if (22.1) holds, then in view of Pll (Lecture 21), for any fixed 
z G 5, the sequence {f n (z)} converges. Define f(z) = liiUn^oo / n (z). Then, 
we have 


lim | fn+m(z) - f n (z) 

m^-oo 


f(z) ~ fn(z) 


< e 
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for n > N at all points on S'; i.e. , the convergence is uniform. I 


Example 22.1. Let f n (z) = z n , f(z) = 0. Then, 

(i) . f n — ^ / pointwise on the open disk B{ 0,1), 

(ii) . f n — ^ f uniformly on the closed disk F>(0, r), 0 < r < 1, and 

(iii) . f n ■/> / uniformly on 5(0,1). 


Example 22.2. Let f n (z ) = 1/(1 + nz), f(z) = 0. Then, for 
we find 




> 2, 


1 


1 + nz 


< 


1 


n 


z 


1 


1 1 

< < - 

2n — 1 n 


i.e., the convergence is uniform. We also note that this sequence for \z\ < 1 
and Rez > 0 converges pointwise but not uniformly. For this, clearly 
/( 0) = 1 and f(z) = 0, 2 ;/ 0 is the pointwise limit of this sequence. 


Corollary 22.1. The series fj ( z ) converges uniformly on a do- 

main S to s(z); i.e., Yl'jLo fj( z ) = s ( z ) if and on iy if f° r an y 6 > 0 there 
exists an N(e) such that, for all z G 5, n > IV, and any natural number m, 
the inequality |5 n+m (z) — s n (z)\ < e holds. 


Example 22.3. The series does not converge uniformly on 

L>(0, 1). In fact, since 


^n+m(^) S n (z) 


z n + 1 ( 1 + z + ..._ | _ z m- 1 ) 


2) 

n +1 1 

jl-z m 

>> 

2) 

n+1 

(i- 

2) 

m j 


1 

— z 

— 

1-z 



letting m = n and z n = (n — 1 )/n, and recalling that lim n ^ 00 (l — l/n) n = 
1/e, we find 


^2 n(^n) ^n(^n)| n { 1 





-+ oo as n -+ oo. 


Theorem 22.2. If the sequence {/ n (^)| converges uniformly on a 
domain 5 to f(z) and each f n (z) is continuous on 5, then f(z) is continuous 
on S. 

Proof. Let z 0 be any point in S. Then, for z ^ z o, we have 


/0)-/Oo)| < \fn(z)-f(z)\ + \fn(z)-f n (z 0 )\ + \f n (zo)-f(z 0 )\. (22.2) 


Since {f n ( z )} is uniformly convergent on 5, given any e > 0, there is an 
N = N(e) such that \f n (z) — f(z)\ < e/3 for all n > N and z E S. Thus, in 
particular, \f n (zo) — f(zo)\ < e/3 for all n> N. Furthermore, since f n (z) is 
continuous at zq G 5, we can choose S > 0 such that |/ n (z) — f n (zo)\ < c/3 
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if 

if 


2 - ^0 


< 5. Using these bounds in ( 22 . 2 ), we find that \f(z) — f(zo) 

< 5; he., f(z) is continuous at zq- 1 


< e 


Corollary 22.2. If the series Yl'jLo fj( z ) converges uniformly on a 
domain S to s(z) and each f n (z) is continuous on 5, then s(z) is continuous 
on S. 


Theorem 22.3. Let {fn(z)} be a sequence of functions continuous on 
a domain S containing the contour 7 , and suppose that {fn(z)} converges 
uniformly to f(z) on S. Then, the following holds: 


lim 

n— ^00 


fn{z)dz 



lim f n (z)dz 

n—> 00 



f(z)dz. 


Proof. Let L be the length of 7 . Choose N large enough so that \f(z) — 
fn{z) | < e/L for any n > N and for all z on 7 . Then, from Theorem 13.1, 
we have 



fn(z)dz 


lf(z) - fn{z)}dz 


7 


— L — e. 

1j 


Theorem 22.4 (Weierstrass’s M- Test). Let YTjLo M j be a 
convergent series of positive numbers. Suppose that \fj (z) I < Mj for all 
z on a domain S and j > 0. Then, fj( z ) converges uniformly and 

absolutely on S. 


Proof. Since converges, from Q 8 (Lecture 21 ) it follows that 

for any given e > 0 there exists an N = N(e) such that, for all n > 
N and positive integer m, 


^nH-m(^) ^n(^) | T |/n+l(^) 


M n+ i + M n+2 + • • • + M n+m < e. But then 

T \fn-\-2 (^) | T ' • *~H/n+m(^)| T M n +i+M n +2 + 
• • • + M n+m < e for all n > TV, m > 0, and z G S. The result now follows 
from Corollary 22.1. I 


Theorem 22.5. If fj( z ) converges uniformly to s(z) on a domain 
S, then for any contour 7 in S the following holds 



(22.3) 


Proof. Since the partial sums s n (z) = Y^j=o fj( z )> n — 0 converge to 
s(z) uniformly on S', from Theorem 22.3 it follows that 


lim 

n— 7 >oo 



s n (z)dz 



s(z)dz. 
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Now it suffices to note that 



and 



Theorem 22.6. Let {fn(z)} be a sequence of analytic functions on a 
domain S. If f n ( z ) —> f(z ) uniformly on 5, then f(z ) is analytic on S. 

Proof. Let z 0 G S. Since S is open, there exists an r 0 such that the 
open disk B(zo,r) C S. Let 7 be a closed contour in B(zo,r). Then, by 
Theorem 22.3, we have 


lim 

n— >-00 


fn{z)dz 



f(z)dz. 


Since, for each n, f n (z) is analytic in S, f f n (z)dz = 0. Hence, f f(z)dz = 

0. By Theorem 22.2, f(z) is continuous on S. Therefore, by Theorem 18.4, 
f(z) is analytic in B(z {) . r ). Since zq 6 S is arbitrary, f(z) is analytic in 
S. I 


Corollary 22.3. Let {fn(z)} be a sequence of analytic functions on 
a domain S. If fj( z ) converges to s(z) uniformly on S, then s(z) is 

analytic on S. 


To prove our next result, we need the following elementary lemma. 

Lemma 22.1. Suppose that the sequence {f n ( z )} (series fj ( z )) 

converges uniformly to f(z ) (s(z)) on a compact set 5, and g(z) is a con- 
tinuous function on S. Then, {g(z)f n (z)} (Yl'jLo converges to 

g(z)f(z) (g(z)s(z)) uniformly on S. 

Theorem 22.7. Let {fn(z)} be a sequence of analytic functions on a 
domain S. If f n ( z ) f( z ) uniformly on every compact subset of S', then, 

for any k > 1 , frt\z) f^ k \z) for all z G S; i.e., the limit of the fcth 
derivative is the fcth derivative of the limit. Moreover, for each k > 1, the 

differentiated sequence {fn(z)} converges to f^ k \z) uniformly on every 
compact subset of S. 

Proof. Let z 0 e S and 7 be a positively oriented closed contour in S. 
From (18.6), we have 




_fc!_ [ fn{z) 

2iti J 7 (z - z 0 ) k+1 
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Now, since / n (z) f(z ) uniformly on 7 and 1 / {z — Zo) kJrl is continuous 

on 7, from Lemma 22.1 it follows that 


fn{z) 


/(*) 


(z - Z 0 ) k+1 


(z - z 0 ) k+1 


uniformly on 7. Thus, we can apply Theorem 22.3 to obtain 


fn\ Z 0 ) = 


k\ 


fn(z) 


i J^(z - z 0 ) k+1 


dz — > / (fe 7 o) = 


fc! 


f(z) 


i J 7 (z - z 0 ) k+1 


dz. 


Now let Si be a compact subset of S, and in S let 7 be a positively ori- 
ented closed contour containing Si so that the shortest distance d between 
Si and 7 is positive; i.e., for all £ E 7 and z G Si, |£ — z\ > d > 0. Then, 
from (18.4), for all z G Si it follows that 


TT)-/ (fc T) 


7 


/n(C) ~ /(C) 

(C - 7 fc+1 




< 


fc! 

2ni 
k\ 

77777^(7) max |/n (0 

2^+! W ^e{ 7 } 


-/(C) 


Finally, since / n (£) -7 /(£) uniformly on every compact subset of S, from 
the inequality above it follows that fn k \z ) -7 f^ k \z) uniformly on Si. I 

Corollary 22.4. Let {fn(z)} be a sequence of analytic functions on 
a domain S. If YlTLo fo( z ) converges 1° s(z) uniformly on every compact 
subset of S, then for any k > 1 and all z G S, 


00 


E/fT) 


_ Jk) 


( z ), 


(22.4) 


j=o 


i.e., the series may be differentiated term-by-term. Moreover, for each fc, 
the convergence in (22.4) is uniform on every compact subset of S. 


Problems 


22.1. Check for the pointwise and uniform convergence of the series 


fj ( z ) on the given domain, where fj(z) is 


( a )- 


Z“ 


z 


< 1, 


(b). 


1 


U + 1)0* + 2) ’ - ’ (z + j + l) 2 ’ 

1 1 

(c). -1 , ,.*> ,9 ? 1 < \z\ < 2 , (d). 


Re 7 > 0, 


(1 + j 2 + z 2 ) ’ 


(1 + j 2 z 2 ) ’ 


7 


< 1. 
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22.2. Does the sequence of functions 



n 

z 

l-l 

VI 

0 

• i—H 

In 



if l/n < 

z 


converge uniformly on the unit disk B{ 0, 1) ? 

22 . 3 . Prove that Theorem 22.7 does not hold if S is assumed to be an 
arbitrary set instead of a domain. 

22 . 4 . Suppose that {f n ( z )} converges to f(z ) pointwise on a domain 
S. For each n > 0, let 


sup{|/„ 0 ) - f(z) 


: z G S} 



Show that {f n { z )} converges to f(z ) uniformly on S if and only if 
lim n _ S.QO AI n — 0 . 

22 . 5 . Let the functions / n (z) be analytic on a domain S and continuous 
on S', and let the series fj ( z ) converge uniformly on the boundary 7 

of S. Show that the series fj( z ) converges uniformly on S. 


Answers or Hints 


22 . 1 . (a). For all \z\ < 1, 1 /iCOI < l/(j + 1 ) 2 , and hence the convergence is 
uniform, (b). For all Re z > 0, \x + iy+j + l\ 2 = ( x-\-j-\-l) 2 -\-y 2 > (j + 1) 2 . 
(c). For j > 4, |1 + j 2 + z 2 \ > 1 + j 2 — 4 > (j + l) 2 /2, and hence the 
convergence is uniform, (d). fj(z) 0 if z 7 ^ 0 and 1 if z = 0 , and hence 
from Theorem 22.2 the convergence is only pointwise. 

22 . 2 . Each f n (z) is continuous on \z\ < 1; however, the limiting function 


lim 


n— 7>oo 


fn(z) 


f 1 

if 

O 

A 

z 

l 0 

if 

z = 0 


< 1 


is not continuous. Hence, in view of 


Theorem 22.2, the convergence is not uniform. 

22 . 3 . The sequence {(sin nx)/n} converges uniformly to zero on the real 
axis; however, the sequence of its derivative {cos nx} converges only at 
x = 0. Thus, the sequence {(sin nz)/n} cannot converge uniformly on any 
domain containing points of the real axis. 

22 . 4 . See the definition of uniform convergence. 

22.5. Clearly, the function s n+m (z) — s n (z), being a finite sum of analytic 
functions, is analytic on S and continuous on S. From the uniform con- 
vergence on 7, Corollary 22.1 gives |s n+m (z) — s n (z) \ = \ f n +m(z) + • • • + 
fn+i(z)\ < e for n > N for any natural number m and all z G {7}. Now, 
by Theorem 20.2, it follows that |s n+m (z) — s n (z) | < e for n > N for any 
natural number rrt and all z G S. 


Lecture 23 

Power Series 


Power series are a special type of series of functions that are of funda- 
mental importance. For a given power series we shall introduce and show 
how to compute its radius of convergence. We shall also show that within 
its radius of convergence a power series can be integrated and differentiated 
term-by-term. 


An infinite series of the form 


oo 


y: cij (z - Zo) j = do + ai (z - Zo) H b dj (z - z 0 ) j + 

7=0 


(23.1) 


is called a power series , with zo as the point of expansion. The constants 
cij are called the coefficients of the power series. It is clear that this series 
converges at z = zq; it may converge for all z, or it may converge for some 


2 - A) 


< R 


values of z and not for others. If it converges absolutely for 
and diverges for \z — zo\ > R , then R is called the radius of convergence. It 
is clear that this R is unique. If (23.1) converges nowhere except at z, o, we 
define R to be zero; if (23.1), converges for all z, we say R is infinite. On 
the circle of convergence; i.e., \z — zo| = i?, the series (23.1) may converge 
at some, all, or none of the points. The following result determines the 
domain of convergence of (23.1). 

Theorem 23.1. If (23.1) converges at z = z\ Zo), then it converges 
absolutely and uniformly in the closed disk F>(zo,r), where r < \z\ — zo . 

Proof. Since the series (23.1) converges at z = zi, CLj{z\ — zof -A 0 as 
j -A oo. Consequently, there exists a constant M such that |a 7 - \z\ — Zq < 

zo 


M, j > 0. Let z be an arbitrary point such that 
i.e., 

z - z 0 


z - z 0 


< r < 


zi 


Zl - Zo 


p < 1. 


But then 


cij 


Z - Zo 


j < M 


z - ZQ 
Zi - z 0 


J 


= Mpf j > 0. 


Now, since in view of Example 21.3 the geometric series Jfj= 0 Mp J con- 
verges, from Weierstrass’s M - test it follows that (23.1) converges absolutely 
and uniformly in the closed disk B(zo,r). I 
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Corollary 23.1. If (23.1) diverges at some point z 
diverges at all points z that satisfy the inequality \z — zq| > 


= zi, then it 
zi - z 0 . 


Corollary 23.2. Let R be the radius of convergence of (23.1). For each 
0 < R\ < R, the series converges uniformly on the closed disk B(zo,Ri)- 


Example 23.1. From Example 21.3 and Theorem 23.1, it follows that 
the geometric series 


^ = 1 + z + z 2 + • • • + z J ' + • • • , (23.2) 

j = o 


which is in fact a power series with zo = 0, a,j = 1, converges absolutely 
and uniformly on |z| < r < 1 to the analytic function 1/(1 — z). Since at 
z = 1 the series (23.2) diverges, from Corollary 23.1 we find that it diverges 
on | z | > 1. Thus, the radius of convergence of (23.2) is R = 1. If |z| = 1, 
then the terms of (23.2) do not tend to zero, and hence it also diverges on 



From Theorem 23.1 and Corollary 23.1, it is clear that the radius of 
convergence R of (23.1) is the least upper bound of the distances \ z— zo| from 
the point zq to the point z at which the series (23.1) converges. However, 
for the computation of R , one of the following methods is usually employed: 


d’Alembert’s Ratio Test. R = (Hindoo \aj+i/aj\) 1 , provided the limit 
exists. 

Cauchy’s Root Test. R = (lim 

Cauchy- Hadamard Formula. 
always exists. 


j^oo 


a, 


1 / J ) , provided the limit exists. 


R = (lim sup ■ 


— ^oo 


a 


3 


Vi 


) 


this limit 


Example 23.2. Since in (23.2), aj = 1, the ratio test confirms its 
radius of convergence R = 1. Similarly, for the series ^ J+2 / (j + 1), we 

have \aj+i/aj\ = \(j — l)/j\ 1 as j oo. Thus, for this series also, the 

radius of convergence R = 1. This series diverges at z = 1 and converges 
at z = —1. For the series ( z — 2 — 3i) J+1 /(j + 1)!, we have 

\ a j+i/ a j 
R = oo. 


l/(j + 2) 0 as j — )• ex). Thus, the radius of convergence 


Example 23.3. For the series Yl'jLo U + 1) J (^ + i) J , we have {ajl 1 ^ = 
(j + 1) oo as j oo, and hence by the root test its radius of convergence 
R = 0; i.e., it converges only at z = —i. For the series 2z) J "/ (j H- 

1 ) J , the root test gives R = oo, whereas for the series + 1 ) / ( 2 j + 

3)} j (z-2-i)C R = 2 . 


Example 23.4. 

Thus, 


aj I 1 /- 7 ' = 0 if j i 


In the series 
is odd and I a, 


: 0 


z 2j /2 J , (32m = l/2 m and a 2m +i 0. 
l/j = ^I 2 my/2m = i/^2 if j = 2 m. 
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Hence, lim sup 
formula, R = \[2. 



= 1 / a/ 2 * Therefore, by the Cauchy-Hadamard 


We shall now prove the following theorem. 

Theorem 23.2. Let R be the radius of convergence of (23.1). 

(I) . s(z) = a j( z ~ z o) J an analytic function on B(zq, R). 

(II) . ( Term-by-Term Integration). If 7 is a contour in B(zo,R) and g(z) 

is a continuous function on 7 , then 


/ oo 

g(z) ^2 a j{ z 
j = 0 

In particular, if g(z) = 1, then 






( Term-by- Term Differentiation) 


d 


00 


s\z) = -^ z T a ^ z ~ z °y 


3=0 


Em( z ~zoY 1 

3 = 1 


(23.5) 


The radius of convergence of the series JZjLi J a j( z ~ z o) J 1 is also R. 

Proof. (I). Let z\ G B(zo,R)- Choose any r such that \zi — zo\ < r < R. 
Then, s n (z) = J2j=o a j( z ~ z o) J s ( z ) uniformly on B(zo,r) by Theorem 

23.1. Now, since each term of the series aj(z — zof is entire, the function 
s(z) is analytic on B(zo,r) by Corollary 22.3. Hence, in particular, s(z) is 
analytic at z\. 

(II). Let 0 < r < R be such that { 7 } C B(zo,r). Then, by Theorem 23.1, 
s n (z) s ( z ) uniformly on B(zq, r). Since { 7 } is a closed subset of B(z$, r), 
from Lemma 22.1 it follows that g(z)s n (z) g(z)s(z) uniformly on { 7 }. 
Now, from Theorem 22.3, we have 


lim 

n—y 00 


g(z)s n (z)dz 


lim g(z)s n {z)dz , 


n— )>oo 


and hence 


00 


a : j / g(z){z — zof dz = / g(z)s(z)dz. 

j= 0 '1 Ji 
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(III). Let z G B(zo,R)i and let y r 
from part (II) with g(£) = 1 / [2 t rz(£ 


= {£ : |£ — z\ = r} C B(zq,R). Then, 
- z) 2 ], it follows that 


1 

27 ri 



s(Q 

(e - ^) 2 



Now, from (18.3), we have 



(£ - Zo) j 
(£ - *) 2 





zo) j = ^2jdj(z - z 0 y 1 
j=i 


Finally, since 


lim 

U + l) a i+ 1 

= lim 

j + 1 

lim 

a J+l 

— lim 

a i+i 





j-> oo 

jaj 

j-> oo 

J 

j-* oo 

cij 

oo 

cij 


the radius of convergence of the series J a j( z ~ z o) J 1 is also 5. I 

Corollary 23.3. Let R be the radius of convergence of (23.1). Then, 
s(z ) = XI ( jLo a j( z ~ z o) j is infinitely differentiable for all z G B(zq^R). In 
fact, for any fc, 

oo 

s (k) {z) = J2j(j-l)---(j-k+l)aj(z-z 0 y- k . (23.6) 

j=k 

Remark 23.1. From (23.6), it immediately follows that = s^ k \zo)/k\, 
k = 0,1,***. 

Example 23.5. From Example 23.1, we have YlJLo z J = 1/(1 — z \ z G 
5(0, 1). Applying Theorem 23.2 (III) to differentiate the series term-by- 
term, it follows that 

oo 

l + 2z + 3z 2 -l = y ~](j + 1 )z j = 

j = o 


(l-z)2 


Example 23.6. We shall show that on B( 0, 1), 

Log (1 + z) = = Z-L + L + -... (23.7) 

3=0 J + l Z 6 

For this, let s(z) be the right-hand side of (23.7). Since lirn^oo jaj+i/aj = 
linij^oo | j / ( j -F 1 ) | = 1, the radius of convergence of s(z) is 1. Using Theorem 
23.2 (III), we find 

d 

s'(z ) = l-z + z 2 -z 3 = ( 1 + z r 1 = — Log(l-fz) (23.8) 

dz 
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on B( 0, 1); i.e. , [s(z) — Log(l + z)]' = 0. The relation (23.7) now follows 
from Theorem 7.2 and the fact that s(0) — Log 1 = 0. Clearly, (23.7) also 
follows if we begin with (23.8) and use Theorem 23.2 (II) to integrate the 
series term-by-term along any path connecting 0 and z E B( 0,1). 


We conclude this lecture by stating the following theorem. 


oo 

Theorem 23.3. Assume that the power series f(z ) = ^ a,j(z — zo) j 

3= o 

oo 

and g(z) = bj(z — zo) J have the radius of convergence R\ and Ah, 

o = o 

respectively. Then, 

oo oo 

(i) . f(z) ± g(z) = XA ± b N z “ z o) J and f( z )d( z ) = Pi c j{ z - z 0 y, 

3= 0 3= 0 

3 3 

where Cj = E dkbj — k = E dj-kbk, have the radius of convergence R = 

k=0 k=0 

min{Ah,Ah}, and 

(ii) . if g(z) ^ 0 in the disk A>(zo, r) (necessarily ^ 0), then the quotient 

oo 

f(z)/g(z) = ^^Cj(z — zoY , where the coefficients satisfy the equation aj = 

3 = o 

3 

bj-kCk, has the radius of convergence R = min{r, Ah, Ah}. 

k=0 


Problems 


23.1. Use the ratio test to compute the radius of convergence of the 
following series: 

oo 1 OO / -|\2 

(a). V —(z-7iV, (b). VfTh-3-2 i) j . 

^(i + 3 iy +iV 

23.2. Use the root test to compute the radius of convergence of the 
following series: 


oo 


(a)- E 


3= 0 


llj + 9 

2J + 5 


) , (,-2- 5 ,y, ( b). ± (ji 


6j' 


+ 1 3 j + 4 


(z — 3i) J 


23.3. Use the Cauchy-Hadamard formula to compute the radius of 
convergence of the series a j z J ? where 
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3 



k=0 


1 

~k\ 


3 


•) 


(b). 0j = (8-(-3)^. 


23.4. Suppose that (23.1) has radius of convergence R. Show that 
Yl'jLo ( z ~ z ®y h as ra dius of convergence R 2 . 

23.5. Show that 


lim 

n— 7>oo 



1 

e 


and use it to find the radius of convergence of the series 


2 2 

1 + z + ^! z2 + 


j3 

+ J -tZ 3 + 

r- 


23.6. The Bessel function of order n is defined by 



^ (-l)i / Z \ 2j+n 

+ V2/ 


(a) . Show that J n {z) is entire. 

(b) . Verify the identity [ z n J n (z )]' 


z n J n -i(z). 


23.7. Consider the function 


= 1 + W !)( - 2 ) ( ~ !) .7 

3 = 1 jl 


(a) . Show that its radius of convergence is 1. 

(b) . For all z | 1, ffz'j — cifi^z^/iy 1 ~\~ zf Hence, deduce the binomial 

expansion (1 + z) a = f(z). 

23.8. Use power series f(z) = YlpLo a j z J so ^ ve functional equa- 

tion f(z) = z + f(z 2 ). 


23.9. If the sum of two power series in a neighborhood of the point of 
expansion zq is the same, then show that the identical powers of (z — zo) 
have identical coefficients; i.e., there is a unique power series that has a 
given sum in a neighborhood of zq. 

23.10. For the power series s(z) = a j z J > ^ ra dius of conver- 

gence be R. Show that 

(a), the coefficients of the odd powers of z vanish if s(z) is even; i.e., if 
s(—z ) = s(z), and 
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(b). the coefficients of the even powers of z vanish if s(z) is odd; i.e. , if 
s(—z) = —s(z). 


23.11. For the power series s(z) = o a j z ^ let the radius of conver- 
gence be R. 


(a). Show that s(z) is a power series in z with the same radius of conver- 
gence R. 


(b). Suppose R > 1 and \s(e™)\ < 4 for 0 < 6 < tt and |s(e 2 *)| < 9 for 
7 T < 6 < 27 r. Show that |s(0)| < 6 . 


23.12. Let f(z) = Z?=o a j zJ = 1 + * + 2z 2 + 3z 3 + 5z 4 + 8z 5 + 13z 6 + 

21 z 7 + • • • , where the coefficients a 3 are the Fibonacci numbers defined by 
ao = 1, a\ = 1, a,j = a ? _ 1 + aj- 2 , j > 2. Show that /(z) = 1/(1 — z — 
z 2 ), z G 5(0,5), where R = (y/5 — l)/2. 


23.13. Let /(z) = a j z ^ where the coefficients aj are the Lucas 

numbers defined by ao = 1, a\ = 3, aj = a 3 - 1 + a 7 _ 2 , j > 2 . Show that 
f(z) = (1 + 2z)/(l — z — z 2 ), z G 5(0, 5), where 5 = (v 7 ^ — l)/2. 


23.14 (Weierstrass Double Series Theorem). Suppose that for 
each k = 0, 1, 2, • • • the power series fk( z ) = a j( z ~ z oV converges 

in the disk 5(zo,5), R < 00 ; i.e., each power series defines the function 
fk( z ) in the disk 5(zo,5). Suppose that 5(z) = Y^kLo fk( z ) converges 
uniformly for \z — zq\ < p for every p < R. Show that F(z) is analytic on 
\z — zq j < p and has a power series expansion, F(z) = 0 A?(z ~ z o) J , 

that converges for all \z — zq\ < 5; here, Aj = YlkLo a j k ^- Furthermore, 
show that 


00 


(a). E 


z 


j 


3 = 1 


00 


w- E 


1 + z 2 i 


Z“ 


7 converges uniformly for z < r < 1 , and 


00 


1 + z 2 -? 

j = l fc=0 


B-i> 




z 


2/c+l 


^ g2k-\-l 


for z < 1 . 


Answers or Hints 


23.1. (a). VTO, (b). 4. 

23.2. (a). 2/11, (b). 3/5. 

23.3. (a). 1/e, (b). 1/11. 


23.4. limsup 


<r 


1 !:i 


(limsup^^ 




23.5. e 


n = 1 4- 31 4- . . . 4- -21 U 

— l -t- 1! ^ -T t- 


n 


n! 


1 + 


n 


+ 


n 


n+1 (n+1) (n+2) 


+ 


implies 
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that 


n 


< e n < n^-r + 


n 


n 


n\ 


n 


n 


n\ 


n\ 


+ < 4 < ++ i? = 1/e. 

e n n n e n / 


1 + 


n 


n+1 


+ 


n 


n+1 


+ 


rx 

= (2n + 1) + . Hence, 


23 . 6 . (a), aj j (_ 1 )J'/2/[ 2 i+r.( J y 2 ) ! (j/ 2 + 


We will 


if j is odd 
n)!] if j is even. 

show that limsup^^ \cij\ i/J = 0. Clearly, \aj\ 1 ^ = 0 if j is odd, and for j 
even we have 


a j 


(b). [z"j n (z)Y = Et 


1 < 1/[(j/ 2)!] 2 / j '. Now use [(/c)!] 1 /^ -+ oo as k 

( — 1) J 2^ (j+n) ( z_\ 2j+2n— 1 _ ^00 (-1) 


OO. 


X (f 


2j+n— 1 


0=0 j!(j+n)! 




3 = 0 j!(j+n-i)! 


23 . 7 . (a). liiUj^oo \aj+i/aj\ = linij^oo \ (a — j) / (j + 1)\ = 1 . (b). Compute 
(1 + z) f'(z) directly and show that it is the same as af(z). 

23 . 8 . f(z)=a 0 + E7=o z2J , 1*1 < 1 - 


23 . 9 . If ^2j = o dj(z — Zq) j and V =0 bj(z — zq) j have the same sum s(z) in 
a neighborhood of zo, then from Corollary 23.3 and Remark 23.1 it follows 
that aj = bj = s^\zo) / j\, j = 0, 1, • • • . 

23 . 10 . (a). 5 ( 2/c + 1 ) (o) = 0, k = 0, 1 , • • • , (b). s^ 2k \0) = 0, k = 0, 1 , • • • . 

23 . 11 . (a). s(z) = E?=o a jZ j , so s(z) = an d since lim|dj j 1 /- 7 = 

hmlajl 1 /- 7 , they have the same radius of convergence, (b). Both s(z) and 
s(z) converge absolutely and uniformly on B(0,R), R > 1, so they are 


analytic on B{ 0, 1). Hence, g(z) = s(z)s(z) is also analytic on B( 0, 1). 
Since \s(e l6 )\ < 4 for 0 < 6 < n and |s(e 26> )| < 9 for n < 0 < 27 r, \g(e l6 )\ = 


\s{e te )s{e~ ie )\ = \s(e l6 )\ \s(e l ^ 27r ~ e ^)\ <4x9 or 9x4 according to whether 
0<0<7roi7T<0< 27 r. Thus, |g(e z6> )| < 36 for all 0 < 6 < 2i r. Now, by the 
Maximum Modulus Principle, |g(0)| < \g(e z6 )\ for some 0, so |g(0)| < 36; 
i.e., |s(0)| 2 < 36, and hence |s(0)| < 6. 

23 . 12 . 1 + zf(z) + z 2 f(z) = 1 + a o zj+1 + X+lo a j zj+2 = 1 + * + 

= l + £ + ^°l 2 Hence, l + £/( 2 :) + 2 ; 2 /(T) = f(z). 

23 . 13 . Show that f(z) = 1 + 2z + zf(z) + z 2 f(z). 

23 . 14 . Use results of Lecture 22. For (a) and (b), expand each function in 
the power series. 


Lecture 24 

Taylor’s Series 


In this lecture, we shall prove Taylor’s Theorem, which expands a given 
analytic function in an infinite power series at each of its points of analyt- 
icity. The novelty of the proof comes from the fact that it requires only 
Cauchy’s integral formula for derivatives. 

Theorem 24.1 (Taylor’s Theorem). Let / be analytic in a 
domain S and let at zq G 5, B(zo, R ) be the largest open disk in S. Then, 
/ has the series representation 


£( \ , /'(To)/ \ f"(z o) / \ 2 , f^\ z o)/ n 7 

f( z o)+ 1t (z zo)~\ t ^7 — (Z-Z o) +••• = 2^ 77 ( z ~ z o). 


f( z ) 


1 ! 


2 ! 


j= o 


3 


(24.1) 

which converges for all z G B(zq,R). Furthermore, for any 0 < r < R, 
the convergence is uniform on the closed disk B(zo,r). The series (24.1) is 
called the Taylor series of f at zq. 

Proof. Let z G B(zo, Rf) i and let /a denote the distance between z and 
z o; i.e., \z — zo\ = (Jb. Clearly, 0 < /a < R. Let v be such that 0 < /a < v < R, 
and let 7 be the positively oriented circle |£ — zq\ = v. For a point ( on 7 , 


we define w = (z — zo)/(C — ^ 0 ) so that 
Thus, in view of Example 23.1, we have 


w 


z 


z o\/\£ - Zo\ = ll/v < 1. 


1 


1 


1 


1 


t-Z (C - Zo) - (z - Zq) C - z 0 1 


w 


1 00 

s U 3= 0 




which is the same as 

/(C) ( Z Z o) j 

c-z ~ fr' 0 T ^ ) (t-z 0 y+ 1 


uniformly in ( on 7 . 

Now, from Theorem 22.5 and Cauchy’s integral formula for derivatives 
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(18.4), we find 


m = 


i f /(C) 

27 ri Jy ( - Z 


d( = 


1 


OO 


E 


/(C) 


2iri e tt'AC- z 0 ) j+1 


(z - z 0 ) : dC 


OO r 


7 i=0 

1 


/(C) 


_27u y (c - 2o) i+1 


E 

j=o 




d( 


{z - z 0 y 


1=0 


r- 


It is clear that the radius of convergence of (24.1) is at least R. This in 
turn implies that the power series converges uniformly on every closed disk 
B(zo,r), where 0 < r < R. I 

Remark 24.1. Taylor’s series (24.1) with zq = 0 reduces to 



(24.2) 


This series is called the Maclaurin series of /. 

Remark 24.2. In view of Theorem 23.2, Taylor’s series (24.1) in 
B(zo,R) can be integrated as well as differentiated any number of times 
term-by-term. The radius of convergence of each differentiated series is 
also R. 


Theorem 24.2 (Uniqueness of Taylor Series). If f(z) = 

Vy, Uj ( z — Z(,) J for all z E B(zq,R), then the series is the Taylor series of 
/ at 20 - 

Proof. From Corollary 23.3 and Remark 23.1, it follows that aj = 

f (j) {z 0 )/j\, j = 0, 1,---. I 

Remark 24.3. The function f(z) is analytic at zo if and only if it can 
be expanded in Taylor’s series at zq. 


Theorem 24.3. Let / and g have Taylor’s series expansions f(z) = 
J2T=o a j( z ~ z o)y \ z z o\ < R\ andp(z) = J27=o b j( z ~ z o) J > \z-z 0 \<R 2 m , 


here a 3 = f^\zo)/j\ and bj = g^(zo)/ j\. Then, the following hold: 

(i). a/(z) = YITLo aa j( z ~ z o)y \ z ~ z o\ < Ri, where a e C is a constant. 


>oo 

' 3=0 ? 

Cj = X)i=0 a j-kbk = X)fc=0 a kbj-k 


(iii). f(z)g(z) = T,?=o c j( z ~ z o) j , 


ZoV, 

Z~ Zq 

z - Zq 

< R 
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Example 24.1. Calculating the derivatives of all orders at zo = 0 of 
the entire functions e z , cos z, sin z, coshz, sinhz, we obtain the following 
Maclaurin series expansions, which are valid on z < oo : 


z 2 z 3 


oo 


e _ i + z+ _ + _ + 


z 2 z 4 z 6 

cos z = 1 - H r r + 

2! 4! 6! 


z 3 z 5 z 7 

sm z = z rH r r + 

3! 5! 7! 


~2 4 6 

cosh z = 1 H H H r + 

2! 4! 6! 


z 3 z 3 z 7 

8inhz = *+3! +5! + 7! + 


= V- 

j\ ’ 

i=o J ' 


3 


oo 


= E*- 1 ) 
1=0 


3 


■ Z 


2 3 


oo 


= Ei- 1 )' 

3=0 


,2j + l 


Z 


(2 j + 1 )! 


°° z 2j 


E 


00 z 2j + 1 


E 


Um+iy- 


(24.3) 


(24.4) 


(24.5) 


(24.6) 


(24.7) 


( p 

Example 24. 2. Clearly, —(1 - z) 1 = j!(l - z) 

dz J 

these at z = 0 gives the Maclaurin series expansion 


-j- 1 


Evaluating 


1 


1 -z 


2!z 2 3!z 3 

= 1 + ^+— - + — w + 


oo 


2 ! 


3! 


E* 

3=0 


3 


(24.8) 


This is the geometric series, which is valid for |z| < 1. 

Example 24.3. The consecutive derivatives of Logz are 1/z, — 1/z 2 , 
2/z 3 , • • • ; in general, 


d J Logz 

dzi 


= (- 1 ) J+1 (i - l )\z \ j = 1,2 ,---. 


Evaluating these at z = 1, we find the Taylor series expansion 


Log z 


n , ,, (z- l) 2 n ,(z- l) 3 0 ,(^-l ) 4 

0 + (z - 1) - v ’ + 2 !- — - - 3!- — 7; — - — + 


OO 

E 

l=i 


2 ! 

(-ip + 1 (z- iy 

j 


3! 


4! 


(24.9) 

This is valid for | z — 1 1 < 1, the largest open disk centered at 1 over which 
Logz is analytic. 


Example 24.4. From Example 24.1, the following expansions follow 
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on 


z 


< oo : 


cos z + i sin z = (1 


z 2 z 4 

2\ + 4[ 


-hi z 


z 3 z 5 

3! + 5! 


^ . z 2 .z 3 z 4 

1 “j - %Z — — ~ — % — - ~h — 7 

2! 3! 4! 


. ( iz ) 2 (iz) 

1 + iz + + 


2 ! 


3! 


z 

+ 1 — — ' 

5! 

(iz) 4 

+ - — — + 
4! 




sm z • cos z 


z 3 z 5 z 7 
2 “ 3! + 5! ' 7! + 

1 1 



z 1 z A z 6 

_ 2!" + 4\ ~ 6\ + 


1 1 1 


1 


z 


3! + 2 ! 2 + l5! + 3!2! + 4! ' Z ' 


1 11 11 1 
7! + 5! 2! + 3! 4! + 6! 1 2 + 


,7 


4 3 

Z 7 Z + , 

3! 5! 


16 5 64 _ 

2 - Y\ z + 


l 


= -sin2z. 
2 


Example 24.5. (a). Differentiate (24.8) term-by-term to get 


1 


oo 


(1- + 


= 1 + 2z + 3z 2 + 


E ( 3 + l ) z \ 

j=0 


Z 


< 1 


(b). Write 1/(9 + z 2 ) = 1/ [9(1 — re)], where w = — z 2 / 9. Thus, as long 
\w\ < 1; i.e., | — z 2 / 9 1 < 1 or |z| < 3, we have 


1 


1 


oo 


9 + z : 


= ^ = ^E 


oo / o \ n 
1 / Z^ X 


1=0 


9 


1=0 


9 


(c). Use partial fractions to obtain 


1 


1 


1 


1 


(z — 3)(z — 2) z — 3 z 

If 1 \ If 1 


2 \ 1 — z/2 ) 3 \1 -z/3 


oo 


oo 


3=0 


3 ^ V3 

j=0 


oo 


E 

3=0 L 



1+1 



1 + 1 ' 


z~ 


z 


< 2 . 


as 


z 2 — 5z + 6 
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Example 24.6. Find the first few terms of the Maclaurin series for 

sin z 


oo 


tan z. Let tan z = 


7r/2, we have 


cos z 


CjzT In view of Theorem 23.3 (ii), for 

3 = o 


z 


< 


z 


z 3 z 5 

3! + 5! 


2 2 Z 4 

~ ll_ 2! + 4! 


Cq T Ci z -j- I C 2 


• • (co + c\z T c 2 z 2 + c 3 z 3 H ) 

c 0 \ 2 , ( C 1 \ 3 I ( C 2 , c 0 \ 4 

2! ) Z + \ C3 ~^) Z + l C4 “ 2! + 4[’^ + 


Thus, Co = 0, ci = 1, c 2 — cq/2 = 0, and hence c 2 = 0, c 3 — c\/ 2 
and hence C3 = 1/3, C4 — ( c 2 /2 ) + (cq/24) = 0, and hence C4 
Therefore, it follows that 


1 / 6 , 


= 0, 


1 o 2 , 

tan z — z H — r H z b -j- 

3 15 


Example 24.7. Consider the function f(z) = (1 + 2 z) / (z 3 + z 4 ). We 
cannot find a Maclaurin series for f(z) since it is not analytic at z = 0. 

1 ( 1 


However, we can write f(z) as f(z) = 


2 - 

2° V 1+Z 


a Taylor series expansion around the point z = 0. Thus, when 0 < 
it follows that 


Now 1/(1 + z) has 
z < 1, 


/(*) 


1 




(2 — 1 + 2 : — V + V — V + V — z 6 H ) 


111 , , 

— H — hi — z z — z + 

z 


Problems 


24.1. Find the first four terms of the power series expansions about 

z = 0 of the following functions: 

z 1 z 1 

(a). — -, (b). — — -, (c). (d). —= — -, (e). secz. 


z 2 + 3 


Z' 


Z' 


z 2 - 2z + 2 


24.2. Show that, for any constant zo G C, 

{z - z 0 ) J 


(a). e z = e z ° 


00 

E 

3 = 0 




z 


< 00 . Hence, deduce that e Zl+Z2 = 


e Zl e z 2 


(b). sin z = sin z 0 cos(z — zq) + cos zq sin(z — zq) 
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(c). cos z = cos zq cos (z — zo) — sin zo sin(z — zo) 

24 . 3 . Show that 


1 


oo 


(a). — g — y~](j + 1 )(z + 1 y , jz + 1| < 1, 

z z z — ' 


j=o 


(b) 


sin 3 z 


(c) 


1-z 


= pi 3 ( 1- 9J ) 2.7 + 1 

frC 4 (2j + 1)! 

= i + 2z + L 2 + L 3 + • • • , 


z < oo, 


z 


< 1. 


24 . 4 . For the function g(z) defined in (18.7), show that 


oo 


g(z) = £(-1)- 


z 


2 j 


3 = 0 


(2J + 1)!’ 


zeC. 


Hence, deduce that the function g(z) is entire. 

24 . 5 . Expand sinhz in Taylor’s series at zq = 7 ri, and show that 


smh z 
lim ; 

z^7ri Z — 7Ti 


= - 1, 


23 . 6 . The error function erf (z) is defined by the integral erf(z) 

2 


f Z 2 

= / e~ t dt. Find the Maclaurin series for erf(z). 

' Jo 

23 . 7 . The Fresnel integrals C(z) and S(z) are defined by 

C(z) = f cos (£ 2 )d£ and S(z) = f sin (£ 2 )d£ 

Jo Jo 


Use /(z) = C(z) + iS(z) = / to compute the Maclaurin series for 

Jo 

ZO)- 

24 . 8 . Suppose that an entire function /(z) satisfies |/(z)| < &|z| J ' for 
sufficiently large |z|, where j is a positive integer and k is a positive constant. 
Show that / is a polynomial of degree at most j. 


24 . 9 . Let /(z) be an entire function such that lim^oo /(z)/z 
Show that /(z) is a constant. 

24 . 10 . Bernoulli’s numbers Bk are defined as follows: 


= 0 . 


Bo — 1, B[ — — B 2 j+i — 0, j — 1,2, 
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2 2j 

~Y 



B 2 j + 


2 2j 



B 2 j—2 + ’ • ’ + 


1 


2j + l 


Bn — 1 , 



Extend the method of Example 24.6 to show that 

z 


oo 


(a). 


e z - 1 


Bq + B\z + ^ ( 


EL z *3 


3 = 1 


(2j) 


Z 


< 27T, 


°° jr 

(b). zcotz = B 0 + J2(-iy 


3 = 1 


z 


< T 


(c). tana = E(-ir l 2a,( p~| 1>B2 ^ 2> - 1 , 


z 


< tt/2, 


(d). aaec^Bo + g];-!^ ^-^ ^, 


1 = 1 


z 


< 7 r. 


24.11. Euler’s numbers E are defined as 

Bo = 1, ^2j+i = 0 , J = o, 1,2,---, 

0 ) + (? ) E2j ~ 2 + " ' + (2 j) = °’ j = lj 2 ’ 

Extend the method of Example 24.6 to show that 


oo 


— 771 

sedi* = ^0 + E 


z 


< 7t/2. 


24.12. The Legendre polynomials Pj(£), j = 0, 1,2, ••• are defined as 
the coefficients of z J in the Maclaurin expansion of 


00 


( 1-2 ^z + z 2 )- 1 / 2 = J2 p j(Oz j - 

3=0 

Show that Pj (£) is a polynomial of degree j, and compute P } (£), j 

0,1, 2, 3, 4, 5. 


24.13 (Parseval’s Formula). Let /(z ) = Y2j=o a j( z ~ z o) J be Taylor’s 

expansion of the analytic function /(z) on B(zo,R)- Show that, for any 

0 < r < R, 

>2tt 


00 

E 

l=o 


a l 


2 r 2j = 


1 


|/(z 0 + re lt )\ z dt 


2n 
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24.14. Suppose that f(z ) is analytic in an open set containing the closed 
unit disk \z\ < 1, and suppose that I f(z) < 1 for all \z\ = 1. If f ( 1/2) = 0, 
show that |/(3/4)| < 2/5. 


24.15. Let cii(z), i = 1, 2, • • • , n be analytic functions in a disk B(zo, R). 
It is known that the initial value problem 


d n f d n ~ 1 f df 

f(zo) = a 0 , f'(zo) = «i , • • • , / (n_1) (^o) = «n-i, 


has a unique solution, which is analytic in B(zo,R). Use Taylor’s series to 
compute the solution of the following initial value problems: 

(a) - f - if = 0, /( 0) = 1, 

(b) . f" + f = 0, /( 0) = 0, /'( 0) = 1, 

(c) . /" + / = 0, /( 0) = 1, /'(0)=0. 


24.16. Let g(t) be a continuous complex- valued function of a real vari- 

n7 r 

able on [0, 7r] . Show that the function f(z) = / g(t)sm(tz)dt is entire, 

Jo 

and find its power series around the origin. 


Answers or Hints 



/j\ 1 l/2i 1/2 i i 1 _i_ i 1 

' L z 2 -2z-\-2 z — (1-H) z—(l—i) 2(l+i) z/(l-\-i) — l 2(1— i) z/{l — i) — 1 


- T (/ + 1+7 + (i+i) ■+ ) + U + ri + (i=i) ■+ ^ 

= Uf + T+ bz 3 H , (e). 1 + \z 2 + Jjz 4 H . 

24.2. (a). Let f(z) = e z . Then f^\z) = e 2 , and hence f(z) = f(zo) + 

~ zo) + f ^ ( z ~ z o) 2 ^ = e Zo + e Zo (z - z 0 ) + e z ° H . 

Now, since e ZlJrZ 2 = 1 + (z\ + Z 2 ) + — h • • • = Y^jLo an d 

e 21 = Xqio e * 2 = Y^jLo fh it; follows that e 2l e 22 = 

{\^3 1 1 J-k k\ _ J_ (- xU j! J-k k\ 

l^j=0 yi^k=0 (j-k)\ k'. 1 ^2 J — l^j = 0 j! ^Z^fc=0 (j — k)\k\ U ^2 ) 

E oo ( 21 + 22 )^ 

j =0 j! 
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(b). Let f{z ) = smz. Then f'(z) = cos z, f"{ z ) = — sinz, •••, and hence 
sin z = sin zq + CQ 1 S , 2 ° (z — zq) — S1 T Z ° (z — zq) 2 + co ^ z ° [z — zq) 3 — • • • 


= Sin Zq 


1! 

^ _ (Z-Z 0 ) 2 _j_ (z-ZqY 


+ COS Z, 0 


2 ! 1 4 ! 

= sinzo cos(z — zo) + coszo sin (z — zo). 

( \ (z — Zq) • (z — Zn) 2 

(c). COS Z = COS Zo — v C1 " ~ 1 — 


(z - z 0 ) - ^-yr~ + 


ii sin zo 2! 

= cos zo cos (z — zo) — sin z , o sin(z — zo). 

24.3. (a). \ -Tzzyry) -1 - (z 1) - (z l) 2 


, (z — Zo) 3 • 

cos zo + - — 3 r — sin zo 


i-O+i) 


, (b). sin 3 z = 

3 

37 


| sin z — \ sin 3z, (c). fZ = (1 + z + ^ 2 + ^ 3 H )(1 + ^ + fr + §r 4 ) = 

l + (l + l)z+(l + | + l)z 2 + (l + | + i + l)z 3 + --- = 1+2 ^+|z 2 + |z 3 + ---. 

24.4. Use (24.5). Since g(z) is represented by a convergent power series 
for z E C it is entire. 

24.5. For even jf, ( 7 ri) = sinh 7 ri = i sin 7r = 0, and for odd j, (7 ri) = 

cosh 7 ri = cos 7 r = —1, so 


smh z = 2 ^. 


3 = 0 


(z — 7fi) 2j + 1 

WTTJi 


z 


< C X) , 


in particular, 


lim 


z^-iri 


sinh z 
z — 7ri 


EZ 


j=0 


lim 


z^-iri 


(z — TTl) 2 ^ 

(27+1 y . 


1 


since the convergence is uniform on B(ni, r) for any r E ( 0 , 00). 


^oo 




2 


z| < 00 , and the convergence is uniform 


24.6. Since e z = J2j=o y 
on B(ni,r) for any r E (0, 00 ), term-by-term integration gives 


,00 (-1 y z 2j+1 


z 


< 00. 


er f ( z ) - -T z 

z| < 00 , and the convergence is uniform 


^oo ( iz 2 y 


24.7. Since e lz = Ej=o j 
on B{m,r) for any r € (0, oo), term-by-term integration gives 


f(z) = E 


OO 


i j z 2j+1 


Z 


0=0 j\ (2J+1) ’ 

24.8. Taylor’s expansion of / at 0; i.e., /(z) 


< oo. 


^Zj^o a o z3 ^ as infinite 

radius of convergence; here dj = y 0) = jj ^jrrdz and 7 # is a 


j! ^ v / j\ 2iri Jj R 

positively oriented circle of radius R around 0. Clearly, for large R , 


h fc R Id m+l ^Z < y k B£+T 2n R - TllUS > l« 


R 3 


m 


< 


k 


ftm — j 


0 as R 


U j rn Si 
00 for 


m > j, and hence a m = 0 for m > j. So, / is a polynomial of degree < j. 

24.9. Observe that |/(z)| < k\z\ for large \z\. Now use Problem 24.8. 

24.10. Similar to 24.11 below. In part (a), first note that z / (e z — 1) — B\z — 
z(e z + S)j[e z — 1) is an even function. 

24.11. Since cosh z is an even entire function whose zeros are (2 fc + 1 )ttz / 2 , 
fc E Z, the function /(z) = sechz = 1/ coshz is analytic in F>(0,7 t/2 ) and 

even, so it has the Taylor series expansion f(z) = ^2JLo (FpT z2j ’ l z l < 

where bj = 0). Then 
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1 = /(z) cosh z 


zr= 


3=0 (2 j)\ 


Z 


2 j 




z 


2 j 


\ J 


3 = 0 (2 j)! 
bj — k 


E oo ^ 

3=0 [2^k=0 [2{j — k)]\ (2k)\ 

— v°° ( 2j )b- u 

Z^7=0 l^k=0 \2k) u J~ k 


Z 


2 j 


2 j 


(2j)! 


and hence 6 0 = 1, X/Lo ilk) b J~ k = °’ / — ^ so b j = ^2j 


24.12. If |£| < r, where r is arbitrary, and |z| < (1 + r 2 ) 1 / 2 — r, then it 
follows that |2£z — z 2 | < 2|£| \z\ + |z 2 | < 2r(l + r 2 ) 1 / 2 — 2r 2 + 1 + r 2 + r 2 — 
2r(l + r 2 ) 1 / 2 = 1, and hence we can expand (1 — 2 + z 2 ) -1 / 2 binomially 
(see Problem 23.7) to obtain [1 — z(2£ — z)] -1 / 2 = l-f-4£(2£ — z)-f-7> |z 2 (2£ — 

z ) 2 + • • • + l '2 /[- 2 {2j) ^ z ' } ( 2 £ — Z Y + • • • • The coefficient of z J in this expansion 

is 

1 .3. • • • (2j — 1) / oy\ j 1.3.---(2j — 3) ( J — 1 ) / nd\j — 2 _i_ 1-3- • -(2j — 5) (j — 2) (j — 3) / o £\ j —4 

2.4.---(2j) 2.4---(2j— 2) 1! + 2.4---(2j-4) 2! 


1 ■ 3 • • • ( 2 j — 1 ) 
j! 


C- 


JO’- 1 ) 


e '- 2 + 


j(i-l)(j-2)(j-3) t7 -_4 


e '-••• =Pj(0 


(2j-l)1.2‘> 1 (2j-l)(2j-3) 2.4 

p 0 (o = i, Pi(o = c, p 2 (o = |(3e 2 - 1), p 3 (o = 2(^ 3 - 3 o> m) = 

i(35£ 4 -30£ 2 + 3), P 5 (£) = i(63C 5 -70C 3 + 15C). 

24.13. Let z be on the circle of radius r with center at zq- Since z = zo~\-re lt , 
where 0 < t < 27 r, /(z) = Yl C jLo a j r ^ e 1 ^ . Thus, |/(z)| 2 = /(z)/(z) = 

zr=i aja^r^ k e 1 ^ . Now integrate this term-by-term. 

24.14. Clearly, lim. 


G->- 1/2 


(2-z)f(z) _ (2—z)(f(z) — f(l/2)) 


2z—l — —z^i/z 2(2 — 1/2) “ (3/4) x 

/ / (l/2). Consider the function g(z) = , z 7^ 1/2 and g(z) = 

(3/4) /'( 1/2), z = 1/2. Since /(z) is analytic, in a small neighborhood 
around z = 1/2 we have /(z) = / 7 (l/2)(z — 1/2) + ^ n >2 a n(^ — l/2) n . 

Hence, lim„ 1/3 = lim 


iTl 1 


z^l/2 


z- 1/2 


= — (l/2)/ 7 (l/2) + U2- So, g 7 (l/2) exists and clearly g 7 (z) exists at z 7^ 1/2. 
Thus, g(z) is analytic on |z| < 1. Applying Theorem 20.2 to g(z) on |z| < 1, 


we have \g(z)\ < max w=1 |^(or)| = 12 4Air~ - 


|a — 2| 
2a — 1| 


Z 


= 1 (see Problem 
< 1. In particular, 


3.5 with a = 1, b = —2). Therefore, |g(z)| < 1 for 
|^(3 / 4) | < 1, which implies |/(3/4)| < 2/5. 

24.15. (a). e 22; , (b). sinz, (c). cosz. 

24.16. For fixed z G C, Lemma 22.1 ensures that the series c/(t ) sin(tz) — 

EjLoi- 1 ) 3 ^+i)! ffft) conver g es uniformly on [0, tt] . Now, by Theorem 
22.5, we can use term-by-term integration to obtain 

m = et= o (fL-o 3 z v+\ 

which is a power series in z. Clearly, this series converges for all z, and 
hence in view of Theorem 23.1, /(z) is entire. 


Lecture 25 

Laurent’s Series 


In this lecture, we shall expand a function that is analytic in an annulus 
domain. The resulting expansion, although it resembles a power series, 
involves positive as well as negative integral powers of (z — zo). From an 
applications point of view, such an expansion is very useful. 

Theorem 25.1 (Laurent’s Theorem). Let f(z ) be analytic 
in an annulus domain A = {z : R\ < \z — zo\ < /fe}. Then, f(z) can be 
represented by the Laurent series 



zeA , (25.1) 


where 



(25.2) 


and 



3 = 1 , 2 ,--- 


(25.3) 


and 7 is any positively oriented, simple, closed contour around zo lying in 
A (see Figure 25.1). The second sum in (25.1) is called the principal part 
of the Laurent series. 



A 


Figure 25.1 

Proof. From Cauchy’s integral formula (17.1), we have 



(25.4) 


R.P. Agarwal et al., An Introduction to Complex Analysis, 

DOI 10.1007/978-l-4614-0195-7_25, © Springer Science+Business Media, LLC 2011 
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where 71 and 72 are circles centered at zo contained in A , as indicated in 
Figure 25 . 2 . 



For £ G 72, 


1 


2 ~ Zp 
£ - Z 0 


Figure 25.2 
< 1 and 

1 1 


1 


Z-z 


(£ - zq) - (z - z 0 ) 

1 / 2 - Zo 


£ - 2 0 1 - [(z - Z 0 )/(£ - Zo)] 


3 


E 


“ \t-z 0 


uniformly on 72. Hence, we get 


1 


m 

2 7T* 7 72 £ - 2 


d£ 


1 


2 ttI 


/ /(«) E 7 

J 72 j = 0 VS 


( 2 : - z 0 y 
zo) j+1 


d£ 


OO r 


E 

3 = 0 


00 


1 


/(£) 


_27Ti 7 (£ - zoW 1 


d£ 


(2 - z 0 ) j ( 25 . 5 ) 


Now, for ^ G 71, 


1 


£ ~ Zp 

z - Zo 


J2 a j(z-z 0 y 

j=0 

< 1 and 


1 


1 


1 


z-Z 


(2 - z 0 ) - (£ - z 0 ) 

1 00 / t 

1 x — v / £ — 2 0 


2 - 2 0 1 - [(£ - Zo ) / (2 - Z 0 )] 


E 


2 - ^0 “ V ^ - ^0 

j =0 
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uniformly on 71. Thus, we have 


1 r no 

2 m 7 7l £ - ^ 


dt 


1 


27 ri 




OO r 

E 

3 = 0 L 

OO r 

E 

j=i L 

00 

E 

i=i 


71 

1 

2i7ri 


(£ - gp) j 

-^o ) j+1 




j=o 

non - zo y<% 


71 


1 


1 

2i7ri 


: J /(£)(£ - *o) J ^ 


(z-z 0 )j +i 

1 


(2 - ^o) j 




(2 - 2 0 ) j ’ 


(25.6) 


Combining (25.4)- (25.6) we immediately get (25.1) 


Remark 25.1. 1. If /(z) is analytic everywhere in L>(zo,i?2) except 

at zo, then the Laurent series is valid in 0 < |z — zq| < R 2 ] he., we can take 

R 1 = 0 . 

2. If /(z) is analytic in L>(zo,i?2), then /(£)(£ — ^o) J_1 is analytic in 
5(zo,i^2), so that by the Cauchy-Goursat Theorem (Theorem 15.2), 

= 2 hl mi( ~ z ° y ' ld( = 0 - 

Hence, the Laurent series for /(z) reduces to the Taylor series for /(z). 

3. We can write 


00 

/oo = E a .?v - 

j=-oo 


where 



1 

27TZ 



no 

(C - *o) J+1 



for all j G Z. 


4. If a series aj(z — Zo) J converges to /(z) in some annular domain, 

then it must be the Laurent series for /(z) at zo; i.e., Laurent’s series for 
/(z) in a given annulus is unique. 

5. Laurent’s series of an analytic function in an annular region can be 
differentiated term-by-term. As a consequence, since Logz is not analytic 
in any annulus around 0, it cannot be represented by a Laurent series 
around 0. 


Example 25.1. Expand e 1 /" in the Laurent series around z = 0. Since 



f 2 £ 3 

1 + £+ — + — H 

^23 
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for all (finite) £, if z ^ 0, we let £ = 1/z and find 


11 1 

' X ' z = 1 H V — — — + 7^—7 + ' ' ' , 0 < Z < OC, 


z 2 !z 2 3 lz 3 


Similarly, we have 


1 


1-z 


V- 1 

z \ z 


-1 


1 1 1 


Z Z * Z' 


1 < Z < 00, 


and by term-by-term differentiation, 


1 


1 


(l-z)' 


H — 77 H — j H - • • • , 1 < z < oo 


z 2 z 3 z 4 


Example 25.2. Find the Laurent series for the function (z 2 — 2z + 
7)/(z — 2) in the domain |z — 1| > 1. We have 


z 2 - 2z + 7 
z — 2 


= [( z ~ l) 2 + 6] 


(z - l) 2 + 6] 


1 


(z - l) 2 + 6] 1 


(z-l)-l 


(z-1) 1 


(*-l) 


(z-1) 


1 + 


1 


+ 


1 


+ 


1 


= (z- 


(z — 1) (z-1) 2 (z-1) 3 

7 7 

+ o +•••• 


+ 


(z-1) (z-1) 2 


Example 25.3. Find the Laurent series of e 2z / (z — l) 3 around z = 1 
We have 


,2z 


(z- 1) ; 


,2+2(z-l) 


> 2 (^- 1 ) 


(z — l) 3 (z — 1)' 


(z-1) 3 


1 + 2(z — 1) + 


[2(z — l)] 2 , [2(z — 1)] 


2 ! 


+ 


3! 


+ 


2e 2 2e 2 4e 2 2e 2 

+ 7 7777 + 7 77 ” + — + — (z ~ 1 ) + 


(z-1) 3 (z-1) 2 (z-1) 


Example 25.4. Find the Laurent series of (z — 3) sin l/(z + 2) around 
z = —2. We have 


(z — 3) sin 


1 


z — F 2 


[(z + 2) - 5] 

5 


1 


1 


+ 


1 


= 1 - 


(z+2) 3!(z+2) 3 5!(z+2) 5 

1 5 1 

+ -7” — + 


(z+2) 3!(z+2) 2 3!(z+2) 3 5!(z+2)^ 
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Example 25.5. Expand /(z) = l/(z 2 + l) in a Laurent series in a 
punctured ball centered at z = i (in powers of z — i). We have that 


/(*) 


1 


1 


1 


1 1 


1 


(z + i)(z — i) z — i (z — i) + 2 i z — i 2 i 1 + (z — i)/ 2 i 


i 1 


1 


i 1 


OO r • 


2 z — i 1 — (i/ 2 )(z — i) 2 z — i 


;E 




(z-i) 


-(z — i) 

2 V 

l=o L 

(converges if \i(z — i)/ 2 \ < 1) 


1 = 0 


Z — l 


converges if | i(z — i) / 2| < 1 and z 7^ i; i.e., 0 < 


j= o 


z — % 


< 2 . 


Example 25.6. For the function (6 — a)/(z — a)(z — 6), 0 < |a| < |6 
find the Laurent series expansion in (i) the domain |z| < |a|, (ii) the 


domain a < 


z 


< b |, and (iii) the domain |z| > \b\. Note that 
b — a 1 1 


(z — a)(z — b) 


z — b z — a 


(i). For | z | < |a|, we have 

1 1 


z a 


< 1 and \z/b\ < 1 . Thus, 


1 1 


z — b z — a 


1 1 
+ - 


b 1 — z/b a 1 — z/a 


OO 


OO 


1 \ ~v / Z \ 1 1 \ "\ / Z \ 3 

b^-^\b) + a^-^\a) 

3 = 0 3 = 0 


(ii). For 


a 


< z| < |6|, we have 

1 1 


OO 


E 

3 = 0 


a/z 


1 


1 


a -? +1 61+ 1 


z 


j 


< 1 and |z/b| < 1 . Thus, 
11 11 


(z — b) (z — a) 


b 1 — z/b z 1 — a/z 
y &1+ 1 z^ 1 y 


(iii). For 


z 


> b |, we have 

1 


a/z 

1 


j=o 

< 1 and \b/z\ < 1 . Thus, 

11 11 


(z — b) (z — a) 


z 1 — b/ z z 1 — a/z 

^ / & q 3 \ 

1=0 x 7 
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Problems 


25.1. Expand each of the following functions /(z ) in a Laurent series 
on the indicated domain: 


(a). 


z 2 -2z + 5 (z - 1) 

, 1 < \z\ < 2, (b). v ' 


(z-2)(z 2 + l) 


Z‘ 


z — 1\ > 1, 


(c). Log 


z — a 
z — b 


, where b > a > 1 are real, z > b 


25.2. Find the Laurent series for the function 1 /[z(z 
ing domains: (a). 0 < \z\ < 1, (b). 1 < |z|, (c). 0 < | z 
z — 1|, (e). 1 < \z — 2| < 2. 


1)] in the follow- 
1| < 1, (d). 1 < 


25.3. Find the Laurent series for the function z/[(z 2 + 1 )(z 2 + 4)] in 
the following domains (a). 0 < \z\ < 1, (b). 1 < |z| < 2, (c). |z| > 2. 

25.4. (a). Show that when 0 < \z\ <4, 


1 


1 


oo 


4 z — z‘ 


+ E 


z 


n 


4 z ' ^ 4 n + 2 

n=0 


(b). Show that, when 0 < \z — 1| < 2, 


z 


1 


oo 


(z - 1 )(z - 3) 


3 E 


(z - 1)” 


2(z-l) ^ 2 n + 2 

' n — 0 


(c). Show that, when 2 < |z| < oo, 


oo 


— - — = Ip-l)" 1 

z A + Az 2 z^Z^y *■) U2 

n — 0 ^ 


n 


25.5. Find the Laurent series for the function 1/ 


in the following domains: (a). 0 < 
3, (d). | z | > 3. 


z 


< 1, (b). 1 < 


(z - l){z - 2){z - 3)} 
z | < 2, (c). 2 < |z| < 


25.6. For the series Efc o b j( z ~ z o)~ ‘ J , let r = limsup - 


that 


J^OO 


bj\ l /i . Show 


(a) , if r = 0, the series is absolutely convergent for all z in the extended 
plane except at z = zo, 

(b) . if 0 < r < oo, the series is absolutely convergent for all |z — zo| > r 
and divergent for all | z — zo | < r , and 

(c) . if r = oo, the series is divergent for all finite z. 
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25 . 7 . Show that if the Laurent series oo a j( z ~ z o) J represents an 

even function, then < 22^+1 = 0 , j = 0 , ± 1 , ± 2 , • • • and if it represents an odd 
function, then < 22 j = 0 , j = 0 , ± 1 , ± 2 , 


25 . 8 . Let a j( z ~ z o) 3 converge for |z — zq| < R 2 and a~j(z — 


3 = 1 


zo) 3 converge for 
an analytic function f(z ), 

E7=-oo^-Z0) J - 


z — zq\ > R \ , and i?i < R 2 . Show that there exists 
Ri < z — zo < R 2 whose Laurent series is 


25.9. Determine conditions on aj, j = 0, ±1, ±2, • • • such that the 
Laurent series 00 a j z ^ analytic on the punctured disk 0 < \z\ < 1. 


25 . 10 . Let f(z) be analytic in an annulus domain A = {z : R\ < 
z — zo\ < R 2 } and \f(z)\ < M, z £ A. Show that the coefficients aj and bj 
in the Laurent expansion of f(z) in the annulus A satisfy 


dj 


< 7 b j= 0 , 1 , 2 , ••• and | 6 j | < Mi^, j = 1 , 2 , 
Ro 


25 . 11 . Show that 


exp 




oo 


T Jn(O zTl i \ z \ > 0 


n= — oo 


(25.7) 


where 


MO = (-1 )"J-n(0 


1 


•27T 


27T 


cos(£sin# — n0)d0. 


o 


(25.8) 


The J n (£) are the Bessel functions of the first kind (see Problem 23.6). 
From (25.8), deduce that for z = x a real number \J n (x)\ < 1. 


25 . 12 . Show that 


cosh 




where 


1 


•27 r 


a. 


27T 


cos j0 cosh (2 cos 0)d0. 


o 


Answers or Hints 

25 . 1 . (a). -E“o^72i+ 1 +2E J °2 1 (-l)V2 2 i, (b). - 

l) _i , (c). Log (fEf) = Log (1 - f) - Log (1 - |) = YZfLiiV ~ a j )/U zj )■ 
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25.2. (a), - EJI 0 + (b). E ^2 V+ (+ +r - E^loM)^ “ 

+, (d). e~ 2 (-i)V(^-i) j , (e). E7=i(- l ) j+1 ( z -2)- j +j:T=o(-r j+1 ( z - 

2)i/2i+ 1 . 


25.3. 


(2 2 + l)(2 2 +4) 


2 

3 


z 2 + l 


z 2 + 4 


25.4. (a). 4 ^- 
(b) 


(2-l)(2-3) 

0 2 n + 2 
11 1 


J_ /i _ J_ v-^oo / z ) n _ _L I V^oo 

4^ V 1 4/ — 42; 2^n = 0 V4/ ~ 4z ' 2^n= 

= -^i) + IH) (i 


+ ^ 
o 


0 4 ^+ 2 • 

2-1 Y " 1 


2 (^- 1 ) t 2 (2 — 1 ) — 2 
OO (2-1)" 


2 ( 2 - 1 ) 
( C )- s 4 +4z 2 

25.5. 


z 4 1+4 /z 2 

1 


i i 


OO 

n — 0 


(-i )”U) 
1 +h 1 


n 


(2;-l)(2;-2)(2;-3) 2 2 -l s-2 1 2 *-3 oo • 

25.6. Use the substitution £ = l/(z — zq) 1° obtain the series X+lo • 

For this new series, the radius of convergence is 1/r. 

25.7. See Problem 23.10. 

25.8. Define /(z) as the sum of two series. The result now follows from 
the uniqueness of the Laurent series. 

25.9. £7= -oo a j z J mus t converge for all z ^ 0 , and a o z ' 7 mus f con_ 


verge on the disk |z| < 1 , lim sup • 


d-j 


1 / J = 0 , and lim sup ■ 


a j 


Vi < 

CJ ' > ± j — t CXJ ” J - ? r j — t CXJ j 

1 . 

25.10. Let 7 = and R\ in (25.2) and (25.3), respectively, and follow as 
in Theorem 18.5. 

25.11. To show J n (£) = (— l) n J_ n (£), replace z = — 1 /s in (25.7). Let 
7 : \z\ = 1. Then, from Examples 14.6 and 16.1, it follows that J n (£) = 


2 w? fj exp §(*-j) 


d 2 ; 


2; 


n + 1 


. Now let z 


_ ^<9 


25.12. Use Laurent expansion to obtain cosh(z + z x ) = X+l-oc a j zJ \ an d 
note that aj = d-j. 


Lecture 26 

Zeros of Analytic Functions 


In this lecture, we shall use Taylor’s series to study zeros of analytic 
functions. We shall show that unless a function is identically zero, about 
each point where the function is analytic there is a neighborhood through- 
out which the function has no zero except possibly at the point itself; i.e. , 
the zeros of an analytic function are isolated. We begin by proving the 
following theorem. 

Theorem 26.1. Let f(z ) be analytic at zq. Then, f(z ) has a zero of 
order m at Zo if and only if f(z ) can be written as f(z ) = (z — zo) m g(z), 
where g(z) is analytic at zq and g(zo) ^ 0. 

Proof. Since f(z) is analytic at zo, it can be expanded in a Taylor 
series; i.e., f(z) = '^2jLo a j( z ~~ z o ) J on some disk B(zo,R)] here dj = 

j = 0,1,2,-... If f(z) has a zero of order m at zo, then 
fW(z 0 ) =0, k = 0, 1, • • • , m — 1 and f^ m \zo) ^ 0 (recall the definition in 
Lecture 19). Thus, it follows that = d\ = • • • = a m _i = 0, a m y 0, and 
hence the Taylor series reduces to 

f(z) = a m (z - zo) m + a m+1 (z - z 0 ) m+1 -f 

= (z- z 0 ) m [a m + a m +i(z - z 0 ) + a m + 2 (z - z 0 ) 2 H ] , 

which is the same as f(z) = (z — zo) m g(z), where g(z) = a j ( z ~ 

z o y- m is analytic on \z — zo\ < R and g(zo) = dm y 0. Conversely, let 
f(z) = (z — zo) rn g(z). Since g(z) is analytic at z, o, it has a Taylor series 
expansion g(z) = J2jZo^j( z ~ z o) J \ and since g(z o) ^ 0 it follows that 
bo y 0. Thus, we have 

oo 

f(z) = b 0 (z - z 0 ) m + b^z - z 0 ) m+1 + ■ ■ ■ = ^(z - z 0 ) m+j , 

3=0 

which implies that f(z) has a zero of order m at zq. I 

Corollary 26.1. Let f(z) and g(z) be analytic at zq. If f(z) has a zero 
of order m at zo and g(z) has a zero of order n at then f(z)g(z) has a 
zero of order m -f n at zo . 

Example 26.1. (i). The zeros of the function sinz, which occur at 

integer multiples of i r, are all simple (at such points, the first derivative, 
cos z, is nonzero). 
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(ii) . In view of Problem 24.4, the function g(z) defined in (18.7) has no 
zero at 0. 

(iii) . Since 


fi(z) = z 2 sinz 



3! 5! 

z 2 z 4 

3[ + V 


/i(z) has a zero of order 3 at z = 0. 

(iv). Since 


/2(z) = zsinz 2 



z 6 z 10 

3! + "5T 

z 4 z 8 

3! + V 




1 



1 


/ 2 (z) has a zero of order 3 at z = 0. 

Corollary 26.2. If /(z) is analytic at Zo and /(zo) = 0, then either 
/(z) is identically zero in a neighborhood of zo or there is a punctured disk 
about Zo in which /(z) has no zeros. 

Proof. Let Yl^Lo a A z ~ ^o) J the Taylor series for /(z) about zq. 
This series converges to /(z) in some neighborhood of zq. So, if all the 
Taylor coefficients cij are zero, then /(z) must be identically zero in this 
neighborhood. Otherwise, let m > 1 be the smallest subscript such that 
a m 7 ^ 0. Then, /(z) has a zero of order m at zo, and so the representation 
f(z) = (z — zo) m g(z ) by Theorem 26.1 is valid. Since g(z o) ^ 0 and g(z) 
is continuous at zo, there exists a disk B(zo,S) throughout which g(z) is 
nonzero. Consequently, f(z) ^ 0 for 0 < \z — zo\ < 5. I 

Thus, for a function f(z) that is analytic and has a zero at a point zq 
but is not identically equal to zero in any neighborhood of zo, the point zo 
must be a zero of some finite order; and conversely, if zo is a zero of finite 
order of /(z), then f(z) ^ 0 throughout some punctured neighborhood 
N e (zo) = {z : 0 < \z — zq\ < e} of zq. Thus, a finite-order zero of f(z) is 
isolated from other zeros of f(z). 

Corollary 26.3. Suppose f(z) is analytic on a region 5, and { z n } is an 
infinite sequence of distinct points in S converging to a £ S'. If f(z n ) = 0 
for all n, then f(z) is identically zero on S. 

Proof. Since f(z) is continuous, 0 = lim n ^ 00 f(z n ) = /(a). We claim 
that f(z) is identically zero in some neighborhood of a. In fact, if f(z) ^ 0 
in some punctured neighborhood iV e (a), then, from the definition of the 
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limit, for sufficiently large n, there exists z n E N e (a) such that f(z n ) = 0. 
The rest of the proof is exactly the same as that of Theorem 20.1 (recall 
Figure 20.1). I 

Corollary 26.4. If a function f(z ) is analytic on a domain S and 
f(z) = 0 at each point z of a subdomain of S or an arc contained in S, then 
f(z) = 0 in S. 

Now suppose f(z) and g(z) are analytic on the same domain S and that 
f(z) = g(z) at each point z of a subdomain of S or an arc contained in S. 
Then, the function h(z) defined by h(z) = f(z) — g(z) is also analytic on 
S and h(z) = 0 throughout the subdomain or along the arc. But then, in 
view of Corollary 26.4, h(z) = 0 throughout S; i.e. , f(z) = g(z ), z E S. 
This proves the following corollary. 

Corollary 26.5. A function that is analytic on a domain S is uniquely 
determined over S by its values over a subdomain of S or along an arc 
contained in S. 

Example 26.2. (i). Since sin 2 x + cos 2 x = 1, the entire function 

f(z) = sin 2 z-f-cos 2 z — 1 has zero values along the real axis. Thus, Corollary 
26.4 implies that f(z) = 0 throughout the complex plane; i.e., sin z + 
cos 2 z = 1 for all z. Furthermore, Corollary 26.5 tells us that sinz and cosz 
are the only entire functions that can assume the values sinx and cosx, 
respectively, along the real axis or any segment of it. 

(ii) . We can use cosh 2 x — sinh 2 x = 1 to show that cosh 2 z — sinh 2 z = 1 
for all complex z. 

(iii) . We can use sin(xi x 2 ) = sinxi cos X 2 + cosxi sinx 2 to show that 
for all complex zi, sin(zi F x 2 ) = sinziCOSX 2 + coszisinx 2 , and from 
this deduce that sin(zi + Z 2 ) = sinzicosz 2 + coszisinz 2 for all complex 
numbers z\ and Z 2 . 

(iv) . We can use e Xl + X2 = e Xl e X2 to show that e ZlJrZ2 = e Zl e z 2 for all 
complex numbers z\ and Z 2 . 

Corollary 26.6. If a function /(z) is analytic on a bounded domain 
S and continuous and nonvanishing on the boundary of 5, then /(z) can 
have at most finitely many zeros inside S. 

Proof. Suppose that /(z) has an infinite number of zeros inside S. 
Since S is closed and bounded, in view of Theorem 4.2, there is an infinite 
sequence of zeros {z n } that converges to a point a E S. Now, since /(z) is 
continuous on S', f (of) = lim n ^ 00 f(z n ) = 0, and since f(z) is nonvanishing 
on the boundary, a must be inside S. But then, by Corollary 26.3, f(z) is 
identically zero on S, and since f(z) is continuous it must be zero on the 
boundary of S also. This contradiction completes the proof. I 
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From Corollary 26.6, it follows that an analytic function can have an 
infinite number of zeros only in an open or unbounded domain. From 
Corollary 26.6, it also follows that an entire function in any bounded part 
of the complex plane can have only a finite number of zeros. Thus, all 
the zeros of an entire function can be arranged in some kind of order, for 
example in order of increasing absolute value. In the extended complex 
plane, an entire function can have only a countable set of zeros, and the 
limit point of this set is the point at infinity of the complex plane. 

Extension of known equalities from real to complex variables as in Ex- 
ample 26.2 can be generalized to a broader class of identities. In the follow- 
ing result we state such a generalization for an important class of identities 
that involve only polynomials of functions. 

Theorem 26.2. Let P(/i, • • • , f n ) be a polynomial in the n variables 
/j, j = 1 , • • • , n, where each f 3 is an analytic function of z in a domain S 
that contains some interval a < x < b of the real axis. If for all x G (a, b) 

(x)) = 0 , 

then for all z G S 

,fn(z)) = 0. 


Proof. Clearly, the function P(fi(z), ■ ■ ■ , f n (z)) is analytic in S and 
vanishes over an arc in S. The result now follows from Corollary 26.4. I 


We conclude this lecture by proving the following result. 


Theorem 26.3 (Counting Zeros). Let f(z) be analytic inside 
and on a positively oriented contour 7 . Furthermore, let f(z ) 7 ^ 0 on 7 . 
Then, 


1 

27 ri 




(26.1) 


holds, where Zf is the number of zeros (counting with multiplicities) of 
f(z ) that he inside 7 . 


Proof. The function f'(z)/f(z) is analytic inside and on 7 except at the 
zeros < 21 , • • • , an of f(z ) lying inside 7 . Suppose mi, • • • , mu are the respective 
multiplicities of these zeros. Then Zf = m\ + • • • + rri£. In view of Theorem 
26.1, we can find disjoint open disks 5 (^, 7 ), k = 1, • • • and analytic 
nonzero functions gk(z) in B(cik,rk) such that 


f(z ) = (z - a k ) mk g k (z), zeB(a k ,r k ). (26.2) 

Thus, we have 

f'( z ) = g'k(z) 

f(z) z-a k gk(z) ’ 


z € B(a k ,r k )\{a k }. 


(26.3) 
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Consider the function 


F(z) 



i 

z?\J B(a j ,r j ), 

1 = 1 

2 € B(a k ,r k ), k = 


Clearly, F(z) is analytic inside and on 7 , and hence / F(z)dz 
fore, from Theorem 16.2 and Example 16.1, it follows that 


0. There- 



which is the same as (26.1). 


i 

E rrij 

l=i 


27 viZf, 


Problems 

26 . 1 . Locate and determine the order of zeros of the following functions: 

(a). e 2z — e 2 , (b). z 2 smh.z, (c). z 4 cos 2 z, (d). z 3 cosz 2 . 

26 . 2 . Suppose that f(z) is analytic and has a zero of order m at zq. 
Show that 

(a) . f'(z) has a zero of order m — 1 at zq. 

(b) . f'(z)/f(z) has a simple pole at zq. 

26 . 3 . Find an entire function f(z) with prescribed distinct zeros • • • , z k 
with multiplicities mi, • • • , m^, respectively. Is f(z) uniquely determined? 

26 . 4 . If f(z) is analytic on a domain S and has distinct zeros z \ , • • • , z k 
with multiplicities mi, • • • , m k , respectively, show that there exists an ana- 
lytic function g(z) on S such that f(z) = (z — zi) mi • • • (z — Zk) mk g(z). 

26 . 5 . Suppose that f(z) and g(z) are analytic in a region S and f(z)g(z) 
is identically zero in S. Show that either f(z) or g(z) is identically zero in 

S. 
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Answers or Hints 

26.1. (a), z = 2/c7rz, k = 0, ±1, ±2, • • • simple zeros, (b). z = 0 zero of 
order 3, z = kin, k = ±1, ±2, • • • simple zeros, (c). z = 0 zero of order 4, 
z = (2 k + 1)tt/ 2, k = 0, ±1, ±2, • • • simple zeros, (d). z = 0 zero of order 

3, z = d=y/ (2 k + 1)tt/2, zb (2/c + 1 )tt/ 2, fc = 0, 1, 2, • • • simple zeros. 

26 . 2 . By Theorem 26.1, f{z ) = (z — zo) m g(z), where g is analytic at zo and 

0 ( 20 ) ^ 0. (a). f'(z) = ( z-z 0 ) m ~ 1 h(z ), where h(z ) = m5(2) + (>-2o)6 ,, ('2) 
is analytic at and ft(zo) = rng(z 0 ) 0, so f has a zero of order m — 1 at 

zo by Theorem 26.1 again, (b). f f (z)/f(z) = p(z)/(z — zo), where p = h/g 
is analytic at zq and p(zo) = m ^ 0, so f'/f has a simple pole at zq. 

26 . 3 . We can take, for example, f(z) = ~ z j) mj 5 ^ is n °t uniquely 

determined since multiplying it by an entire function without zeros gives 
another such function. 

26 . 4 . Taylor’s expansion of f(z) at z\ yields an analytic function fi(z) 
such that f(z) = (z — zi) mi fi(z), where z\ is not a zero of fi(z). Now 
expand fi(z) at Z 2 - 

26 . 5 . If neither / nor g is identically zero in 5, then they both have isolated 
zeros, so the zeros of h = fg are also isolated, and hence h is not identically 
zero in S. 
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Analytic Continuation 


The uniqueness result established in Corollary 26.5 will be used here 
to discuss an important technique in complex function theory known as 
analytic continuation. The principal task of this technique is to extend the 
domain of a given analytic function. 

Let Si and S2 be two domains with Si n S2 7^ 0 , and let fi(z) be a 
function that is analytic in Si. There may exist a function f2(z) that is 
analytic in S2 such that f2(z) = fi(z) for each z in Si D S2. If so, we call 
f2(z) a direct analytic continuation of fi(z) into the second domain S2. 
In view of Corollary 26 . 5 , it is clear that if analytic continuation exists, 
then it is unique; i.e., no more than one function can be analytic in S2 and 
also assume the value fi(z) at each point z £ Si D S2. However, if there 
is an analytic continuation fs(z) of f2(z) from S2 into a domain S3 that 
intersects Si, it is not necessary that fs(z) = fi(z) for each z £ Si H S3. 
We shall illustrate this in Example 27 . 4 . 



If f2(z) is the analytic continuation of fi(z) from a domain Si into a 
domain S2, then the single- valued function F(z) defined by 


F(z) 


fi(z), z£S 1 
f 2 (z), z e S 2 


( 27 . 1 ) 


is analytic in the domain Si U S2. Clearly, the function F is the analytic 
continuation into Si U S2 of either fi(z) or f2(z). Here fi(z) and f2(z) are 
called elements of F. 
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Example 27.1. Let /(x), x G (a, 6) be a continuous function. Then in 
some domain S C C such that (a, 6) C S' there may exist a unique analytic 
function /(z ), z G S that coincides with /(x) on (a, 6). This function f(z ) is 
also called an analytic continuation of the function /(x) of the real variable 
into the complex domain S. Various such analytic continuations were given 
in Lecture 26. 


Example 27.2. Consider the function 

oo 

AO) = XV- 

3 = 0 


Clearly, this function converges to 1/(1 — z) when \z\ < 1. Hence, 

1 


hC) 


1 - 2 


when 


z 


< 1, 


and /i(z) is not defined when 


z 


> 1. 


Now the function 

/ 2 O) = 2^1, 

-L 2- 

is defined and analytic everywhere except at the point z = 1. Since / 2 (z) = 
/i(z) inside the circle |z| = 1, the function / 2 (z) is the analytic continuation 
of /i(z) into the domain consisting of all points in the z-plane except for 
z = 1. Clearly, this is the only possible analytic continuation of /i(z) into 
that domain. In this example, /i(z) is an element of / 2 (z). 


Example 27.3. Consider the function 


AO) = 



e 


— zt 


dt. 


This function exists when Rez > 0, and since 


AO) 


it is analytic in Si : Rez > 0. 


-, Re z > 0, 
z 


Let /*2 (z) be defined by the geometric series 


h{z) 



z + i 


< 1. 


Within its circle of convergence, which is the unit circle centered at the 
point z = — i, the series is convergent. Clearly, 


/2O) 


i 

1 - (z + i)/i 


1 

z 
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where z is in the domain S 2 : z + i < 1 


Evidently, f 2 (z) = fi(z) for each z G Si D S 2 , and f 2 (z) is the analytic 
continuation of fi(z) into 52 - 


A 


Figure 27.2 

The function F(z) = 1/z, S3 : z 7 ^ 0 is the analytic continuation of both 
fi(z) and / 2 (z) into the domain S 3 consisting of all points in the z-plane 
except the origin. The functions fi(z) and f 2 (z) are elements of F(z). 

Example 27.4. Consider the branch of z 1 / 2 

fi(z) = \[re l 9 / 2 , r > 0 , 0 < 6 < it. 

An analytic continuation of fi(z) across the negative real axis into the lower 
half-plane is 



f 2 (z) = \[re ie ! 2 , r > 0, tt/2 < 6 < 2n. 

An analytic continuation of f 2 (z) across the positive real axis into the first 
quadrant is 

f3(z) = \[re ld l 2 , 7 t < 0 < 57t/2. 

Note that fs(z) 7 ^ fi(z) in the first quadrant. In fact, fs(z) = —fi(z) there. 

In general, it may not be obvious whether a given analytic function can 
be extended. However, a standard method of analytic continuation is by 
means of power series, which can be described as follows: Let the function 
fi(z) be analytic in the domain Si. Choose an arbitrary point Zo G Si, and 
consider the Taylor series expansion 

00 jy{j) ( \ 

hO) = (27.2) 

3 = 0 

For (27.2), the radius of convergence Rq may not exceed the distance from 
zq to the boundary 71 of Si (see Figure 27.3(a)). In this case, the expansion 
(27.2) does not provide continuation of fi(z) beyond the boundary of Si. 
Another possibility is that Rq exceeds the distance from zq to the boundary 
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71 of Si (see Figure 27.3(b)). In this case, the domain S2 : \z — zo\ < Ro 
is not a subdomain of Si but has a common overlapping portion, say S12. 
In S2, the series (27.2) defines an analytic function /2(z), which coincides 
with fi(z) in S12. Clearly, /2(z) is the analytic continuation of fi(z) into 
the domain S2. Thus, the function F(z) defined as in (27.1) is analytic in 
the domain S = Si US2. Now, starting from S2, the process can be repeated 
to obtain a chain of overlapping disks. 




Example 27.5. Consider the function fi(z) = Log z. We can expand 
this function in Taylor’s series around the point Zq = — 1 + i to obtain 


00 


f 2 (z) = Log(-l+i) + J 2 

3 = 1 


(-lp-^ + i-ip 


The radius of convergence of this series is y/2, and hence f 2 (z) is analytic 
in the disk \z-\- 1 — i < V2 (see Figure 27.4). The function f 2 (z) crosses the 
branch cut of fi(z) but not the branch point (0, 0). In the second quadrant 
/2(z), coincides with fi(z); however, in the third quadrant, /2(z) has to be 
different from fi(z). Thus, the Taylor expansion of fi(z) analytically con- 
tinues the function into the third quadrant, and the analytic continuation 
is different from the original function. 


y 



It can be shown that if analytic continuation of f(z ) is possible at all 
then it can be accomplished by following a chain of overlapping disks along 
some path. Furthermore, different paths may lead to different analytic 
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continuations of f(z). The function F(z) obtained by means of an analytic 
continuation of f(z ) along all possible paths is called the complete ana- 
lytic function. Its domain of definition S* is called the natural domain of 
existence. The boundary of S* is called the natural boundary. 


Example 27.6. Consider the function 

f(z ) = 1 -h z 2 + z 4 + z 8 -i 1- + 


Clearly, each root of any of the equations z 2 = 1, z 4 = 1, z* = 1, 


A _ 


,8 _ 


is a 
= T 


singularity of f(z). Hence, on any arc, however small, of the circle \z 
the function f(z) has an infinite number of singularities. Therefore, we 
cannot extend this function outside the circle \z\ = 1. In conclusion, for the 
function f(z), the circle \z\ = 1 is the natural boundary. 


Problems 


27.1. Show that the functions 


fiO) 


ITT 


00 

+ yp — 7 — ( z-iy , |*-i|<i 


and 


/2O) 


2 — j 

3 = 1 J 


00 

ITT 1 


2 +J2A z + 1 )t 

3 = 1 J 


z + 1 <1 


are analytic continuations of each other. 


27.2. Suppose that f(z) = a j z ^ has ra dius of convergence R. 

Show that if / ( re ) tends to infinity as r -A R, then the point Re %e is a 
singular point of f(z). 


27.3. Suppose f(z) = J2 ( jLo a j( z ~ A)) J has a finite radius of conver- 
gence R > 0. Show that f(z) has at least one singular point on the boundary 
of the disk B(zq, R). 


27.4. Show that for the function f(z) = Y^jLi z ^' 
is a natural boundary. 


the unit circle z — 1 


27.5 (Painleve’s Theorem). Assume that Si and S 2 are two regions 
with an adjacent piecewise smooth boundary arc L (see Figure 27.5(a)) and 
fi(z) and /^(z) are analytic functions on Si and S 2 , respectively. Further- 
more, assume that fi(z) and f 2 (z) are continuous on Si U L and S 2 U L, 
respectively, and fi(z) = /^(z), z G L. Show that 


F{z) 


f i (z) if z £ Si U L 

/ 2 (z) if z e S 2 
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is analytic in S = S\ U L U S'2. 




27.6 (Riemann’s Theorem). Let S = B (zo, r)\{zo} , and let f(z) be 
an analytic and bounded function on S. Show that f(z) can be analytically 
continued to B(zo,r). 


Answers and Hints 


27.1. The functions fi(z) and /2 <t) are the restrictions of — in /2 + logz = 
— in/2 + Log|z| -\-i argz, where — tt/ 2 < arg z < 3 tt /2 to the disks \z— 1| < 1 
and | z + 1 1 < 1 . 

27.2. If Re 10 is not a singular point, then there is a function F(z) that is 
analytic in a disk with center Re 10 and agrees with f(z) in \z\ < R. But then 
lim r _^ / (re 10 ^) = lim r _^ F (re 20 ) = F ( Re l0 ) . But this is a contradiction. 

27.3. Suppose that at all points on the boundary {z : \z — zq\ = R} the 

function f(z) can be continued analytically . Then, at each point £ of the 
boundary, the function f(z) can be expanded in terms of powers of (z — £), 
say fg(z) in the disk B(£) with radius of convergence r(£). Since |J gB(£) 
covers the compact set {z : \z — zo\ = R}, by Theorem 4.4 there also exists 
a finite subcover {R(£i), £>(£2), • * ' ? B(£ m )}. Now the function F(z) defined 
by F{z) = f(z), z G B(z 0 ,R) and F{z) = f^{z), z G B(£j), 1 < j < m is 
analytic in S = B(zo, R) U R(£i) U • • • U B(£ m ). Since S contains the closed 
disk R(zq, R), it must also contain the disk {z : \z — zq\ < R + e}. But, then 
the power series representation F(z) = Yl'jLo a o( z ~ hi the disk 

{z : \z — zo\ < R + e}, which contradicts the fact that f(z) has the radius 
of convergence R. 

27.4. \f(Re ir7T )\ — >> oo as R — )► 1~ for any rational number r. 

27.5. Clearly, F is continuous in S. Draw an arbitrary piecewise smooth 
closed contour 7 so that its interior lies in S. If it lies entirely in +1 or +2, 
then, by Theorem 15.2, J^F(z)dz = 0. If 7 is contained partly in S\ and 

partly in S 2 (see Figure 27.5(b)), denoted by 71 and 72, respectively, and 
the arc Lf 17 is denoted by £, then again by Theorem 15.2, f 7l+£ F{z)dz = 0 

and f l2 _n F(z)dz = 0. Hence, f^F(z)dz = 0. Now use Theorem 18.4. 
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27 . 6 . We assume that zo = 0. Define g(z) = z 2 f(z), z £ S; g(z) = 
0, z = 0. Clearly, g'( 0) = 0 and since g'(z) = z 2 f'(z) + 2 zf(z), z ^ 0 
we find g'(z) 0 as z 0. Thus, g(z) is continuous and differentiable on 

5(0, r) and satisfies the Cauchy- Riemann conditions, and hence is analytic 
on 5(0, r). Therefore, Taylor’s series g(z) = 0 + Oz + CL 2 Z 2 + a^z 3 + • • • 
converges on 5(0, r). Now define F(z) = f(z)/z 2 = <22 + a^z + • • • which 
has the same radius of convergence. Thus, F(z) is analytic on 5(0, r), and 
F(z) = f{z ), z e S. 


Lecture 28 

Symmetry and Reflection 


The cross ratio defined in Problem 11.9 will be used here to introduce 
the concept of symmetry of two points with respect to a line or a circle. We 
shall also prove Schwarz’s Reflection Principle , which is of great practical 
importance for analytic continuation. 

Recall that in the real plane two points P and Q are said to be symmetric 
across the line L if L is the perpendicular bisector of the segment joining 
P and Q. In the complex plane, if L is the real axis, points 2', z" are said 
to be symmetric (reflections of each other) across L, if z" = z' . Thus, from 
the definition of the cross ratio, if three points 21, 22, z. 3 are on the real line 
L, then the points z ' , z" are symmetric if and only if 


(zi,z 2 ,z 3 ,z") = ( z 1 ,z 2 ,z 3 ,z / ). 


( 28 . 1 ) 


Now, since linear fractional transformations map lines and circles to lines 
or circles and preserve the value of the cross ratio (see Problem 11 . 9 (a)), 
it is natural to use ( 28 . 1 ) to define symmetry of points across any line or 
circle 7 as follows: If the points 21 , 22 , z 3 are on a line or circle 7 , the points 
z', z" are said to be symmetric with respect to 7 if ( 28 . 1 ) holds. Once again, 
from Problem 11 . 9 (a) it follows that the points z\z" are symmetric if and 
only if w' : w" are symmetric with respect to 71 , where w' = f(z' ), w" = 
f(z") and 71 is the image of 7 under the linear fractional transformation 
/. In the following theorems, we shall show that the definition of symmetry 
above is independent of the points 27, 22, 23. For this, we need the following 
elementary lemma. 


Lemma 28.1. Let 27,22,2:3 be distinct complex numbers. Then, 
(27, Z2, 23, z") = (21, 22, 23, z') if and only if z" = z ' . 

Theorem 28.1. The points z' and z" are symmetric with respect to a 
line 7 in the complex plane if and only if 7 is the perpendicular bisector of 
the segment joining z' and z " . 


Proof. We can map 7 onto the real axis in the re-plane by a linear 
transformation w = az + b, where \a\ = 1 . Then, for the real points Wj , j = 
1 , 2 , 3 and the images w' = az' + b, w" = az" + b, we have (rei, W2 , , w") = 


j / 


(rei, W2 , W3 , w') = (rci, W2 , W3 , w'), and hence, in view of Lemma 28 . 1 , w 1 
w'; i.e., the real axis in the re-plane is the perpendicular bisector of the 
segment joining w' and w" . Now, since the inverse transformation 2 = 


R.P. Agarwal et al., An Introduction to Complex Analysis, 
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{l/a)w + (— b/a) is just a translation and rotation, the segment joining w' 
and w" is rotated and translated along with the real axis onto the segment 
joining z' and z" and the line 7 . Thus, 7 is the perpendicular bisector of 
the segment joining z' and z " . I 


Theorem 28.2. The points z' and z" are symmetric with respect to a 
circle 7 : \z — zq\ = r if and only if z' and z ,r he on a ray from the center O 
of the circle, and \z' — zq z" — z 0 = r 2 . 



Figure 28.1 


Proof. Without any loss of generality, we can assume that zo = 0. Since 
Zj = r 2 / Zj, j = 1, 2, 3, the points z', z" are symmetric with respect to the 
circle \z\ = r if and only if 


(z 1 ,z 2 ,z 3 ,z") = (z 1 ,z 2 ,z 3 ,z / ) = (r 2 /z 1 ,r 2 /z 2 ,r 2 /z 3 ,z'). (28.2) 


Now, since the function /(z) = r 2 / z is a linear fractional transformation, 
from (28.2) and Problem 11.9(a) it follows that 

(z 1 ,z 2 ,z 3 ,z") = (z 1 ,z 2 ,z 3 ,r 2 /z'). 


But then, from Lemma 28.1, we have z " 

z' = fie l6 and z" — ve u 
// ,2 m 


then z" z' = 


iy/re 


z 


z 


= r 


= r 2 / z 1 ; i.e., z"z' = r 2 . Hence, if 
i{6-6) — r 2 ^ Therefore, (j) = 0 and 


Remark 28.1. From Theorem 28.2, it is clear that the center of the 
circle 7 is symmetric to 00 with respect to 7 . Thus, the image of this center 
will be symmetric to the image of 00 with respect to 71 under a linear 
fractional transformation. 


We shall now prove a theorem that shows that some analytic functions 
possess the property that f(z) = f(z) at all points z in certain domains 
while others do not. For example, the functions z + 1 and z 2 have this 
property in the entire plane, but z + i and iz 2 do not. The following 
result, which is known as Schwarz’s Reflection Principle , provides sufficient 
conditions when the reflection of f(z) in the real axis corresponds to the 
reflection of z. 
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Theorem 28.3. Suppose that a function / is analytic in some domain 
S that contains a segment of the x-axis and is symmetric to that axis. 
Then, 

f(z) = f(z ) (28.3) 

for each point z in the domain if and only if f(x) is real for each point x 
on the segment. 

Proof. Let f(x) be real at each point x on the segment. We shall show 
that the function 

F(z) = /(I) (28.4) 

is analytic in S. For this, we write 

f(z ) = u(x, y) + iv(x, y) and F(z) = U(x,y) + iV(x,y). 

Now, since 

f(z) = u(x,-y)-iv(x,-y), (28.5) 

from (28.4) it follows that 

U(x,y) = u(x,t) and V(x,y) = —v(x,t), (28.6) 


where t = —y. 

Now, since f(x-\-it) is an analytic function of x+it, the first-order partial 
derivatives of the functions u(x,t) and v(x,t) are continuous throughout S 
and satisfy the Cauchy- Riemann equations 

^ x — 5 'U't — (28. T) 


Next, in view of equations (28.6), we have 


U x = u x and V y = — v t 


dt 

dy 


Vt (t = -y), 


and hence, from (28.7), we get U x = V y . Similarly, 


U y — u t 


dt 

dy 


'U'ti V x — v x 


and therefore from (28.7) we find U y = —V x . Thus, the partial derivatives of 
U (x, y) and V (x, y) are continuous and satisfy the Cauchy- Riemann equa- 
tions, and hence the function F(z) is analytic in S. 

Now, since f(x) is real on the segment of the real axis lying in 5, v(x, 0) 
= 0 on that segment. Thus, in view of (28.6) it follows that 


F(x) = U(x, 0) + iV{pc, 0) = u(x, 0) — iv(x, 0) = u(x, 0); 
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F(z) = f(z) (28.8) 

at each point z = x on the segment. But now, in view of Corollary 26.5, 
we can conclude that (28.8) holds throughout S. Hence, (28.4) gives 

f(z ) = f(z), z e S, (28.9) 

which is the same as (28.3). 

Conversely, assume that (28.3) holds. Then, (28.9) in view of (28.5) is 
the same as 


u(x,-y) - iv(x,-y) = u(x, y) + iv(x, y). 

Thus, if (x, 0) is a point on the segment of the real axis that lies in 5, then 

u(x, 0) — iv(x, 0) = u(x, 0) + iv(x, 0), 

which implies that v(x, 0) = 0; i.e., f(x) is real on the segment of the real 
axis lying in S. I 

Note that the functions z + 1 and z 2 satisfy the conditions of Theorem 
28.3; in particular, for z = x, both the functions are real; i.e., x + l and x 2 . 
However, z + i and iz 2 are not real when z = x. 


The following corollary of Theorem 28.3 provides a means of describing 
an analytic continuation across the interval on the real axis that is a part 
of the boundary of the domain. 

Corollary 28 . 1 . Let 8 be a domain in the upper half-plane whose 
boundary includes an interval J = (a, b) of the real axis. Let S' be the 
reflection of S across the real axis; i.e., S' = {z : z e S}. Let the function 
f(z) be analytic on S and continuous on S U J. Furthermore, let / be 
real-valued on I. Then, the function F(z) defined by 


F{z) 


f(z ), z G S U J 
f(z), z e S' 


is the unique analytic continuation of f(z) to S U J U S' . 



Figure 28.2 
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Corollary 28.2. Let S be the upper half-plane and let f(z ) be an 
analytic function on S that is continuous and real on the real axis. Then, 
f(z ) can be extended analytically to the entire complex plane. 

Corollary 28.3. Let f(z ) be an analytic function on the right half- 
plane that is continuous and purely imaginary on the imaginary axis. Then, 
the function F(z) defined by 


F(z) 


f(z), Re(z) > 0 
-f(-z), Re(z) < 0 


is the unique analytic continuation of f(z ) to the entire complex plane. 

Proof. The transformation w = iz maps the right half-plane Re(z) > 0 
onto the upper half-plane lm(w) > 0. The function g(w) = if(-iw) satisfies 
the conditions of Corollary 28.2 and hence has an analytic continuation 
G(w) to the entire re- plane. Now, from Corollary 28.1, we have 

f if(-iw), Im(ui) > 0 

G ( w ) = < 

[ — ), lm(w) < 0, 

which is the same as G(w) = iF(-iw). Thus, F(z) is the desired exten- 
sion. I 

Corollary 28.4. Let f(z) be an entire function taking real values on the 
real axis and imaginary values on the imaginary axis. Then, f(z) + f(—z) = 
0 for all z. 

Proof. From Corollaries 28.2 and 28.3, we have f(z) = f(z) and 
f(z) = —f(—z). On replacing z by z in these relations, we get the desired 
result. ■ 


Lecture 29 

Singularities and Poles I 


In this lecture, we shall define, classify, and characterize singular points 
of complex functions. We shall also study the behavior of complex functions 
in the neighborhoods of singularities. 


A point z o is called a singular point of the function /(z) if f(z) is not 
analytic at zo but is analytic at some point in L>(zo,e) for all e > 0. A 
singular point z o of /(z) is called isolated if there exists R > 0 such that 
f(z) is analytic on some punctured open disk 0 < \z — zq| < R. 


Example 29.1. For the function f(z ) = (z + l)/[z 4 (z 2 + 1)], the 
singular points are z = 0, i, — i and all are isolated. 


Example 29.2. The function Logz is analytic in C\(— oo,0]. Each 
point in (— oo, 0] is a singular point of Logz but not an isolated singularity. 

Example 29.3. For the function /(z) = 1/ sin(7r/z), singularities occur 
where sin7r/z = 0; i.e., i r/z = nr: or z = 1/n. Hence, the singularities of 
f(z) are {0} U {1/n : n E Z}. 


Now, let z o be an isolated singularity of /(z). Then, /(z) has a Lau- 
rent series expansion around z o; i.e., /(z) = Yl^L-oo a j^ z — zo) J on some 


punctured open disk, say, 0 < z — zq < R 


(i) . If aj = 0 for all j < 0, we say that z o is a removable singularity or a 

regular point of /(z). 

(ii) . If a_ m jtz 0 for some positive integer m but aj = 0 for all j < — m, 
we say that zo is a pole of order m for /(z). A pole of order 1 is called a 
simple pole. 

(iii) . If aj 7^ 0 for an infinite number of negative values of j, we say that 
zq is an essential singularity of /. 


When /(z) has a removable singularity at zo, its Laurent series takes 
the form 


f(z) = a 0 + ai(z - z 0 ) + a 2 (z - z 0 ) 2 + 


0 < | z — zq | < R, (29.1) 


and hence lim^^ /(z) = clq. Thus, if /(z) is not defined at Zq (the specified 
value of f(z o) is not the same as ao), we can define (redefine) the function 
/(z) at zo as /(zo) = ao- The function /(z) thus obtained will be analytic 
on the open disk L>(zq, R). 
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Example 29.4. The following functions have removable singularities: 


/ 10) 


/ 2 O) = 


/sO) = 


Sill z 


z 


- 1 z 

z 


Z' 


3! 


+ 


z' 


cos z — 1 


5! 

2 


1 


2T 


+ 


Z 


3! 5! 


, Z 0 = 0 , 


z 

z 3 - 1 
z - 1 


= 

z V 2! 


z 4 \ z z 3 

_)_ — ... — ^ I : = 1 

4! / 2! 4! 


, ^o = 0, 


— z 2 + z + 1 — 3 + 3(z — 1) + (z — l) 2 + 0 + 0 + • • • , zq — 1 


In fact, we can remove the singularities of these functions by defining 
/i(0) = l, f 2 ( 0)=0, /s(l) = 3. 

Theorem 29.1. The function f(z) has a removable singularity at zq 
if and only if any one of the following conditions holds: 

(i) . f(z) has a (finite) limit as z approaches z 0 , 

(ii) . /(z) can be redefined at z 0 so that the new function is analytic at z 0 , 

(iii) . hm*_>* 0 (z - z 0 )f(z) = 0, 

(iv) . /(z) is bounded in some punctured neighborhood of z 0 . 

Proof. Parts (i)-(iii) follow immediately from (29.1). To prove part (iv), 
let z 0 be a removable singularity of /(z). Then, from (29.1) it is clear that 
the function 


9 (z) 


f 0), 

a 0 , 


0 < 


z - z 0 


< R 


z = z 0 


is analytic on |z — zo| < R, and hence bounded in every closed neighbor- 
hood of zq. This in turn implies that /(z) is bounded in some punctured 
neighborhood of Zq. Conversely, suppose there is a punctured neighbor- 


hood 0 < 
hood |/(z) 


z — zq\ < r < R and a finite M such that on this neighbor- 
< M. Then, in Problem 25.10, taking R\ 0, it follows that 
bj = 0, j — 1, 2, • • • , 00 . Hence, the Laurent expansion of /(z) reduces to 
(29.1), and hence z 0 is a removable singularity of /(z). I 


Now, for the function /(z), let the point zo be a pole of order m. Then, 
its Laurent series reduces to 


/(*) 


a. 


■m 


+ 


Oj — ( m — 


(m— 1 ) 


+ ••' + 


a_i 


(z - z o) m (z - Zo ) m ~ 1 
+Cl 0 + Q-l(z — Z 0) + 0,2 (z — Zo)^ + 


(■ 2 - Z 0 ) 


a. 


-m 




(29.2) 


which is valid in some punctured neighborhood of zq. 
Example 29.5. The functions 


h(z) = 
/ 2 O) = 


sm z 
z 2 

sin z 


1 z z 3 z 5 

— — — _l_ — _l_ . . 

3! 5! 7! 

1 1 z z 3 

z 3 ~3fz + 5'.~7i + 


1 
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e* 1 1 1 1 2 

— = 1 1 1 1 h • • • 

z 3 2\z 3! 4! ^ ’ 

respectively, have poles of order 1, 3, and 3 at zq = 0. 

Theorem 29.2. A function f(z) has a pole of order m at z o if and only 
if, in some punctured neighborhood of zo, f(z) = g(z)/(z — zo) m , where 
g(z ) is analytic at zo and g(z o) ^ 0. 

Proof. If f(z) has a pole of order m at zo, then from (29.2) it follows 
that, in some punctured neighborhood of zq, 



(z-z 0 ) m f(z) = g(z) =: a_ m + a- m+1 (z — z 0 ) H . 

Setting g(zo) = a_ m ^ 0, we find that g(z) is analytic and f(z) = g(z)/(z — 
Zq) 771 . Conversely, if f(z) = g (z) / (z — zq ) 171 , where g(z) is analytic at Zq and 
g(zo) 7^ 0, then from Taylor’s series we have 

g(z) = c 0 + c\{z - zq) + c 2 (z - z 0 ) 2 H , c 0 = g(z 0 ) ^ 0, 


and hence the Laurent series for f(z) around zq is 



9(z) 

{z - z 0 ) m 


Co 

(z - z 0 ) m 


+ 



Cl 

zo) 171 - 1 



Since Co ^ 0, z o is a pole of order m for f(z). I 

Example 29.6. Since 



COS 2 

(^- 1 ) 3 (^ 2 - 1) 2 


cos z/(z + l) 2 


and the numerator cos zj(z-\- 1) 2 is analytic and nonzero at z = 1, Theorem 
29.2 implies that the function f(z) has a pole of order 5. Similarly, in view 
of Example 24.3, the function l/[(2: 2 — l) 2 Logz] has a pole of order 3 at 
z = 1. 


Corollary 29.1. If f(z) and g(z) have poles of orders m and n, 
respectively, at zo, then f(z)g(z) has a pole of order m + n at zq. 

Corollary 29.2. If f(z) has a zero of order m at zo, then 1 / f(z) has a 
pole of order m at z$. Conversely, if f(z) has a pole of order m at zo, and 
if we define l/f(zo) = 0, then 1 / f(z) has a zero of order m at zq. 

Example 29.7. Classify the singularity at z = 0 of the function 
f(z) = l/[z(e z — 1)]. Clearly, z = 0 is a zero of the function z(e z — 1). Since 


d_ 

dz 




z = 0 



1 + ze z ) 


2=0 


0 
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and 




z=0 


e z (z H- 2) 


z=0 




z — 0 is a zero of order 2 of z(e z — 1). Hence, z = 0 is a pole of order 2 of 
the function /(z). 


Example 29.8. Find and classify the singularities of the function 



5z + 3 

(1 — z) 3 sin 2 z 


The singularities of /(z) are the zeros of its denominator; i.e. , z = 1 and 
z = nr , n = 0, ±1, ±2, • • • . For z = 1, since 


5z + 3 

(1 — z) 3 sin 2 z 


(5 z + 3)/ sin 2 z 


and 


5z + 3 
sin 2 z 




z = 1 is a pole of order 3. Since z — nr: are the zeros of order 2 for the 
function sin 2 z and the function (1 — z) 3 / (5 z + 3) does not vanish at these 
points, z — nr are zeros of order 2 for the function l//(z). Hence, z = nr 
are poles of order 2 for /(z). 


Example 29.9. Classify the zeros and poles of the function /(z) = 
tan z/z. Since (tan z)/z = (sin z) / (z cos z), the only possible zeros are those 
of sinz; i.e., z = nr (n = 0, ±1, ±2, • • •). However, z = 0 is a singularity. 
The points z = (n + 1 / 2)tt, which are zeros of cosz, are also singularities. 
If n is a nonzero integer, z = nr is a simple zero for /(z) since f'(nr) = 
l/(nr) 7^ 0. At z = 0, we have lim 2 ^o (ztanz)/z = 0. Hence, the origin 
is a removable singularity. Finally, since cosz has simple zeros at z = 
(n + 1 /2 )tt, n = 0, ±1, ±2, • • • and zj sinz does not vanish at these points, 
1 / f(z) also has simple zeros at these points. Hence, f(z) has simple poles 
at z = (n + 1/2 )t r, n = 0, ±1, ±2, • • • . 

Corollary 29.3. If /(z) and g(z) have zeros of orders m and n, 
respectively, at z o, then the quotient function h(z) = f(z)/g(z) has the 
following behavior: 

(i) . If m > n, then h(z) has a removable singularity at zq. If we define 

h(zo) = 0, then h(z) has a zero of order m — n at zo- 

(ii) . If m < n, then h{z) has a pole of order n — m at zo- 

(iii) . If m = n, then h(z) has a removable singularity at zo- 

Corollary 29.4. The only singularities of the rational function (5.2) 
are removable singularities or poles. 


Theorem 29.3. If the function /(z) has a pole of order m at z o, then 
|(z — zo)V(z)| oo as z zo for all ^ = 0, 1, • • • , m — 1, while (z-zo) m f(z) 
has a removable singularity at zq. 
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Proof. From (29.2) in some punctured neighborhood of zo, we have 

(z-z 0 ) rn f(z) = CL — m + a_ m +i(z — Zq) H . 

Thus, the singularity of (z— zo) m /(z) at zo is removable, and (z-z 0 ) m f(z) -> 
a_ m 7 ^ 0 as 2 ; ^ zq- Hence, for any integer t < m, it follows that 


(2 - zoYf(z) 



1 





— » 00 


as 


Z — Zo- 1 


Theorem 29.4. The point zo is a pole of /(z) if and only if |/(z) 

as Z Zq. 


OO 


Proof. From Theorem 29.3, if Zo is a pole of /(z), then lim z ^ Zo |/(z) 

00 . Conversely, assume that lim^^ |/(z)| = 00 ; i.e., for any number A > 0 
there is a punctured neighborhood N p (zo) = {z : 0 < |z — zo < p} of ^0 
such that on it |/(z)| > A Then, the function l//(z) on 7V p (zo) is analytic, 
bounded, and nonzero. But then, from Theorem 29.1, for the function 
l//(z), the point z 0 is a removable singularity. Consider the function 



l/f(z), z € Np(zo) 

0, Z = Zq. 


Clearly, </>(z) is nonzero on N p (zo ), and since lim*-^ 4>{z) = 0 = </>(zo), 
it is analytic and has a zero of order m > 1 at zo- Therefore, in view of 
Theorem 26.1, 0(z) = (z — zo) m, 0(z), where ^(z) is analytic and nonzero 
on N p (zq). Consequently, if we let g(z) = 1 /^(z), then g[z) is analytic and 
nonzero on 7V p (zo), and 



1 

(z - Zo) m lfj(z) 


1 


(z - Zo) 


m 


g(z ), 0 < | z — z 0 1 < p. 


Hence, in view of Theorem 29.2, /(z) has a pole of order m at zo. I 

A function /(z) that is analytic in a region 5, except for poles, is said 
to be meromorphic in S. It is clear that the class of meromorphic functions 
includes analytic and rational functions. 
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Expanding a function in a Laurent series is often difficult. Therefore, 
in this lecture we shall find the behavior of an analytic function in the 
neighborhood of an essential singularity. We shall also discuss zeros and 
singularities of analytic functions at infinity. 

Theorem 30.1 (Casorati-Weierstrass Theorem). Suppose 
that f(z ) is analytic on the punctured disk 0 < \z — zq\ < R. Then, zo is 
an essential singularity of f(z) if and only if the following conditions hold: 

(i) . There exists a sequence {a n } such that a n zq and lim n ^ 00 | f(a n ) 

— oo. 

(ii) . For any complex number re, there exists a sequence {a n } (depending 

on w) such that a n z o and hnq^oo f(a n ) = w. 

Proof. If (i) holds, then, in view of Theorem 29.1 (iv), zq cannot be a re- 
movable singularity. If (ii) holds, then, from Theorem 29.4, zq is not a pole. 
Hence, if (i) and (ii) hold, then Zq is an essential singularity. Conversely, 
suppose that zq is an essential singularity. Clearly, f(z) cannot be bounded 
near zq (otherwise, zq is a removable singularity), and hence (i) holds. If (ii) 
does not hold, then \f(z)—w\ > e > 0 for some w and all z in a punctured 
neighborhood N r (zo). Consider the function g(z) = 1 /(f(z) — w). It follows 
that g(z) is analytic on N r (zo), and since \g(z)\ < 1/e for all z G N r (zo), z o 
is a removable singularity for g(z). In view of Theorem 29.4, we also note 
that lim^-^Q \f(z)\ ^ oo, and hence g(zo) ^ 0. But this in turn implies that 
the function f(z) = w + 1 / g(z) is analytic in a neighborhood of zq. This 
contradiction ensures that (ii) holds. I 

Corollary 30.1. Let zo be an essential singular point of /(z), and 
let Es be the set of values taken by f(z) in the punctured neighborhood 
N s (z 0 ). Then, E§ = C U {oo}. 

Theorem 30.1 has a generalization, which we state without proof. 

Theorem 30.2 (Picard’s Theorem). A function with an essen- 
tial singularity assumes every complex value, except possibly one, infinitely 
often in every neighborhood of this singularity. 

Example 30.1. Consider the function f(z) = e x ^ z . In view of the 
Laurent expansion of e 1 /" in Example 25.1, this function has an essential 
singularity at z = 0. If we choose the sequence {z n } = {1/n}, then z n 0 
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and f(z n ) = e n oo as n oo, and hence condition (i) of Theorem 30.1 
is satisfied. If we choose the sequence {z n } = { — 1/n}, then z n — > 0 and 
f(z n ) = e _n 0 as n oo. If we choose the sequence {z n } = {1/ (Log \ w\ + 

iAigw + 27rm)}, where re ^ 0, then z n — »• 0 and f(z n ) = e LogM+zArgw _ 
re, and hence condition (ii) of Theorem 30.1 is also satisfied. Here, since, 
for each n, f(z n ) = w and e l ^ z is never zero, this function verifies Theorem 
30.2 also. 


Example 30.2. Since 




sm - 

z 


1 1 1 

z 3!z 3 5!z 5 


5 


this function has an essential singularity at z = 0. If we choose the sequence 
{z n } = {i/n}, then z n — 0 and f(z n ) = sin(n/i) = sin(— in) = — isinhn 
oo as n 4 oo, and hence condition (i) of Theorem 30.1 is satisfied. If 
we choose the sequence {z n } = {i/[Log(iw + y/l — w 2 ) + 2nni]}, where 
w ^ oo, then z n 0 and f(z n ) = sin(l/z n ) = sin (— i log[iw + a/T — w 2 ]) = 
sin(sin _1 w) = re, and hence condition (ii) of Theorem 30.1 is also satisfied. 
Clearly, this function also confirms Theorem 30.2. 


Example 30.3. For the function f(z) = e z / sinz , the only possi- 
ble singularities are z = /c 7 r, k = 0, ±1,±2, •••. Since lim z ^o(z/ sinz) = 
1 , lim^o f(z) = e, and hence /(z) has a removable singularity at z = 0 . 
We claim that z = & 7 T, fc 7 ^ 0 are essential singularities of /(z). For this, let 
k be even. Then, since lim Z ^ k7r +(z/ sinz) = 00 and lim Z ^ k7r -(z/ sinz) = 
— 00 , it follows that lim z ^ k7T + /(z) = 00 and lim k ^ k7T - /(z) = 0. From the 
first limit, we find that z = kn cannot be a removable singularity, whereas 
from the second limit it is clear that z = kn cannot be a pole. Thus, the 
only possibility left is that z = kn is an essential singularity. A similar 
argument holds when k is odd. 


Now we shall investigate the behavior of an analytic function in the 


z 


> 


neighborhood of infinity. For this, suppose that /(z) is analytic for all 
R , except possibly at the point z = 00 . We note that the transformation 
w = 1 /z carries the point z = 00 into the point w = 0 , and every sequence 
{z n } converging to 00 into a sequence {w n } = {l/z n } converging to 0. Thus, 
the study of /(z) in the neighborhood of infinity can be reduced to the study 

< l/R. We 


w 


of F{w) = /(1/rc), which is analytic on the annulus 0 < 
say z = 00 is a removable singularity , a pole of order m, or an essential 
singularity of /(z) if w = 0 is a removable singularity, a pole of order m, or 
an essential singularity of F(w). 


Thus, if z = 00 is a removable singularity of /(z), then 


F(w) = ao + a-iw + a- 2 W 2 + • • • + a-jW J + • • • , 
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and hence 


f (z') — Uq ~\ ~ CL— \Z 1 + CI-2Z 2 T • • • T CL—jZ ^ T • • • . 

Therefore, the expansion of f(z ) does not have terms involving positive 
powers of z. Similarly, if z = oo is a pole of order m of /(z), then 

F(w) (i rn w 771 T- • • • T- cl\w T - clq H - cl—\w T ■ * ■ H~ ci—jW ^ -\- • • • , o Jrn ^ 0, 

and hence 

/ (z) = CL m Z 171 + * * * + CilZ + (2o H“ CL—\Z + * • * + CL—jZ j + • • • , <2 m 7 ^ 0. 

Therefore, the expansion of f(z) contains a finite number of terms involving 
positive powers of z. Finally, if z = oo is an essential singularity of /(z), 
then 

oo 

F(w) = ajW~\ 

j=-o o 

and hence 

oo 

/( z ) = T a i z3 - 

j = - oo 

Therefore, the expansion of /(z) contains an infinite number of terms in- 
volving positive powers of z. 

From the considerations above it is clear that the situation at z = oo 
is the same as at any finite point, except the roles of positive and negative 
powers are now interchanged. Furthermore, in view of Theorems 29.1, 29.2, 
and 30.1, we can state the following theorem. 

Theorem 30.3. The function /(z) has a removable singularity at 
z = oo if /(z) is bounded in a deleted neighborhood of oo, a pole at z = oo 
if lim^oo /(z) = oo, and an essential singularity at z = oo if lim^oo /(z) 
does not exist. 

When /(z) has a removable singularity at oo, lim^oo /(z) exists. If 
lim^oo /(z) = 0, we say that /(z) has a zero at oo. 

Example 30.4. The function z/(z 2 + 1) has a zero at oo, whereas 
z 2 /(z 2 + 1) does not have a zero at oo but has a removable singularity. 
The function /(z) = z 5 has a pole of order 5 at z = oo. The function 
/(z) = zeT ~ z has an essential singularity at z = oo. 

In the following results, we shall characterize entire functions at z = oo. 

Theorem 30.4. An entire function /(z) has a removable singularity 
at z = oo if and only if it is a constant. 
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Proof. If /(z ) is a constant, then clearly z = oo is its removable sin- 
gularity. Conversely, if /(z ) has a removable singularity at z = oo, then 
lim^oo /(z) = wq exists, and hence there is an R > 0 such that \z\ > R 
implies |/(z) — Wo < l; i-e., \f(z)\ < |rco| + 1. This in turn implies that 
there exists a finite constant M > 0 such that |/(z)| < M on C. But then, 
in view of Theorem 18.6, the function /(z) has to be a constant. I 

Theorem 30.5. An entire function /(z) has a pole of order m at 
z = oo if and only if it is a polynomial of degree m. 

Proof. If /(z) = a m z m + a m _iz m_1 + • • • + a\z + ao, a m ^ 0, then 


F(w) = f(l/w) 


1 


a 


m 


W 


m 


T CL 


1 


m—1 


m — 1 


W 


1 

+ •••+£&! h Uo 

W 


1 


(elm T Urn — \W + * ' • + CL\ W™ 1 + Uq) 5 


W 


m 


and hence lim^^o w^F^w) = a rn ^ 0, while lim w ^o w n F{w) = 0 for all 
n > m. Hence, F(w) has a pole of order rrt at 0; i.e., /(z) has a pole of order 
m at oo. Conversely, suppose that /(z) has a pole of order m at oo. Then, 
F(w) has a pole of order m at 0; i.e., m is the least positive integer such that 
lim w ^o w rn F(w) = c, a constant, which is the same as lim^oo /(z)/z m = c. 
This implies that there is R > 0 such that \f(z)\ < (|c| + l)|z| m for |z| > R. 
But then, in view of Problem 24.8, /(z) is a polynomial of degree at most 
m. However, since m is the least such integer, the degree of the polynomial 
is exactly m. I 


From Theorems 30.4 and 30.5, it follows that /(z) has an essential 
singularity at z = oo if and only if /(z) is not a polynomial of finite degree; 
i.e., it is an entire transcendental function, such as e 2 , sinz. 


We conclude this lecture by characterizing rational functions. 

Theorem 30.6. An entire function /(z) is rational (see (5.2)) if and 
only if it has at most poles on the extended complex plane C U {oo}. 

Proof. Since a limiting point of poles is an essential singularity, the 
function /(z) can have only a finite number of poles on the extended com- 
plex plane. Let the poles be at ai, < 22 , • • • , a^, 00 of orders ni, 77 - 2 , • • • , m, 
respectively. Consider the function 

g(z) = (z - ai) ni (z - a 2 ) n2 • • • (z - a k ) nk f(z). 

Clearly, g(z) is analytic on every bounded domain. Since h(z) = (z — 
ai) ni (z — a 2 ) n2 • • • (z — ak) Uk has a pole of order TV = n\ + n 2 + • • • + nk 
at infinity, the function g(z) must have a pole of order N + m at infinity. 
But then, from Theorem 30.5, it follows that g(z) is a polynomial of degree 
N + ra. This, however, implies that /(z) = g(z)/h(z) is a rational function. 
The converse is immediate. I 
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Problems 

30 . 1 . Show that z = 0 is a removable singularity of the following 
functions. Furthermore, define /( 0) such that these functions are analytic 
at z = 0. 


e 2 - 1 


, s ,, s - - \ \ sinz-z l-y 2 -C0S2 

(a), f(z) = — - — , (b). f{z) = -= , (c). f(z) = — 


Z 


Z d 


sm z- 


30 . 2 . Show that the following functions are entire 


(a). < 


COS Z . 7T 

“W T77 when 

Z 2 - 7T 2 / 4 2 

when z4 ± — , 

7T ' 2 


e z — e z 


(0 


2z 

1 when z = 0. 


when z / 0 


30 . 3 . Find and classify the isolated singularities of the following func- 
tions: 


(a). 


+ 1 , (b). z 2 e l/z , (c). ^ 


z 2 (z — 1) 


5 


(d). 


sin 3z 


, N 1 sin(z — 1) 

(e). cos 

w Z Z 2 + 1 


(f) 


COS Z Z J 

(z 2 — 1) cos 7 rz 


(z + 2)(2z — 1) (z 2 + l) 2 sin 2 7 rz 


30 . 4 . Suppose that /(z) has a pole of order m at zq. Show that f\z ) 
has a pole of order m + 1 at zo- 

30 . 5 . Show that the function /(z) whose Laurent series is 


— 1 OO A 

£ *' + E|r 


j = -oo 


7 = 1 


does not have an essential singularity at z = 0, although it contains in- 
finitely many negative powers of z. 

30 . 6 . Classify the zeros and singularities of the functions 


(a). / (z) = sin(l — z 1 ), (b). f(z ) 


tanz 


z 


, (c). /(z)=tanhz. 


30 . 7 . Verify Theorem 30.2 for the functions cos(l/z) and cosh(l/z). 

30 . 8 . Suppose that /(z) is analytic on |z| < R, R > 1 except at 

z 0 , | zo 1 = 1, where it has a simple pole. Furthermore, suppose that the 
expansion /(z) = a j z J h°ld s on |z;| < 1. Show that lirn^oo dj /a J+ i = 

z 0 . 


30 . 9 . Investigate the behavior of the following functions at infinity: 
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1 

z 2 (z 3 + l) 2 ’ 



1 - e* 

1 + e 2 ’ 


(c). ze 2 / (d). e cotz . 


30.10. Suppose that f(z ) and g[z) are entire functions such that (/ o 
g)(z) is a polynomial. Show that both /(z ) and g(z) are polynomials. 


30.11. Find all functions that are analytic everywhere in the extended 
complex plane C U {oo}. 


Answers or Hints 


30.1. (a). /(z) — (z + fr + §r + " *)? /(0) — 0, 0 3 )- f(z) — (— § + fr — 
■■■)> /(0) = 0, (c). f(z) = z 2 (—jf + fr — ' " ~ 4 

30 2 4- 1. ^ 4- COS 


(a). First note that 


Jr + fr — fr + irr )> /(o) = o. 

is analytic everywhere except ±7r/2. 


-7T 


Hence, =Ftt / 2 are isolated singularities of the function. Next, we have 


cos 2 


hm^— 7>7 t/2 2 2 — 7I -2 /4 


= lim ^^/2 = -y and 


lim 


cos 2 : 


= lim 


sin 2 


2-5— tt/2 22 


7T 


Thus, z = ±7r/2 are removable singularities, and hence / is an entire func- 
tion. 

z — z 

(b). Clearly, — is analytic everywhere except z = 0. But lim 2 ^o 

4+e _z 


lim 


2— 5>0 


e z — e~ 


2 2 


= 1 , and hence z = 0 is a removable singularity of 


, — z 


22 


— 1 
22 1 L 


z + fr 


~ 3 

— 4- 
3! ^ 


2 4 

= 1 4- — -f — -4- 

x i 3! ' 41 ' 


and so g is an entire function. Alternatively, we note that 

44 = h (i + z + It + • • •) 1 

• • • , which is an entire function. 

30.3. (a), z = 0 pole of order 2, z = 1 simple pole, (b). z = 0 es- 
sential singularity, (c). z = (tt / 2) + &7r, fc E Z simple pole, (d). z = 0 
simple pole, (e). z = 0 essential singularity, z = i simple pole, z = —i 
simple pole, (f). z = 1/2 removable singularity, z = ±1 simple pole, 
z G Z\{ — 2, —1, 1} and z = d=i pole of order 2, z = — 2 pole of order 3. 

30.4. In some punctured neighborhood of z o, /(z) = g(z)/(z — Zo) m , 
where g is analytic at zo and g(zo) ^ 0 by Theorem 29.2. Then f'(z) = 
h(z)/ (z — z 0 ) m+1 , where h(z) = (z — zo) </(z) — mg(z) is analytic at zq and 
h(zo) = —mg(zo) ^ 0, so f has a pole of order m + 1 by Theorem 29.2 
again. 

30.5. The series does not converge in a deleted neighborhood of z = 0. 

30.6. (a). Simple zeros at z = 1/(1— rar), n = 0, ±1, ±2, • • • . If we let z 0 
through positive values, then sin(l — z -1 ) oscillates between ±1, and hence 
at z = 0 is an essential singularity, (b). z = 0 is a removable singularity, z = 
n7r, n = ±1, ±2, • • • are simple zeros, and z = (2 n + l)/2, n = 0, ±1, ±2, • • • 
are simple poles. 

30.7. cos(l/z) = l) j ^^ 2j /(2j)!, 0 < |z| < oo has an essential 

singularity at 0. We want to show that for every complex value re, except 
possibly one, there is a sequence z n 0, z n ^ 0 such that cos(l/z n ) = w. 
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cos 


-l 


w = —i log[re + i( 1 — w 2 ) 1 ' 2 ] = — iLog[w + i( 1 — re 2 ) 1 / 2 ] + 2n7r, n G Z 
is defined for all w E C since the quantity inside the brackets is never zero. 
Fix re and set Cn = — iLog[w + i(l — re 2 ) 1 / 2 ] + 2n7r. Then |£ n | — >■ oo. So 
we can take z n = 1/Cn- The result for cosh(l/z) = cos(l/(iz)) also follows 
from this. 


30 . 8 . f(z) = °_ 1 + h(z), where h[z ) is analytic in |z| < A*. Thus, h(z) 


z-zo 


^j=objZ J in |z| < U. Clearly, bj — >■ 0. For |z| < 1, we have J2i=o a j z 
-(a-i/zo) Y,7 =o( z / z o) j +J27=o h j z °' Thus ’ 




lirn^oo 


a_ i 

3+T 


+ 5. 


a_ i 

3+2 


3+i 


+ 6 


i+i 


z 0 . 


30 . 9 . (a). Zero of order 8, (b). simple poles at (2fc + l)7rz, k — 0, ±1, ±2, • • • 
and oo is a limit point of poles, (c). simple pole, (d). essential singularity. 

30 . 10 . If f(z) is not a polynomial, then it has an essential singularity at oo. 
But, then from Theorem 30.1, lim^oo | (/ o g)(z)\ ^ oo, which contradicts 
that (/ o g)(z) is a polynomial. A similar argument holds if g(z) is not a 
polynomial. 

30 . 11 . Let f(z) be such a function. Since it is analytic at oo, it is bounded 
for 




> M. But then, by continuity, f(z) is also bounded for \z\ < M. 
Hence, f(z) is a bounded entire function. By Theorem 18.6, f(z) must be 
a constant. 


Lecture 31 

Cauchy’s Residue Theorem 


In this lecture, we shall use Laurent’s expansion to establish Cauchy’s 
Residue Theorem, which has far-reaching applications. In particular, it 
generalizes Cauchy’s integral formula for derivatives (18.5), so that integrals 
that have a finite number of isolated singularities inside a contour can be 
integrated rather easily. 


Suppose that the function f(z ) is analytic in a punctured neighborhood 
N(zq) of an isolated singular point zo, so that it can be expanded in a 
Laurent series f(z) = oo a j( z ~ z oV • The coefficient a_i is called the 

residue of f(z) at zq and is denoted by R[f\ zq\. 

Example 31.1. From Examples 25.1-25.3, we have 


R 



1, R 


z 2 — 2z + 7 
z — 2 


1 



R 


LC-i) 3 ’ 


i 



Example 31.2. Clearly, 


R 



(coefficient of 1 / z) 




OO 


E 


i 

j'-U + !)• ' 


If f(z) has a removable singularity at zo, all the coefficients of the nega- 
tive powers of (z—z o) in its Laurent expansion are zero, and so, in particular, 
the residue at zo is zero. 

Example 31.3. From Example 29.4, it is clear that 


R 


sin z „ 

,0 

z 



R 


cos z — 1 

,0 

z 



R 


3 -l 
- 1 ’ 


0. 


If f(z) has a pole of order m > 1 at zo, then the residue R[f , zo] can be 
calculated with the help of the following theorem. 

Theorem 31.1. If f(z) has a pole of order m at zq, then 


R[f,zo\ = lim 


1 


d 


m — 1 


2^20 (m — 1)! dz rn 1 


- [{z - zo) m f{z) 


(31.1) 
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Proof. The Laurent series for f(z ) around zq is given by 


m = 


CL — m , , CL — 2 , CL— \ 


+ ••• + 


+ 


T CLq + CLi^Z — Zq) + 


(z ~ Z 0 ) m ' (z - z 0 ) 2 (z ~ Zq) 

Multiplying the series by (z — zo) m , we get 

(z-z 0 ) rn f(z) = a-m + a-m+i{z - Zo) H h a- 2 {z - z 0 ) m ~ 2 

+a_i(z - z 0 ) m_1 + a 0 (z - z 0 ) m + a\(z - £ 0 ) m+1 + 


Differentiating m — 1 times, we obtain 
d m ~ 1 


dz rn ~ 1 


l(z - z 0 ) m f(z)] 


(m — l)!a_i + m\ao(z — zq) 
(m H- 1)! f 

H 0*1 (z — Zq) + * * * 


Hence, it follows that 

,irn — 1 

lim 


z->z 0 dz m ~ l 


\{z - z 0 ) m f (z)\ = (to — l)!a_i, 


which is the same as (31.1). I 

Corollary 31.1. If f(z) has a simple pole at zq, then 

R[f,z 0 \ = lim (z — zo)f(z). 

z^z 0 


(31.2) 


Corollary 31.2. If f(z) = P(z)/Q(z), where the functions P(z) and 
Q(z) are both analytic at zq and Q(z) has a simple zero at z, o, while P(zq) ^ 
0, then 

<»'•»> 

Proof. Since Q(zq) = 0 and f(z) has a simple pole at zq, it follows that 


R[f, Zo] = lim (z - z 0 )tLl 

Z^rZ 0 CJyZ) 


= lim 

Z—^Zq 


P{z) 


Q(z)—Q(zq) 


Z-Z 0 


P(z 0 ) 
Q'{z o) 


Corollary 31.3. If f(z) has a simple pole at zq and g(z) is analytic at 
Zo, then 

R[fg,z 0 ] = g(z 0 )R[f,z 0 ]. (31.4) 

Example 31.4. Find the residue at each of the singularities of f(z) = 

3 

e z /[z(z + 1)]. The function f(z) has simple poles at z = 0 and z = — 1. 
Therefore, from (31.2), we have 


R[f, o] 


lim zf(z) = lim 

z^O z^O Z + 1 


1 
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and 




lim (z + l)f(z) 

z—t — 1 


lim 

z^-l 



Z 



Example 31.5. Find the residue at each of the singularities of /(z ) = 
z/(z n — 1). The function /(z) has simple poles at Zk = e 227rfe / n , fc = 
0, 1, • • • , n — 1. Therefore, from (31.3) and the fact that = 1, we have 


R 


z 

z n - 1 




Zk 


nz 


n — 1 
k 


1 
— Z 

n 


k 


i 

_ Aiirk/n 

G 

n 


Example 31.6. Find the residue at each of the singularities of /(z) = 
cot z. The function cot z = cos zj sinz has simple poles at z — kn, k = 
0, ±1, ±2, • • • . Using (31.3), we get 


R[cot z, kn] 


cos z 


(sin z)' 


Z = k7T 


cos kir 
cos kir 


Example 31.7. Find the residue of /(z) = (cotz)/z 2 at z = 0 . Since 
/(z) has a pole of order 3 at z = 0, from (31.1) and UHopital’s Rule 
(Theorem 6.3), we have 


R 


cot z 


Z' 


,0 


1 r d 2 

— lim r 

2 ! z^o dz 2 


z l 


cot z 


Z' 


1 t d f 2 i l r 

- Inn I cot z — zcosec z = - lim 

2 z^o dz 2 z^o 


1 d 2 
— lim r [z cot z 
2 ! z^o dz 2 1 


2 cosec 2 z + 2 zcosec 2 z cot z 


. . z cos z — sin z 

= lim o 

sin z 


.. — zsinz 

lim o 

3 sin z cos z 


1 

3 


lim lim 

z^o sin z z^o cos z 


1 

3 


Now we shall state and prove the main theorem of this lecture. 

Theorem 31.2 (Cauchy’s Residue Theorem). If 7 is a 

positively oriented simple closed contour and / is analytic inside and on 7 
except at the points zi, Z 2 , • • • , z n inside 7 , then 



2ni R[f, zj 
3 = 1 


(31.5) 


Proof. Let 7 j, j = l,2,---,n be positively oriented circles centered 
at Zj, j = 1, 2, • • • , n respectively. Furthermore, suppose that each 7 j has 
a radius rj so small that 7 j, j = 1 , 2 , • • • , n are mutually disjoint and he 
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interior to 7 (see Figure 16.4). Then, from Theorem 16.2, the relation (16.1) 
holds. At Zj the function f(z ) has a Laurent series expansion 


00 

f( z ) = a k{z~Zj) k , 

k= — 00 

which is valid for all z on a small, positively oriented circle 7 j centered at 
Zj. But then, it follows that 




dk / ( z — Zj) k dz = 2iria-i = 2niR[f 1 Zj 

k= — 00 74 


Substituting this in (16.1), the relation (31.5) follows. I 


Example 31.8. Let 7 be any positively oriented, simple, closed contour 
containing only the isolated singularity at z = 0 of the functions considered 
below. Then, from Examples 31.1-31.4, 31.6 and 31.7, it follows that 



00 


,z+1/zj^ _ 


7 


dz = 2ni — — 

n\(n 


1 





0 


1 



z(z-hl) 


dz 


2i ri, 


cot zdz — 2 tt i, 



cot z 


Z‘ 


dz 


2 

—7ri. 

3 


Example 31.9. 

contour. 


Evaluate / dzj(z 4 + 1), where 7 is the following 

J sy 



The singularities of the integrand occur at the fourth roots of —1; i.e., 
e 7 ™/ 4 , e 3m/4:^ e 5in/4:^ anc [ g 77 ™/ 4 . However, only e 711 / 4 and e 37 ™/ 4 are inside 
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the contour. Hence, by Theorem 31.2, we have 



= 27 ri ( R 


27 ri 


1 P iri / 4 
z 4 + l ’ e 


1 


+ 


+ R 


1 


1 p 3iri/4 
z 4 + l ’ C 


4^71-2/4^3 4^g37ri/4j3 


= 27 ri ( — 


,772/4 g — 7T2/4 

+ ' 


4 


4 


7T 


y/2 


Now suppose that f(z ) is analytic in a deleted neighborhood of z = oo, 

< oo. Let 7 p : \z\ = p > 


z 


so that f(z ) = E J= -oo for R* < 

R*. From the definition of a curve positively oriented surrounding infinity 
(Lecture 12), it follows that 



[ —dz 

Ap ^ 


id-1 



— 27rm_i. 


This suggests that i?[/, oo] = — a_i. It is interesting to note that at oo the 
residue of a function can be nonzero even when oo is a regular point. For 
example, for the function f(z) = 1 /z, oo is a regular point, in fact, a simple 
zero, but R[l/z,oc\ = —1. 


Theorem 31.3. Let the function f(z) be analytic in the extended 
complex plane, except at isolated singular points. Then, the sum of all 
residues of f(z) is equal to zero. 

Proof. The function f(z) can have only a finite number of singular 
points; otherwise, the singular points will have a limit point a (maybe at 
infinity), which will be a nonisolated singular point of f(z). Thus, there 
exists a positively oriented circle y p such that all finite singular points 
2 i, • • • , z n of f(z) he inside y p . But then, from Theorem 31.2, we have 



2m ^2 R lfi z j 

3 = 1 


(31.6) 


Since relative to the point z = oo the direction of y p is negative, we also 
have 


I f(z)dz = — 27 riR[f, oo 


(31.7) 


Subtracting (31.7) from (31.6), we find 


£*[/> 


2 ) 


J 


+ R[f, oo 


0 . 


(31.8) 
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Since rational functions have only isolated singular points (poles), The- 
orem 31.3 is directly applicable to rational functions. 


Example 31.10. Consider I 


dz 


, where 7 : z 


-y ( z ~ 7 )(z 23 ~ !) 

3e l0 , 0 < 6 < 27 r. Clearly, I = 27ri Y^j=i -R[/, where co, are the 
23 roots of unity. Obviously, this sum is not easy to compute. How- 
ever, since R\f, 00 1 = 0 and R\f ,7 ] = l/(7 23 — 1), from (31.8) we get 
I = - 2 m{R[z, 00 ] + R[f, 7}) = -2ni/(7 23 - 1). 


Problems 


31 . 1 . For each of the functions in Problem 30.3 (a)-(d), compute 
R[f, ^0], where z 0 is an isolated singularity of f(z). 


31 . 2 . Show that 

,2 n 


(a). R 


(b). R 


(c). R 


(d). R 


(e). R 


(f). R 


z 


-1 


_{z + l) n ’ 

1 sin (z — 1) 

cos , l 

z z 2 - 1-1 ’ 

cos z 

,0 


= (-l) 


n+1 


(2 n)\ 


(n — 1 )!(n + 1)! ’ 


1 


= - cosh 1 sinh(l + z), 

2 


z 2 (z — 7 r) 3 
cos z 

z 2 (z — 7 r) 3 

3 1 

z cos 


7 r 


,7T 


z — 2 ’ 


(6 — 7 r 2 ) 
27T 4 ’ 

143 


24 ’ 


,1/z 


Z 2 + 1 


,0 


= sin 1 


31 . 3 . Show that 

,2 n 


(a). R 


(b). R 


Z‘ 


_ (z T l) n 5 


CX) 


(-1) 


n 


(2n) 


(n — l)!(n + 1)! ’ 


z 3 cos 


1 


z — 2 ’ 


00 


143 

~24~ 


31 . 4 . Evaluate the following integrals: 
,2 


(a). 


(b) 


Z 


7 


(z — l) 2 (z + 2) 


Z' 


(z — 2)(z — 1 — i) 


dz , where 7 : |z| = 3, 


— dz, where 7 : |z| = 1.5, 


7 
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(c) 


dz 


7 


Z 4 - 1 


, where 7 is the rectangle defined by £ = —0.5, x = 2, y 


-2, y = 2, 

(d). 


7 


z 


7 7 2 - i) 2 7 2 + 1 ) 

(e) . / cos{l / z 2 )e l ^ z dz, where 7 : 

J 1 

(f) . / tanz, where 7 : \z\ = 2. 

J 


31 . 5 . Let 7 be the circle \z + 1 
direction. Evaluate 


dz, where 7 : |z — 1| = y/3, 


= 1 , 


2 traversed twice in the clockwise 


7 


(z 2 + z) 2 


31 . 6 . Suppose that /(z) is an even function with an isolated singularity 
at 0. Show that R[f, 0] = 0. 

31 . 7 . Suppose that /(z) = Y^=-oo a A z ~ z o) J and^(z) = I] ( jL-oo b j( z ~ 
zo) J are valid in an annulus around zq. Show that 

00 

R[fg,z 0 ] = E a 3 b -j~ 1 - 

j = ~ 00 


31 . 8 . Suppose that /(z) and g(z) are analytic functions with zeros of 
respective orders k and fc + 1 at zq. Show that 


R 



zo 


(k + 1) 


/ (fc) U) 

3 (fe+1) (>o)' 


31 . 9 . Let a be a nonzero fixed complex number such that 
Show that 


a 


= a < 1, 


where 7 is the unit circle 


7 

z 



dz 

27 r 

z 

— a 

2 1 - a 2 ’ 


= 1, 


31 . 10 . Find all functions /(z) having the following properties: /(z) has 
a double pole with residue 3 at z = 0; /(z) has a simple pole with residue 
7 at z = 1; and /(z) is bounded in a neighborhood of z = 00. 


Answers or Hints 


31.1. (a). R[f, 0] = = _i, i?[/, 1] = 2, (b). R[f, 0) = 1/3!, 

(c). R[f, {2k + 1)tt/ 2) = lim^ (2fc+lW2 * ( *~^ 1),r/2) = 7^%^ ’ 
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(d). R[f, 0] = 3. 

31 . 2 . For (a)-(d), use Theorem 31.2; for (e) and (f), expand the functions 
in Laurent’s series. 

31 . 3 . Use the definition. 

31 . 4 . (a). 27rz, (b). 47 U, (c). 7tz/2, (d). 7ri/4, (e). 27 U, (f). —47 ri. 

31 . 5 . J ‘ = — 2 f r where T is the circle |z + 1| = 2 anticlock- 

wise, so — 47ri(Res(0) + Res(— 1)) = 0. 

31 . 6 . Use Problem 25.7. 

31 . 7 . Use the Cauchy product. 

31 . 8 . f(z) = (z - z 0 ) k <f>{z), <f>(z 0 ) + 0, g(z) = (z - z 0 ) k+1 ip{z), ip(z 0 ) ± 
0. Thus, R[f/g,z 0 ] = lim z ^ zo {z - z 0 )[(z - z 0 ) k (j>(z) / (z - z 0 ) k+1 ip(z )] = 
<t>(zo)/^(zo)- Now use (f>(z 0 ) = f( k \z 0 )/k\ and -tp(z 0 ) = g ( ' k+1) (z 0 )/(k + 1)!. 


31 . 9 . \dz\ = 


ie 


ie 


(10 = dO = dz/{iz) and \z — a\ 2 = \z 


1 — az — az + a 2 . Hence, f ■ ^ dz \ 2 = — - f = 

’ J7 \z—a\ z % J'y a.. 

a 2 )z + a = 0 gives z\ = 1/a, z- 2 


dz 


7 az^ — (l+a 2 )z+a 


— az — az -h \a\ = 
Now, az 2 — (1 + 


= a 2 /a. Since 


a 


= a < 1, 27 lies outside 


7, whereas z 2 is inside 7. Finally, note that R az 2 -(i+a 2 )z+a 

31 . 10 . In view of Theorem 18.6, the function g(z) = f(z) — | 
is a constant. Thus, f(z) = § + + z^r + F>. 




a" 


A 

^2 


7 


2-1 


2 


2' 


2-1 


Lecture 32 

Evaluation of Real Integrals 
by Contour Integration I 


In this lecture and the next, we shall show that the theory of residues 
can be applied to compute certain types of definite as well as improper real 
integrals. Some of these integrals occur in physical and engineering appli- 
cations, and often cannot be evaluated by using the methods of calculus. 


First we shall apply Cauchy’s Residue Theorem to evaluate definite real 
integrals of the form 


•27 r 


R(cos 0 , sin Q)dQ, 


(32.1) 


o 


where R(cos 0 , sin 6) is a rational function with real coefficients of cos 6 and 
sin 6 and whose denominator does not vanish on [0, 2 tt] . We shall transform 
(32.1) into a simple closed contour integral. For this, we let 7 be the 
positively oriented unit circle |z| = 1 parameterized by z = e l ° . Thus, 
1/z = e ~ l6 . Since cos# = ( e %e + e~ l9 )/2 and sin 0 = ( e 16 — e~ l9 ) / (2 i), we 
have 


cos e = 1 fz + 1 


1 / 1 

and sin 6 = — \ z 

2 i \ z 


(32.2) 


Also, differentiating z = e %e along 7 , we find 


and hence 


dz 

d0 


d6 = 


■ 

= ie = zz, 


dz 


dz 


IZ z 

Therefore, the integral (32.1) can be written as the contour integral 


•27T 


R(cos 0 , sin 0)d0 


R 


z + z 1 z — z 1 


0 


7 


2 i 


dz 


iz 


(32.3) 


If in (32.1) the function R involves cos nO and sin n0, then we can directly 


use 


1 / 1 \ 1/1 
cos nO = - z n H 1 and sin n6 = — I z n — 


2 \ ' z n ) 2 i v - n 


z 1 


(32.4) 
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which follow from De Moivre’s formula (3.4). 


f 27T 1 

Example 32.1. Evaluate I = / - 

^ Jo 1 + a sm 0 

integral can be transformed into a contour integral: 


dO , 0 < a <1. This 


I = 


1 


dz 


7 


1 + a(z — z 1 )/ 2 i iz 


7 


az 2 + 2 iz — a 


dz 


1 


a 


7 


z + i ( 1 + y/l — a 2 ) / a\ [z + i ( 1 — \/I — a 2 ) / a 


■dz. 


Since | — i(l + y/l — a 2 )/a| > 1 and | — i(l — a/I — a 2 )/a| < 1 , it follows 
that 


a 


1 


_[z+i(l + Vl - ^ 2 )/^] [z-H(l — a /1 — a 2 ) /a 

1 


- , — i ( 1 — \/ 1 — a 2 ) / a 


27T 


a 


— i(l — \/l — a 2 ) /a + i(l + \/I — a 2 ) /a 


Vl - a 2 


Similarly, we have 


•27T 


/ = 


q 1 + a cos 0 


1 2tt 

dO = _ , 0 < 


a/I — a 2 


a 


< 1, 


Example 32.2. Evaluate / 


*7T 


dO 


q (a + cosd ) 2 

integrand is symmetric in [0, 2tt] about 6 = 7 r, it is clear that 


, a > 1 . Since the 


I 


1 


•27T 


d6 


2 Jo (a + cos d ) 2 
We transform this integral into a contour integral to obtain 


/ = I 


4 z : 


dz 


zdz 


2 J 1 (z 2 + 2 az + l ) 2 zz i (z — a) 2 (z — f3) 2 ’ 


7 


where a = — a + Va 2 — 1 and /? = — a — Va 2 — 1. Thus, the integrand has 
two double poles at a and /?, of which only a is inside 7 . Hence, it follows 
that 


I = 


47 + 


R 


z 


= — 47T 


(z — c/ 2 (z — /3 ) 2 ’ 
<7 + / 


a 


d 


z 


(a - /3) 3 


= 47T 


a 


4 ?r i™ efe \{z-/3) 2 
7 ra 


4(a 2 — l ) 3 / 2 (a 2 — l ) 3 / 2 


Next, we shall evaluate integrals of certain functions over infinite in- 
tervals. If f(x) is a function continuous on the nonnegative real axis 
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0 < x < oo, then the improper integral of f(x) over [0, oo) is defined 

by 




f b 

lim / f{x)dx. 

b^oo J q 


(32.5) 


If the limit exists, the integral I\ is said to be convergent ; otherwise it is 
divergent. Similarly, the improper integral of f(x) over (— oo, 0] is defined 
as 

rO rO 



-oo 


f(x)dx = lim / f(x)dx. 

c^oo J_ 


(32.6) 


If f(x) is continuous for all x, the improper integral of f(x) over (— oo, oo) 
is defined by 


•oo 


I 


f(x)dx 


■oo 



f(x)d,x+ lim 

6—^00 



f(x)dx = / 2+/1 (32.7) 


provided both the limits in (32.7) exist. 

The Cauchy principal value (p.v.) of I is defined to be the number 


/ OO n p 

f(x)dx = lim / f(x)dx 

P^-OO / ^ 

-00 r J — p 


(32.8) 


provided this limit exists. Cauchy’s principal value of an integral may exist 
even though the integral itself is not convergent. For example, xdx = 0 

for all p, and hence p.v. f xdx = 0, but J 0 °° xdx = 00 . However, if the 
improper integral I exists, then clearly it must be equal to its principal value 
(p.v.). We also note that if f(x) is an even function; i.e., f(—x) = f(x) 
for all real numbers x, and if the Cauchy principal value of I exists, then I 
exists. Moreover, we have 


1 

2 




(32.9) 


In the following theorem, we use residue theory to compute the Cauchy 
principal value of I for a certain class of functions f(x). 

Theorem 32.1. Let f(z ) be a rational function having no real poles, 


and there exists fi such that for any 
M > 0. Then, 


z 


> p, \f(z)\ < M/\z\ 2 for some 


p.v. 



2?™^ R[f,zj], 


(32.10) 


holds, where the sum is taken over all the poles Zj of f(z) that fall in the 
upper half-plane. 
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Proof. Suppose p > p is so large that the semicircle 7+ contains all the 

~P,P] U{7^}> 


poles of f(z) that are in the upper half-plane. Then, on T p 
by Cauchy’s Residue Theorem, we have 


f{z)dz 


* P 


~P 


f(x)dx-\- j f{z)dz = 27 R[f,Zj]. (32.11) 


Zp 


Clearly, the right-hand side of (32.11) is independent of p, while for the 
left-hand side we find 


/ p poo 

f(x)dx = / f(x)dx 

- p j — 00 


and 




f{z)dz 


* 7T 


f(pe l6 )pie l6 d0 


0 


*7 r 


< 


, .a | M Mtt 

\f(pe 6 ) \pdO < — 7rp = 

0 P P 


so that linip^oo f^+ f(z)dz = 0. Hence, (32.10) follows. 


Corollary 32.1. If f(z ) = P(z)/Q(z) is a rational function such that 
P(z) and Q(z) do not have a common zero, Q(z) has no zeros on the real 
line, and degree Q > 2+ degree P, then linip^oo f^+ f(z)dz = 0, where 7+ 

is the upper half-circle of radius p. 


Remark 32.1. In the proof of Theorem 32.1, the upper semicircle is 
used only for convenience. One may as well use the lower semicircle or any 
other suitable contour having the real interval [— p, p] as one of its parts. 


Example 32.3. Evaluate 


I = p.v. 


*00 


■00 


dx 


x 4 + a 4 ’ 


a > 0. 


Clearly, the function f(z ) = l/(z 4 -fa 4 ) satisfies the conditions of Corollary 
32.1. Its singular points in the upper half-plane are the simple poles at 
z\ = ae 7 ™/ 4 and Z 2 = ae 37 ™/ 4 . Thus, from (32.10), it follows that 


I 


2iri I R 

1 

27 ri 
2ni 


1 


z 4 + a 4 

1 




+ 


4 z\ j 


■T R 

2l Tl 


1 


4a 3 


_^W 4 


+ e 


4 a 3 

■7ri/4\ 


z 4 -j- a' 

— 37ri/4 


7 T 

V2a 3 


,z 2 


+ e 


-97ri/4^ 


Example 32.4. Evaluate 

I = 


00 


dx 


0 (x 2 -j- a 2 ) 2 ’ 


a > 0. 
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Note that the integral is even and that the function l/(z 2 +a 2 ) 2 has a double 
pole at ai and — az, and hence, from Corollary 32.1, (32.9) and (32.10), it 


follows that 


I 

2 P ' V ' J_ x (S + aif - 5< 2 ”W“‘] 

d 1 — 2 7T 

= 7 vi lim =iri . 0 = 

z^rai dz [z + ai) z (2 ai) 6 4 a 6 


Lecture 33 

Evaluation of Real Integrals 
by Contour Integration II 


We begin this lecture with two examples where we need to use appro- 
priate contours to evaluate certain proper and improper real integrals. We 
shall also prove Jordan’s Lemma, which plays a fundamental role in the 
computation of integrals involving rational functions multiplied by trigono- 
metric functions. 


Example 33.1. We shall derive the Fresnel integrals 


*oo 


cos or 


dx 



(33.1) 


which occur in the theory of diffraction. For this, we need the inequality 


— 6 < sin 0 , 0 < 0 < — 

7 r 2 


(33.2) 


and the integral 



(33.3) 


To show (33.2), we consider the function f(Q) = sin 0 — 20 / tt, 0 e [0, tt/ 2] . 
Since f"(0) = — sin#, min 0 < 6 /< 7 r /2 /(#) = /( 0) = /( 7t/2) = 0. To establish 
(33.3), we note first that 


L 


2 




and then use the polar coordinates x — r cos y = r sin </>, to obtain 


L 


2 



*oo 


-r 


rdrdO 


1 

-e 

2 


■r 


oo 


J 0 


7 r 7 r 

X 2 “ 4 


Now, to establish the integrals in (33.1), we consider the entire function 

. 2 

f(z) = e lz and the contour 7 = OA + AB + BO as in Figure 33.1, so that, 
by Theorem 15.2, we have 



,IZ 


dz T 


AZ 


dz -f- 


OA 


AB 



e iz2 dz 


0. 
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Clearly, z = x, 0 < x < p on the line OA ; z = pe l9 , O<0<7r/4on the 
arc AB\ and z — re 71-2 / 4 , 0 < r < p on the line BO. Hence it follows that 



AX 


dx + 



exp ( ip 2 e 2%e ) pie z9 dO + 





= 0. 
(33.4) 


Now, in view of (33.2), we have 


*7r/4 


0 


exp ( ip 2 e 2z9 ) pie z9 d0 


rir/4 

< p / | exp [ip 2 (cos 20 + i sin 20)] | dO 

J o 

< p r /4 e-? 2 ^ 29 d0 < p r /A e-r 2 W”)d0 

J o J o 


0 

7r 1 — e~ p ‘ 
4 p 


0 as p oo, 


whereas (33.3) gives 


(33.5) 


*o 


lim 

p — yoo 


P 


exp [ir 2 e* 1 ! 2 ^ e nz ^dr = — e 7 ™/ 4 


• oo 


_ r 2 7 1 + i \rx 

e dr = — 


o 


Combining (33.4)- (33.6), we get 


V2 2 • 

(33.6) 


f P ■ 2 

lim / e 7X dx = 
p^o° y 0 


pOO 

/ (cosx 2 + i sinx 2 )dx 

Jo 


1 4- i \/tt 


V2 2 ’ 


which on comparing the real and imaginary parts gives (33.1) 

Example 33.2. We shall show that 


*oo 


I = 


1 


t a + 1 


dt = 


7 r 


a sin(7r/a) 


, a > 1. 


For this, we use the substitution t = e®, so that 


(33.7) 


I = p.v. 


•oo 


■oo 


e a;r + 1 


dx. 


(33.8) 
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The function f(z ) = e z / (e az + 1) has an infinite number of singularities on 
both the upper and lower half-planes at the points zp = (2 k + 1)tt i/a, k = 
0, ±1, ±2, • • • . Thus, to compute the integral in (33.8), as in Examples 32.3 
and 32.4, semicircles cannot be used. Therefore, we use a rectangular con- 
tour T p = 71 + 72 + 73 + 74 (see Figure 33.2), which as p oo expands in 
the horizontal direction with the fixed vertical length 27r/a, and contains 
only one singularity of f(z) at zq = iri/a. 



f(z)dz = 27riR[f,7ri/a\ = 27 ri 


£(e° z + 1) 


= — 27t i 


Z = 7ri / OL 


We also have 
f(z)dz 


jiri/a 

a 

(33.9) 


Now, we note that 

'-p 


f(z)dz + / f(z)dz + / f(z)dz + / f(z)dz 

7i ^72 ^73 774 

•p p2tt / a 

f(x)dx + / /(p + 7)idy 

-p 70 

P — P P® 

+ / f(x + 2ni/a)dx + / f(—p + iy)idy. 

J p J 2ir /a 

(33.10) 


r—p pX+27r i/a rp f x 

f(x + 27ri/a)dx = / dx = — e 27TZ ^ a / 

p J p + 1 -1- 1 


dx, 


(33.11) 


p27T / a 


p2tt / a e P+iy 

/ f(p + iy)idy 

Jo 

— 

J 0 e a (p +i y) + 1 tdy 


< 


27t e p 


and 


•0 


2tt / oc 


f{~P + iy)idy 


*0 


-P+*?/ 


W/a e“(-p+^) + 1 


idy 


< 


a e ap — 1 ’ 

(33.12) 

27t e _p 


a 1 — e ap 

(33.13) 
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Clearly, the right-hand sides of (33.12) and (33.13) go to 0 as p oo. 
Hence, from (33.9)-(33.13), it follows that 


■27t i 


>iri/a 


a 


lim / f(z)dz 

p^oo J T 


•OO 




lOiX 


= (1 


-oo ^ 

Jl'Ki/a. 


+ i 


dx + 0 - e 2?ri/ " 


•OO 


■OO 


,X 


>cxx 


+ 1 


dx + 0 


)r 


which gives 

27 vi e 7 ™ 7 r —2 i n 

a 1 — e 27r C« a e -^i/oc _ e n i/a asin(7r/a) 


We shall now prove the following result. 

Lemma 33.1 (Jordan’s Lemma). Let the function f(z ) be 
analytic in the upper half-plane with the exception of a finite number of 
isolated singularities. Furthermore, let lim^oo max 7p |/(z)| = 0, where y p 
is the semicircle in the upper half-plane. Then, the following holds 


lim 

p— >oc 



, iclz 


f{z)dz 


0, a > 0. 


(33.14) 


Proof. Let z = pe l9 , 0 < 0 < 7r, and M p 
the inequality (33.2), we have 


max 7p |/(z)|. Then, from 



•7 r 


< 


0 


,{iap [ cos 6-\-i sin 0]) 


»7T 


\f(z)\pd0 < pM p I e~ apsin0 d6 

0 


P7T / 2 />7t/2 

= 2pM p / e~ apsine d0 < 2pM p / e~ 2ape/7r d0 

Jo Jo 


7 T 


= — M p (l — e ap ) — »• 0 as p oo. 
a K ' 


Remark 33.1. If a < 0 and the function f{z ) satisfies the conditions 
of Lemma 33.1 in the lower half-plane and is the semicircle in the lower 
half-plane, then (33.14) holds. For a = =bia, (a > 0), (33.14) also holds; in 
fact, respectively, we have 


lim [ e az f(z)dz = 0 and lim [ e az f(z)dz = 0, a > 0, 

Pl ^°°Jl Pl P2 ^°%p 2 


(33.15) 

where y Pl is the semicircle in the right half-plane and y P2 is the semicircle 
in the left half-plane. 
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Remark 33.2. If the function f(z) satisfies the conditions of Lemma 
33.1 in the half-plane Imz > yo, where yo is a fixed positive or negative real 
number, and is the circular arc \z — iyo\ = p in the half-plane Imz > yo, 
then (33.14) also holds. 

Theorem 33.1. Let the function f(z ) be as in Lemma 33.1 and have 
no singularities on the real axis. Then, for a > 0, 


p.v. 


/ oo 

e lCLX f(x)dx = 27 R[e zaz f, Zj\, (33.16) 

-oo 


holds, where the sum is taken over all the poles Zj of f(z) that fall in the 
upper half-plane. 

Corollary 33.1. If f(z) = P(z)/Q(z) is a rational function such that 
P(z) and Q(z) do not have a common zero, Q(z) has no zeros on the real 
line, and degree Q > 1+ degree P, then (33.16) holds. 

Example 33.3. Clearly, the function f(z) = 1/ (z 2 Pb 2 ), b > 0 satisfies 
the conditions of Corollary 33.1, and hence, for a > 0, we have 


•oo 


,iax 


p.v. 


-oo x 2 + b 2 


dx = 27 riR 


,iaz 


z 2 T- b 2 


, ib 


— — e ~ ah 
b ■ 


Therefore, on comparing the real and imaginary parts, it follows that 


OO /•OO 

cos ax 7 r _ nh / sm ax 

p.v. / — —dx = —e and p.v. / — — 

-oo X 2 pb 2 b x 2 + b 2 


dx = 0. 


■oo 


Similarly, we find 


•oo 


x cos ax 


•oo 


p.v. 


-oo x 2 + b 2 


dx = 0 and p.v. 


x sm ax 


-oo x 2 + b 2 


dx = ne ab . 


Problems 


(a) 


(b) 


(c) 


33 . 1 . Show that 

'2,71 • 2 r\ 

sm 0 

'o a Pb cos 0 
cos 2 6 


27 r / 

dO = -r-r (a — \J a 2 — b 2 ), a>b> 0. 


•7 r 


0 


1 + a 2 — 2a cos 6 


b 2 


dO = 


7r<r 


1 — a : 


•27T 


1 


•27 r 


'o a P b cos 2 9 


dO = 


1 


f ‘I 

'o a P b sin 9 


a 2 < 1, 


■dO = 


2tt 


ap a + b 


0 < b < a. 
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>2tt 


(d) 


(e). 


(f)- 


(g) 


(h) 


1 


'o a cos 0 + b sin 6 + c 

*27 r -y 


'o a cos 2 6 + b sin 2 6 + c 


dO = 


dO 


27 r 


V c 2 — a 2 — b 2 
2 tt 


\j {a -f- c) (b -f- c) 


, a 2 -\-b 2 < E 


, 0 < c < a, c < b. 


>2tt 


1 


' 0 (1 + 2a cos 0 + a 2 ) 2 

,7r sin 2 0 


d6 = 


27t( 1 + n 2 ) 
(1 — a 2 ) 3 ’ 


a 


< 1. 


dO = 


7 r 


' 0 (1 — 2acosd + a 2 )(l — 26cosd + b 2 ) 2(1 — ab) 


, 0 < a < b < 1 


•27T 


sin 2 ” 6>d6> 


•27T 


cos 211 9d9 = 


27 r / 2n 


0 


0 


4 n V n 


, n = l,2, 


33.2. Show that: 

dx 


f 

(a), p.v. / 


oo 


X 2 + X + 1 


27T 

V3 


•OO 


(b). 


dx 


7 T 


0 (x 2 + a 2 )(x 2 + 6 2 ) 2ab(a + 5) 

00 2x 2 — 1 


, a > 0, b > 0. 


(C) ' /„ x 4 + 5a; 2 +4 da: 4 


(d). p.v. J 


00 x 2 


7 T 


-oo (^ 2 + & 2 ) 2 2a’ > 


*00 


(e). 




f o (z 2 + 1) 


n 


1 • 3 • 5 • • • (2n - 3) 7T 

7 , n > 1. 

2 • 4 • 6 • • • (2n — 2) 2 


33.3. Let f(z ) be a meromorphic function in the upper half-plane 


having no real poles, and zf(z) 0 uniformly as 
7 r. Show that (32.10) holds. 

33.4. Derive the Poisson integral 


z 


oo for 0 < argz < 


p.v. 


•oo 


— oo 


— ax 


7 r 


e ~~ cos(2 abx)dx = \l — e ab , a> 0, 5 > 0. 

a 


33.5. Show that 


•OO CKCC 


p.v. 


4- 1 

— OO C ~ ^ 


dx = 


7 r 


sin a7r 


, 0 < a < 1, 


33.6. Show that 



x 


x k -j- 1 


dx 


7 r 

fc sin( 27 r//c) ’ 


fc > 2. 
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33.7. Show that 


•°° x k—l 


0 


X + 1 


dx = 


■°° x~ k 


0 


X + 1 


= 


7T 


sin kir 5 


0 < fe < 1 


33.8. With the help of the contour 7 p as shown, show that 

“°° dx 2 tt 

0 


X 3 + 1 


3V3' 



33.9. Let a 7* 0, 6 > 0, c > 0 and k be real. Show that; 


(a), p.v. J 


oo 


oo 


cos ax 


x 4 + 6 4 


dx = 


7T 


ab 


•oo 


(b). 


cos ax 


7 r 


V26 3 


dx = — --e ab (ab+ 1 ). 


e af>/ ^ I cos — + sin 


ab 


V2 \/2. 


o (cc 2 + 5 2 ) 2 45 3 

cosx 


*oo 


(c) . p.v. 

(d) . p.v. J 


dx = 


7 r 


e c e b 


oo 

oo 

-oo 


(x 2 + 6 2 )(x 2 + c 2 ) (b 2 — c 2 ) 

cosax 7 r _ h 

— -77 ax = — e cos/ca. 

(x + A:) 2 + b 2 b 


c 


33.10. Show that 
(a), p.v. 


x 3 sin x 


-oo 

*oo 


(b). p.v. 


(c). p.v. 


(d). p.v. 


(x 2 + l ) 2 
x sin 7 rx 


dx = 


7T 


—no T 2x T 5 


2e 
dx = 


7T 


j27T 


-oo 

•oo 


Sin X 7T 

ax = — 

e 


-oo X + 'l 


•oo 


— oo 


cos x + x sm x 27T 

ax = — 

x^ + 1 e 


33.11. The gamma function is denoted and defined as 


•oo 


r (z) 


e t t z 1 dt , 


b > c. 


o 


(33.17) 
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where Re z > 0 and t z 1 = e^ z 1 ^°S t is the principal branch of t z 1 . 
This integral is improper at both ends, and hence it is interpreted as 
li m 6 ->o,c->oo g e~ t t z ~ 1 dt. 


(a). Show that \e t t z 1 | < e t X ez ^ and hence (33.17) converges abso- 
lutely for all 2 ) such that Re z > 0 . 


(b) . Write T(z) = Y^jLo fj( z )> where fj(z) = JJ +1 e t t z 1 dt. Show that 
each fj(z) is analytic for all z such that Re z > 0. 

(c) . For all z such that z T H, 0 Re z gt B , show that \ fj (z) I < Mj = 

(j + 1) B 1 (e 1 —e Hence, deduce that T(z) is analytic for all z such 

that Re z > 0. 

(d) . Use integration by parts to obtain the recurrence relation T(z + 1) = 
zT(z). 

(e) . Show that T(l) = 1 and, for an integer n > 1, T(n + 1) = n\. Thus, 
the gamma function is a generalization of the factorial function. 

(f) . Show that 


*oo roc 


T(a)r(l — a) 


e~ (s+t) s~ a t a ~ l dsdt = 


7 r 


0 Jo 


sm 7 T a 




0 < a < 1 . 


(g). The analytic continuation of T(z) is 


no 


= e yz z _1 


OC _ ^ 

n(W) e * /n - z* 0,-1, -2, 

n — 1 


here 7 is the Euler constant given by 


7 = lim 

m— 7>oo 


11 1 1 

1 H 1 1- • • • H mm 

2 3 m 


~ 0.5772. 


Answers or Hints 

33.1. Similar to Examples 32.1 and 32.2. 

33.2. Similar to Examples 32.3 and 32.4. 

33.3. Similar to Theorem 32.1. 

33.4. Take a rectangle as a contour and follow Example 33.1. 

33.5. Use the substitution ax = t in (33.8). 

33.6. In (33.7), use the substitutions t = x 2 , 2 a = k. 

33.7. In (33.7), use the substitutions t a = x, a = 1/(1 — k). 

33.8. Since z 3 + 1 = 0 implies z = e 27r / 3 , e 27r , e* 57r / 3 , for p > 1 only 
e 77 iV 3 - g enc iosed by y p . Hence, J / yrfj dz = 2niR[l/(z 3 + l),e 27r / 3 ] = 
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271^ 3^2^/3 • Next, note that 

thermore, f BQ Jfj = - f ( p 
e i2^/3) r°° i dx, or f 


L 


dz 


< 


2irp 1 

3 p 3 - 1 


*oo 


AB z 3 + 1 

o ^3^e* 27r / 3 (it. Thus, we have 

dx 27ri 2y/3ir 


0 as p 


2iri 


3 e i27r/3 


oo. Fur- 

= (i- 


'o 


x 1 


+ 1 3^ e i27r/3_ e i47r/3 j 


9 


33 . 9 . Similar to Example 33.3. 

33 . 10 . (a), and (b). similar to Example 33.3, (c). use sinx = ( e lx — 

e~ lx )/ (2z), (d). use e lz / (z — i). 

33 . 11 . (a). Compute directly, (b). integral of an analytic function, (c). use 
Theorem 22.4 and note that A and B are arbitrary, (d). verify directly, (e). com- 
pute directly, (f). use x = s + £, y = t/s and Problem 33.7, (g). use 
Weierstrass’s Factorization Theorem (Theorem 43.3). 


Lecture 34 

Indented Contour Integrals 


In previous lectures, when evaluating the real improper integrals we 
assumed that the integrand has no singularity over the whole interval of 
integration. In this lecture, we shall show that by using indented contours 
some functions which have simple poles at certain points on the interval of 
integration can be computed. 


Recall from calculus that if f(x) is continuous on the interval [a, b ) and 
discontinuous at 6, then the improper integral of f(x) over [a, b } is defined 

by 


n b nr 

/ f(x)dx = lim / f(x)dx , 
Ja r ^ b ~ Ja 


provided the limit exists. Similarly, if f(x) is continuous on the interval 
(6, c] and discontinuous at 6, then the improper integral of f(x) over [6, c 
is defined by 


nc nc 

/ f(x)dx = lim / f(pc)dx , 

Jb s ^ b+ Js 


a, c 


provided the limit exists. If f(x) is continuous on the interval 
discontinuous at b E (a, c), then the improper integral of f{x) over 
and its Cauchy principal value are defined by 


and 
a, c 


nC nr nC 

/ f(x)dx := lim / f(pc)dx + lim / f(pc)dx 
J a r^rb J a J s 


and 



:= lim 

t-> o+ 


nb — t 

/ f(x)dx + 

J a 





provided the appropriate limits exist. If the function f{x) is continuous 
on the interval (— oo, oo) and discontinuous at 6, then the Cauchy principal 
value of its integral is defined by 


p.v. 


/ oo 

f(x)dx := lim lim 

-oo p^oot^0+ 


/ b — t 

f(x)dx + 

-p 



1 


provided the limits as t 0 + and p oo exist independently. If f(x) has 
discontinuities at several points, then the definitions above can be extended 
rather easily. 
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Example 34.1. Clearly, 



lim 

t-> o+ 


1 


X 


1/5 


dx 


lim -(1 — t 4 / 5 ) 
t-> o+ 4 


5 

4’ 


f ~^—dx 

J3 x ~3 


lim 

t-> o+ 



1 


x — 3 


dx 


lim In 

t-> o+ 


x 


lim [In 6 — lntl = oo, 

o+ 


9 


3 


3+t 


and 



lim 

t^o+ 




x — 3 


lim In 

£— t>0+ 




lim [lnt — ln2l = — oo: 

t-> o+ 


3— t 


3 


l 


however, 


p.v. 


[ dx 

J i x - 3 


lim 

t^o+ 



1 


■dx + 


x 



1 


dx 


x 


lim [In t — In 2 + In 6 — In t] = In 3. 

£— 7>0+ L 


To prove the main results of this lecture, we shall need the following 
lemma. 


Lemma 34.1. Suppose that f(z ) has a simple pole at the point b on 
the x-axis. If y r is the contour y r : z = b + re 20 , 0\ < 0 < 62 (see Figure 
34.1), then 


lim 

r— t>0+ 



f(z)dz 


i(02-di)R[f, b]. 


(34.1) 


7r 



Figure 34.1 


Proof. The Laurent series for f(z) at z = b can be written as 



R[f, b] 

z — b 


+ d( z )i 


(34.2) 
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where g(z ) is analytic at b. Integrating (34.2) and using the parametrization 
of y r , we obtain 



R[fM 


2 l -^-fde + ir [ 2 g(b + re M )e i8 d0 

J 0\ 


■01 re 


‘0 2 


i(02 _ Oi)R[f, b] + +ir j g(b re l9 )e l9 dO. 

Oi 


Now, since g(z) is analytic at 6, there exists an M > 0 such that \g(b + 


re 26, )| < M in some neighborhood of b. Thus, it follows that 


lim 

r— )>0+ 



g(b + re' l9 )e l9 d0 


< 


rO 2 

lim r MdO 

r^0+ J 9l 


— lim r ($2 — )M 

r— ^0+ 


0. 


The following theorems extend the results we presented in earlier lec- 
tures. 

Theorem 34.1. If f(z) = P(z)/Q(z) is a rational function such that 
P(z) and Q(z) do not have a common zero, Q(z) has simple zeros at the 
points bi, • • • , bi on the real line, and degree Q > 2+ degree P, then 


p.v. 



i 


27 vi ^ ^ P[y, Zj iri E R[f,b k 


k~l 


(34.3) 


holds, where the first sum is taken over all the poles Zj of f(z) that fall in 
the upper half-plane. 

Theorem 34.2. If f(z) = P(z)/Q(z) is a rational function such that 
P(z) and Q(z) do not have a common zero, Q(z) has simple zeros at the 
points 6^ on the real line, and degree Q > 1+ degree P, then for 

a > 0, 


£ 

- 7T "7 1 m R[e laz f , b k \ 

k = 1 

(34.4) 

and 


p.v. 


*oo 


■oo 


P{x) 

Q(x) 


cos axdx = — 27 r Im R[e iaz /, Zj 


p.v. 



P(x) 

Q( x) 


sin axdx 


27 r Re R[e iaz f ', Zj 


£ 

+ 7 r Re R[( 

k=l 


,iaz 


f,b 


k 


(34.5) 

hold, where the first sum in (34.4) as well as in (34.5) is taken over all the 
poles Zj of f(z) that fall in the upper half-plane. 
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Proof of Theorems 34.1 and 34.2. Let p be sufficiently large so 
that all poles of f(z) lie under the semicircle : z = pe l ° , 0 < 6 < tt. Also, 
let r be so small that the semicircles Ck : z = bk + re l6 , 0 < 6 < 7r, k = 
1, • • • , are disjoint and the poles of f{z ) he above them (see Figure 34.2). 
Furthermore, let T be the closed positively oriented contour consisting of 
7 p , — Cj, j = 1, • • • , I and the segments between these small semicircles 
Ip = [— p, p]\U P=1 (6^ — r, bk H-r). Then, from Theorem 31.2, it follows that 


7p 



Figure 34.2 


2vri ^ R[f, zj 



f(z)dz 



f(z)dz + 


i 

f(x)dx - ^2 
k=l 


f(z)dz. 


(34.6) 

Now, in (34.6), we let p — » oo and r — > 0 + . If f(z) satisfies the conditions 
of Theorem 34.1, then, in view of Corollary 32.1 and Lemma 34.1, (34.6) 
reduces to 


2tt* ^2 R lf - 


2 ) 


J J 


/ OO ^ 

f(x)dx - iri R[f, b k 
-°° k = i 


(34.7) 


which is the same as (34.3). If f(z ) satisfies the conditions of Theorem 34.2, 
then also from Corollary 33.1 and Lemma 34.1 the relation (34.7) holds, 
but for the function f(z ) multiplied by e m2: , a > 0; i.e., 


2iri ^2 R[e laz f, zj 


•OO 


t 


e iax f{pc)dx — 7 xi R[e iaz /, bk] • (34.8) 


— oo 


k = 1 


Finally, equating the real and imaginary parts of (34.8), we obtain (34.4) 
and (34.5), respectively. I 

Example 34.2. We shall show that 


p.v. 


• oo 


— oo 


x 7 r 

ax = — — — , a > 0. 


x 3 — a 3 


V3 


a 
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Clearly, the function f{z ) = z/(z 3 — a 3 ) has simple poles at z\ — a, Z 2 = 
(— 1 — i>/3)a/2, and ^3 = (— 1 + \/3)a/2. Since the pole ^2 is in the lower 
half-plane, from Theorem 34.1 it follows that 


p.v. 



2mR[f, z 3 ] +niR[f , zi] 

2 1 7T 

27TZ x = h 7 rz x — = — — — . 

3(— 1 + a/3 i)a 3 a a 


Example 34.3. Since l?[e m 2 : /z,0] = 1 , a > 0 . From Theorem 34.2, it 
follows that 


p.v. 



cosax 
ax 

x 


0 and p.v. 



sm ax 

ax 

x 


7 r, a > 0 . 


We also note that the function (sin ax) /x is even, and hence 



smax 

ax 

x 



a > 0 . 


Example 34.4. Since the function f(z) = z / (z 2 — b 2 ), b > 0 has simple 
poles at b and —b and, for a > 0 , 


h 

piab 


/y 

h 

O 

R 

_Z 2 -b 2 ’ _ 

— 2 ’ 

_z 2 -b 2, 


from Theorem 34.2, it follows that 


g — iab 



i 


p.v. 



x cos ax 
x 2 — b 2 


dx 



— 7 rIm(cosa&) = 0 


and 


p.v. 



x sin ax 
x 2 — b 2 


dx = 7 rRe 



7 rRe(cosa 6 ) = 7 rcos ab. 


Problems 


34 . 1 . Show that: 


(a) , p.v. 

(b) . p.v. 



cosx 

dx 

x — a 

sin x 

dx 

x — a 


— 7rsina, a > 0. 


7rcosa, a > 0. 
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(c) . 

(d) . 

(e) . 

(f) - 



sin 2 x 7 r 

— - — ax = — 
x 2 2 

cos ax — cos bx 


dx 


or 
sin ax 


x{x 2 + b 2 ) 
sin ax 


x(x 2 + b 2 ) 2 


dx = 


dx = 



Answers 

34 . 1 . Similar to Examples 34.1-34.3 


- a), a, b > 0. 

: -a6 ) , a, b > 0. 

(2 + ab)e~ ah , a,6>0. 

or Hints 


Lecture 35 

Contour Integrals Involving 
Multi-valued Functions 


In previous lectures, we successfully applied contour integration theory 
to evaluate integrals of real- valued functions. However, often it turns out 
that the extension of a real function to the complex plane is a multi-valued 
function. In this lecture, we shall show that by using contours cleverly some 
such functions can also be integrated. 


We begin with the evaluation of the integral 


I 



x a 1 f(x)dx 1 


0 < a < 1. 


( 35 . 1 ) 


For this, we shall assume that: (i) f(z ) is a single-valued analytic function, 
except for a finite number of isolated singularities not on the positive real 
semiaxis, (ii) f(z ) has a removable singularity at z = 0, and (iii) /(z) has 
a zero of order at least one at z = oo. 


Consider the domain S : 0 < arg z < 2tt, which is the z-plane cut along 
the positive real semiaxis. Clearly, the function F(z) = z a ~ 1 f(z ) in the 
domain S is single- valued, its singularities are the same as those of /(z), 
and it coincides with x a ~ l f(x) on the upper side of the cut; i.e., arg z = 0. 
Let p > 0 be sufficiently large so that all singularities z 3 of /(z) he inside 
the circle and let r > 0 be sufficiently small so that all singularities 
of /(z) he outside the circle y r . In the domain 5, we consider the closed 
contour T, which consists of open circles y p , y r and the segments of the 
real axis [r, p] on the upper and lower sides of the cut (see Figure 35.1). 
Then, by Theorem 31.3, it follows that 



F{z)dz 


2t Ti^2R[z a 1 f{z),z j 

f x a ~ x f(x)dx + f z a ~ 1 f(z)dz 
Jr J Ip 

+ f z a ~ l f(z)dz- f z a - x f^z)dz 
J p J 7 r 


dl + ^2 + ^3 — I A: 


where the sum is taken over all singularities of f(z). 


( 35 . 2 ) 
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y 



> X 


From assumption (iii) it is clear that \f(z)\ < M/\z\ for all sufficiently 
large IT . Thus, it follows that 


L 


I z a ~ l f{z)dz 
y ip 


,CK — 1 


< 27 rp = 2irM p 01-1 

p 


0 as p — t* oc. 


For the integral / 3 , we note that arg z = 27 r, and hence z = xe 2lTl , x > 0. 
Thus, we have 


*r 


/ 3 = / z a ~ l f{z)dz = -e 

P 


* P 


2ni(a-l) / /( X )d X = _ 


r 


For the integral / 4 , in view of assumption (ii), we find 


L 


I z a ~ 1 f{z)dz 

J Ir 


< Cr a 1 2irr — 0 as r — >• 0. 


Finally, in (35.2), letting r — )► 0, p oc and using the relations above, 
we obtain 


■°° ,a — 1 * - 2^ 


x a f(x)dx = 


o 


1 — e 


2irai 


y^i?[z a 1 f(z),zj], 0 < a < 1. (35.3) 


Example 35.1. For 0 < a < 1, from (35.3), we have 


*oo a — 1 


0 


X + 1 


dx = 


2i7ri 


g27TQ!i 

2ni 


rR 


z 


ex — 1 


1 — e 


27rm 


2 + 1 ’ 

r(-l ) a_1 


1 


27rie 7r ( a 

g27r(o! — 1 )i 


7 r 


sm a7r 


5 


which is the same as given in Problem 33.7. 
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Example 35.2. From (35.3), we have 


*oo 


• oo 


0 


X 3 + 1 


■dx = 


x 


1 / 2-1 


X 


0 


X 3 + 1 


■dx 


27 ri 


1 


,7 rz 


i? 


Z 


1/2 


Z 3 + 1 


, 777/3 


- 

r z 1 / 2 .1 

— 

T R 

7 T 7 

T R 


z 3 + 1 ’ 



Z 


1/2 


7 xi 

t _i_ i e _7ri / 2 + ie _57ri / 2 

7T7 

i — i — i 


3 3 3 




z 3 + 1 

7 T 

3‘ 


,57ri/3 


Now, we shall consider the integral of the form 

I = f x a ~ 1 (l — x)~ a f(x)dx, 0 < a < 1. (35.4) 

Jo 

We shall assume that: (i) /(z) is a single-valued analytic function, except 
for a finite number of isolated singularities not on the interval 0 < x < 1, 
and (ii) /(z) has a removable singularity at z = oo. The function F(z) = 
z a_1 ( 1 — z) _a /(z) has two branch points, namely z = 0 and z = 1, and 
the point z = oo is a removable singularity. Now, as for the integral (35.1), 
from Figure 35.2 it is clear that 


V 



F(z)dz 


2m Yi R[z a ~\ 1 - z)~ a f(z ), 2 , 


[ x a l {\ — x) a f(x)dx— f z a 1 (1 
Jr J 7 r2 

+ t z a -\l-z)- a f(z)dz- f z a ~\ 1 
Jl—r J 7 ri 

+ f z a ~ x {\ -z)- a f{z)dz 

h — h + h ~ I4 + h, 


z)~ a f(z)dz 

z)- a f(z)dz 


(35.5) 
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where the sum is taken over all singularities of f(z). 

Now, as for the integrals in (35.2), it follows that I 2 and I 4 tend to zero, 
and I 3 = —e 27ria Ii as r 0. Next, since f(z ) has a removable singularity 
at z = 00 , it has the expansion /(z ) = ao + (a_i/z) + • • • , where ao = 
lim^oo /(z). This leads to 1$ = 27riaoe 7Tia . Thus, as r 0 and p —> 00 , we 
get 


2m^R[z a - 1 (l - z)- a f(z),zj] = (l-e 2 ’ riQ )/ + 27ria 0 e"“, 


which gives 


0 


H 1 -*) a f(x)dx = ^^+ (1 _ 2 e T. Q) “/(*)>*>]> 


where 0 < a < 1 and ao = lim 


7*00 


f(z)- 


(35.6) 


Example 35.3. From (35.6), it immediately follows that 


f x a 1 (1 — x) a dx 

J 0 


7 r 


sm 7 ra 


, 0 < a < 1. 


Recall that the integral above is a particular case of the beta function de- 
noted and defined as 

B(p,q) := f x p ~ l (\ — x) q ~ 1 dx, 0<p,q<l. 

J 0 


Finally, in this lecture we shall evaluate the integral 


•00 


1=1 f(x) Logx dx. 
0 


(35.7) 


We shall assume that f(x) is an even function and that /(z ) is analytic 
onto the upper half-plane Im z > 0 and satisfies the conditions of Theorem 
32.1. From Figure 35.3 it follows that 


f(z)Logzdz = 27 n E R[f (z)Log z , z. 


*P 


f(x)Logxdx + / f(z)Logzdz 


r 


* P 


7 P 


+ / f(x)[Logx + 7 ri\dx — / f(z)Logzdz 


r 


— I\ + I2 + I3 — -^ 4 , 


7r 


(35.8) 

where the sum is taken over all singularities of f(z) on the upper half-plane. 
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V 



Figure 35.3 

Now, following as earlier, it follows that 


|/ 2 1 < 


< 


M 


* 7T 


| Log pe xe pe l 6 dO 


n 2 1 

P J 0 
M 


■ 7 r 


P Jo 


Log p + i6 d6 < MjL J Log 2 /) + 7 r 2 — >■ 0 as p — > 00 . 

P v 


Furthermore, I 4 also tends to zero as r 0. From our earlier lectures, we 
also have 


rOC 

/ f(x)dx = m'Y\R[f{z),z. 

Jo 


Thus, from (35.8), we get 


nOO 

/ f(x)Logxdx = 7 vi R 

Jo 


7 Tl 


f(z ) Log 2 - — ,zj 


(35.9) 


Example 35.4. From (35.9), it is clear that 


Logx 

0 (> 2 + l ) 2 


dx = 7 riR 


1 


_(^ 2 + 1 ) : 


7TI 

Lo g ^ - TT 1C 


7 r 


Problems 


35.1. Show that: 




1 

^fx[x 2 + 1 ) 


dx 


V2' 



(x 2 + l) 2 

X 1 / 4 


X 2 + X + 1 


dx 


dx 


7 r 

472' 

tt(1- 1/V3). 
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•oo 


(d). / - — v — dx = — 

1 ' 'o ( x + 1) 2 2 


(a). 


(b) 


(c). 


(d) 


(e). 


(f) 


35 . 2 . Show that: 

00 Logx 
x 2 + 1 


dx = 0. 


o 


*oo 


Logx 


' o ( x + a) 2 + b 2 


. LogVtt 2 -j- 6 2 _i b 

dx = tan - , 

b a 


•oo 


Logx . 7T" 


q x^ H~ 1 

*°° (Logx) 2 
o 

•oo 


dx = 


8 a/2' 

.3 


0 


X 2 + 1 

x Logx 
(x + l) 2 


dx = 


7 r 


8 


dx = 7T. 


• oo 


(Logx) 2 3\/2 7r" 

— dx = 

x 3 + 1 64 


a and b are real. 


35 . 3 . Show that the substitution t = x/(l — x) reduces the integral 
(35.4) to the form (35.1). 


35 . 4 . Show that: 


(a) 


(b) 


(c) 


(d) 


(e). 


(f) 


•OO 


cos ax 


q cosh 7TX 


dx 


Lech-, a is real. 
2 2 


•OO 


sin ax la 

— dx = -tanh— , a is real. 

sinh 7rx 2 2 


•oo ax 


— oo 
•oo 


cosh X 


dx = 7T sec 


7ra 


a 


< 1 


sin ax 7 1 1 + e a 1 

dx = , a > 0. 


o 


sinh 7rx 


2 1 - e 


-a 


a 


• oo 


0 x 

• oo 


cosx / 1 \ . Tra 

ax = 1(1 — a) sin y 

7ra 


a 


0 < a < 1 . 


smx 


x 


CM 


dx = T(1 - a) cos — , 0<a<l 


Answers or Hints 


35 . 1 . Similar to Examples 35.1 and 35.2. 
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35 . 2 . Similar to Example 35.4. 

35 . 3 . Verify directly. 

35 . 4 . Use proper function and contour. 


Lecture 36 

Summation of Series 


One of the remarkable applications of the Residue Theorem is that we 
can sum f( n ) f° r cei *f a i n types of functions f(z). For this, we shall 

prove the following result. 


Theorem 36.1. Let the function f(z ) be analytic on C except at 
finitely many points z\, Z 2 , • • • , z^, none of which is a real integer. Further- 
more, let there exist M > 0 such that \z 2 f(z)\ < M for all \z\ > p for some 
p > 0. Consider the functions 

g{z) = tt COS 7TZ f(z) and h(z) = — — /(z), z G C. 


sin 7 TZ 


sin 7 TZ 


Then, the following hold: 


oo 


k 


E A n ) = 


z , 


(36.1) 


n= — oo 


3 = 1 


and 


oo 


k 


E (-!)"/(«) = -E^- 

3 = 1 




(36.2) 


n= — oo 


Proof. Recall that the function sin7rz vanishes at each n G Z. Thus, the 
functions 7rcos7rz/ sin7rz and tt / sin7rz have simple poles at each n G Z. 
Furthermore, by hypothesis, /(z) is analytic at each n. Now, we consider 
the following two cases. 

Case (i). Let f(n) ^ 0 for each n. Then, both g(z) and h(z) have sim- 
ple poles at each n G Z and singularities at zi, Z 2 , • • • , z&. Let 7 be a 
large rectangle containing all singularities of /(z), the inte- 

gers — n, • • • , — 1, 0, 1, • • • , n, and not passing through any integer. Then, by 
the Residue Theorem, it follows that 


/ g(z)dz = 27 ri 

J 1 


k 


n 


^2R[g,Zj\+ E r \9 , 

3 = 1 


m 


m— — n 


Now since g(z) has a simple pole at each m, we have 


7r( Z — TYl 1 

R[g,m\ = lim (z — m)g(z) = lim f(z ) — : -cos 7 tz = f(mn), 

z^m z^m Sin 7TZ 
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Hence, we obtain 



27 ri 


k 

Y z i 

3 = 1 


n 

+ Y /( m ) 

m——n 


Similarly, we find 



27 ri 


k 

Y R z i- 



n 

+ Y (- 1 ) m /( m ) 

m——n 


(36.3) 


(36.4) 


Case (ii). If f(m) = 0 for some m, then g(z) and h(z) have removable 
singularities at m. Thus, the contribution of the point m to j ' g(z)dz and 

to j h(z)dz is zero, which is also /(m). Thus, in this case also, (36.3) and 
(36.4) remain valid. 

If we can show that, as the rectangle 7 gets larger, enclosing all the 
integers m in the limit, lim J ' g(z)dz = 0 = lim f ' h(z)dz , then from (36.3) 

and (36.4) the relations (36.1) and (36.2), respectively, follow immediately. 
To show this, we consider the rectangular region S n with boundary y n . 


-n — 1 


-n 


(n+l)i 


m 


—ni 


n 


(n+l/2)+(n+l/2)i 


n+1 


(n+1 )i 


(n+1/2)— (n+l/2)i 


Figure 36.1 


Let n be so large that 

z.i\ < 

n for all 

% G Sm 

Z 

> n > p, we have \f(z) 

< M/\z 


Next, we need to show that 


COS 7 TZ 

sin 7 tz 


< A for some A > 0 and 




> n. 


(36.5) 
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For this, note that, for z = x + iy , inz = nix — ny and 


cos nz 


^Tvix — Tvy _|_ g — irix-\-iry 

< 

^Trix — iry 

+ 

g — irix-\-7ry 







sin nz 


^7rix — 7Ty g — irix-\-iry 

\ 

£ — irix-\-iTy _ 

^ivix — Tvy 


Hence, it follows that 


cos nz e ^ + e 77 ^ 

< 

sin nz e 71 ^ — e ^ y 


1 + e~ 2 y 1 + e 

— 77 — < — 

1 - e~ 27vy ~ 1 - e" 77 


provided y > 1/2, and similarly, 

cos nz e~ 7Ty + e 71 ^ 

< 

sin nz e ^ y — e 71 ^ 


1 + e 2ny 1 + e _7r 

s — < 

1 _ e 2vr y - 1 _ e -7r 


provided y < —1/2. Now let —1/2 < y < 1/2, and z = 7V + l/2 + i?/ where 
N > n. Then, we have 


cos nz 
sin nz 


cot 7T ( TV + i + iy 


( n 

cot + my 


tanh 7n/| < tanh — . 


Similarly, if z = — (TV + 1/2) + iy, we get 


COS 7TZ 


sm nz 


n 


tanh ny\ < tanh—. 


From the considerations above, the inequality (36.5) is clear. 


Finally, for any N > n as chosen above, we find 


g{z)dz 


7 N 


< n 


7 N 


cos nz 


sm nz 


M 


|/0)||cM < ttA—^L(^ n ) 


Since, L(jn) = 4(2 N + 1), it follows that 


g{z)dz 


7 N 


. M . 

< nA^4(2N + l) 


0 as TV oo. 


Following the same arguments, we can show that 



0 as N ^ oo. 


This completes the proof of Theorem 36.1. I 

Remark 36.1. If the function f(z) has a singularity at some real 
integer K , then Theorem 36.1 also remains valid; however, then, from the 
sum J]/(ra), we need to exclude the term f(K ) and include the residue 
R[g , K\ in the sum R[g , z 3 . 
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Example 36.1. The function f(z ) = 1/z 2 satisfies the hypothesis of 
Theorem 36.1 except that it has a pole of order 2 at 0. Hence, the function 

. N TV COS HZ AT 

g(z) = — has a pole of order 3 at 0. Now, since 


Z* sm7 TZ 


R 


7 r cos tv z 


z * sin 7 TZ 


,0 


7T 


and 


OO 1 1 oo 

T— = - V 

Z—/ 9 Z ^ 


n=l n= — oo, n^O 

from (36.1) and Remark 36.1 it follows that 


1 


77/ 


• ' n 2 


n=l 




7T COS 7 TZ 


iZ * Sill 7 TZ 


,o 


7T 


6 


For the same function f(z) = 1 /z , if we use the relation (36.2) and Remark 
36.1, we get 


i-4+ 1 


oo 


2 2 3 2 


Similarly, we can show that 


= B-i) 


n+1 


1 


7T 


n=l 




12 


7T 


oo 1 

V - - 

^ o (2n+i) 2 8’ 


OO 


1 


n 4 


7 r 


n=l 


90’ 


OO 1 

W i 

Z 7(2n+l) 4 

n=0 v ' 


7T 


96’ 


1 


1 1 1 

+ zx - ^7 + 


7 T 


and 


1 


3 3 5 3 7 3 

1 1 1 

+ 


3 5 5 5 7 5 


+ 


32’ 

57T 5 

1536 


Example 36.2. The function f(z) = 1 /(z 2 — a 2 ), where a is real and 
noninteger, satisfies the hypothesis of Theorem 36.1. Thus, from (36.1), it 
follows that 


oo 


E 


n= — oo 


1 


n 2 — a 2 


R 

TV 

z 2 — a 

TV 


cot tv a 

2 a 



cos 7 TZ 




a 


R 


TV COS 7 TZ 


TV 

2 a 


cot tv a = 


z 2 — a 2 sin wz ’ 


TV 

cot na. 

a 


—a 


Furthermore, since 


oo 


E 


1 


n 2 — a 2 


n= — oo 


1 i i A i 

n 2 — a 2 a 2 n 2 — a 2 

n= — oo n= 1 


E 
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and 


we have 


E 


1 


n 2 — a 2 


n= — oo 


oo 


oo 


E 

ri—1 


1 


n 2 — a 2 


E 

n = 1 


1 


1 7T 

cot 7ra. 


n 2 — a 2 2a 2 2a 


Problems 

36 . 1 . Let a be real and noninteger. Show that: 

1 7T 


oo 


(a). E 


n= — oo 
oo 


(!>)• e 


n= — oo 
oo 


(<=)■ E 


n= — oo 

OO / 


(<>)• E 


n=l 

oo 


(<=>■ E 


n 2 + a 2 

a 

1 



= 7T 

(n — a) 2 

1 


(n 2 + a 2 ) 2 


jn+i 

1 

2 + a 2 

2a 2 

(-ir 

= 7T 


7T 


7T" 


2a 3 


coth7ra H -cosec 7ra 

2a 2 


7 r 

cosec 7ra. 


= 7T cot 7ra cosec 7ra. 


n= — oo 


(n + a) 2 

36 . 2 . Show that, for a positive integer fc, 


oo 


E 

n=l 


n 


1 

EL 


o2/c— 1 

A: — 1 _ 2 A; 70 

1J 


(-lf-V 


(2fc)! 


2k 


and 


oo 


E 

n=l 


(- 1 ) 


n 


A: 2 Ac 


n 


2k 


= (-1)^ 


(2 2fe -! - l) 

(2fc)! 


B 


2k 


where is the 2fcth Bernoulli number (see Problem 24.10) 


Answers or Hints 


Lecture 36 


36 . 1 . Similar to Examples 36.1 and 36.2. 

36 . 2 . Consider the function f(z ) = l/z 2k and see Problem 24.10. 


Lecture 37 

Argument Principle and 
Rouche and Hurwitz Theorems 


We begin this lecture with an extension of Theorem 26.3 known as 
the Argument Principle. This result is then used to establish Rouche’s 
Theorem, which provides locations of the zeros and poles of meromorphic 
functions. We shall also prove an interesting result due to Hurwitz. 


Theorem 37.1 (Argument Principle). Let f(z ) be meromor- 
phic inside and on a positively oriented contour 7 . Furthermore, let f(z ) 7 ^ 0 
on 7 . Then, 


1 

27 vi 



z f - p f- 


(37.1) 


holds, where Zf (Pf) is the number of zeros (poles), counting multiplicities 
of f(z) that he inside 7 . 


Proof. Let ai, • • • , an be the zeros and 61 , • • • , b p be the poles of f(z ) in 
7 with respective multiplicities mi, • • • , mu and ni, • • • , n v such that Zf = 
mi + • • • + mi and Pf = ni + • • • + n p . Then, from (26.3), we obtain 


R 



m k . 


Now, similar to (26.2) at the pole b s , we have 



(37.2) 


(37.3) 


where h(z) is analytic and nonzero in a neighborhood of b s . From (37.3), it 
follows that 

f'(z) _ n s h'(z) 


and hence 


/(*) 


R 


z — b s h(z) ’ 


(37.4) 


r , 

7 ’ 6, 


71 *. 


(37.5) 


Finally, using Theorem 31.2 and the formulas (37.2) and (37.5), we find 


7 


m 

/(*) 


dz = 2ni [(mi + • • • + m^) — (n\ + • • • + n p )\ = 2i ri[Zf — Pf], 
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which is the same as (37.1). I 

Remark 37.1. The nomenclature argument principle for (37.1) comes 
from the fact that its left-hand side can be interpreted as the change in 
the argument as one runs around the image path /( 7). More precisely, the 
relation (37.1) implies that Zf — Pf = ( 1/ 2 tt) [change in arg(/(z)) as z 
traverses 7 once in the positive direction]. 

Example 37.1. Consider the function 



(z-2) 3 (z- l) 7 z 3 
(z — i) 4 (z + 3) 5 (z — 2 i) 7 


and 7 : 
hence Z 


z 

f 


— 2.5. Clearly, Zf = 3 + 7 + 3 = 13 and Pf =4 + 7 = 11, and 
— Pf = 2. We also note that 


f'(z) 

m 


3 7 3 4 5 

z — 2 z — 1 z z — i z + 3 


7 

z-2i 


and hence 


1 

2i vi 



— [2ttz(3 + 7 + 3) -2ttz(4 + 7)] = 2 = Z f - P f 

2l Tl 


Lemma 37.1. Suppose that /(z) is continuous and assumes only integer 
values on a domain S. Then, /(z) is a constant on S. 

Proof. For each integer n, let Sji CZ S be such that, for z G SVi, f (z) — n. 
Clearly, the sets S n are disjoint and their union is S. We claim that each S n 
is open. For this, let zo G S n , so that /(zo) = n. Since f(z) is continuous 
at zo, there exists an open disk B(zo,r) such that \f(z) — n | < 1/2 for 
all z G B(zo,r). However, since f(z) is integer- valued, this implies that 
f(z) = n for all z G B(zo,r). Hence, S n is open. Now, since a connected 
set cannot be the union of disjoint open sets, only one of the S n can be 
nonempty, say 5 no , and thus f(z) = n 0 for all z in S. I 

Now we shall use Theorem 37.1 and Lemma 37.1 to prove the following 
result. 

Theorem 37.2 (Rouche’s Theorem). Suppose f(z ) and g(z) 
are meronrorphic functions in a domain S. If \f(z)\ > \g(z)\ for all z on 7, 
where 7 is a simply closed positively oriented contour in S and f(z) and 
g(z) have no zeros or poles on 7, then 

Zf ~ Pf — Zf+g — Pf+g- (37.6) 


Proof. We claim that the function f(z)+g(z) has no zeros on 7. Indeed, if 
f( z o)+g( z o) = 0 for some z 0 on 7, then |/(zq)| = |g(zo)|, which contradicts 
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the hypothesis. Now, since \f(z) 

7 , there exists a constant m > 0 such that \f(z) 
Thus, for any A E [0, 1], it follows that 


g(z) | is continuous on the compact set 

- \g(z)\ > m > 0 on 7 . 


I/CO + A5C) 

for all z on 7 . Therefore, 

J( A) = 


> |/(z)| — |g(z)| > rn > 0 


1 


fjz) + Xg'(z) 
2 ttz 7 f(z) + \g(z) 


dz 


is a continuous function of A. But, in view of Theorem 37.1, J(A) = Zf+\ g — 
Pf+\g , which is an integer, and hence, from Lemma 37.1, we have J(0) = 
J(l); i.e., (37.6) holds. I 

Corollary 37.1. Suppose f(z ) and g(z) are analytic functions in a 
domain S. If \f(z)\ > \g(z)\ for all z on 7 , where 7 is a simply closed 
contour in 5, then f(z) and f(z) -f g(z) have the same number of zeros 
inside 7 counting multiplicities. 

Example 37.2. We shall show that the function cj)(z) = 2 z 5 — 6 z 2 + z-\-l 
has three zeros in the annulus 1 < \z\ < 2. For this, first we let f(z) = — 6 z 2 


and g(z) = 2 z 5 +z+l on 
and hence \f(z) I > I g{z) 


z | = 1, so that \f(z)\ = 6 and \g(z)\ < 2+1 + 1 = 4, 
on 1 2 : | = 1. Thus, by Corollary 37.1, <fi(z) has two 


zeros in \z\ < 1. Next, we let f(z) = 2 z 5 and g(z) = — 6 z 2 + z + 1 on 
so that \f(z)\ = 64 and \g(z)\ < 24 + 2 + 1 = 27, and hence | f(z) > 


z 


= 2 , 

9{z) 


on \z\ = 2. Thus, by Corollary 37.1, <p(z) has five zeros in \z\ < 2. Therefore, 
cj)(z) has three zeros in 1 < \z\ < 2 . 

Example 37.3. We shall show that the function cj)(z) = 2 + z 2 + e lz has 
exactly one zero in the open upper half-plane. For this, we let f(z) = 2 + z 2 
and g(z) = e lz on 7 : [—R,R\ U {z : Imz > 0, \z\ = R }, R > \/3. Clearly, 
for z E [—R,R], \f(z)\ > 2 > 1 = \g(z)\, and for z = Re l9 , 0 < 0 < 


f(z) | > i ? 2 -2 > 1 > 


R sin 6 


has the same number of roots in {z : Imz > 0 , 
exactly one. 


\g(z)\. Thus, from Corollary 37.1, <j)(z) 


z 


< R\ as 2 -\~ z 2 , which is 


Example 37.4. As an application of Corollary 37.1, we can prove 
the Fundamental Theorem of Algebra (Theorem 19.1). For this, we let 


/o 


CL n Z 


n 


and g(z) = a n -iz n 1 + • • • + a\z + a 0 on 


z 


R, so that 


f(z) 

— I d n 

R n and \g(z) 

< 

dn — l J 

f(z) 

> 1 g(z) 

on 

z 

= R if we choose R 


m— 1 


+ • • • + \ai R + |ao|. Hence, 


CL n — 

1 


CL n 



+ ...+ 


CL\ 


a 


n 


+ 


dQ 


a 


n 


< R. 


Since f(z) has n zeros in 


z 


R, Pn{z) = f( Z ) + g(z) also has exactly n 


zeros m z 


= R. 


250 


Lecture 37 


Now, for each n, let p n (z) be the polynomial 

Z 2 gn 

Pn(z) = 1 + Z + — H 


It is clear that it has n zeros and the sequence {p n (z)} converges to e z 
uniformly on any closed disk £>(0, R). Thus, as n increases, the number of 
zeros of p n (z) being n increases while the limit function e z has no zeros at 
all. In the following result, we shall show that in the limit all zeros of p n (z) 
go into the point at infinity. 


Theorem 37.3. For a given R > 0, there exists an n such that, for 
any m > n, p m (z) has no zero in the open disk B{ 0, R ). 


Proof. Let e = inf { | e z \ : \z\ < R}. Since e z is continuous and nonzero, 
and B(0,R) is compact, it is clear that e > 0. On B(0,R), the sequence 
{pn(z)} converges uniformly to e 2 , so there is n such that, for all m > 
n, | Pm(z) — e z \ < e < \e z \ for z e B(Q,R). Now let /(z) = e z and g(z) = 
Pm(z) — e z . Then, from Corollary 37.1, it follows that e z and /(z) + g(z) = 
Pm( z ) have the same number of zeros in B(0,R). But e z has no zeros in 

B(0,R). I 


We conclude this lecture by proving the following result, which gener- 
alizes Theorem 37.3. 


Theorem 37.4 (Hurwitz’s Theorem). Suppose that {f n (z)} 
is a sequence of analytic functions on a domain S converging uniformly on 
every compact subset of 5 to a function f(z). Then, either 

(i) . f(z) is identically zero on S or 

(ii) . if B(zo,r) is any open disk in S such that f(z) does not have zeros 
on its boundary, then f n (z ) and f(z) have the same number of zeros in 
B(zo,r) for all sufficiently large n. 


Proof. From Theorem 22.6, the function f(z) is analytic on S. Now 
suppose that f(z) is not identically zero on 5, and let zq e S be a zero of 
f(z). Let B(zo,r) be a closed disk such that f(z) does not vanish on its 
boundary. Let 0 < e = inf \f(z) \ on the boundary of B(zo, r). Then, in view 
of uniform convergence, there exists an n such that, for all m > n, \f m (z) — 


m\<e<\ f(z) | on the boundary of B (zo, r). Now let g(z) = / m (z) — /(z). 
Then, from Corollary 37.1, it follows that f(z) and f(z) + g(z) = fm( z ) 
have the same number of zeros in B(zq, r). I 


Corollary 37.2. Let {f n ( z )} b e a sequence of one-to-one analytic 
functions defined on a domain 5, and suppose {f n ( z )} converges uniformly 
to f(z) on every compact subset of S. Then, the function f(z) is also one- 
to-one and analytic on S. 
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Example 37.5. The sequence {e z /n} converges uniformly to zero on 
every compact subset of C. Note that functions e z /n have no zeros in the 
complex plane. 


Problems 


37 . 1 . Let /(z) be meromorphic in a simply connected domain S', and 
let 7 be a simply closed positively oriented contour in S such that, for all 
z on 7 , /(z ) ^ 0 and f(z) ^ oo. Then, 


w{fO),a) 


1 


/'(*) 


2?n J 7 f(z) - a 


dz 


is called the winding number of /( 7 ) about a. It represents the number of 
times the curve /( 7 ) winds around the point a. Clearly, Theorem 37.1 gives 
w(f( 7),0) = Zf — Pf. If 7 is not a simple closed curve, but crosses itself 
several times, then w(f( 7 ), a) also gives the number of times the curve /( 7 ) 
winds around the point a. Find w(f(g),a) for the function /(z) = z 7 — z 
when 


(a) . 7 : 

(b) . 7 : 

(c) . 7 : 


z 

z 

z 


= 2, a — 0, 

= 0.5, a = 0, 


— 1 


= 1.5, a = 0. 


37.2. If a > e, show that the equation e z = az n has n roots inside the 


circle 


z 


= 1 


37 . 3 . Show that the function z 8 — 5z 5 — 2z-fl has five zeros inside the 
unit circle z = 1. 


z 


z 


37 . 4 . Show that all nine zeros of z 9 — 8z 2 + 5 he in the annulus 1/2 < 

< 3/2. 

37 . 5 . Show that all five zeros of z 5 — 2z + 16 he in the annulus 1 < 

< 2 . 


37 . 6 . Show that the equation z-fe z = c (c > 1 ) has a unique real 
root in the right half-plane. 


Answers or Hints 


37 . 1 . 

37 . 2 . 

37 . 3 . 


(a). 7, (b). 1, (c). 5. 

Let /(z) = az n and g(z) = —e z on 
Let /(z) = — 5z 5 + 1 and g(z) = z 8 


z 


1, and apply Corollary 37.1. 


— 2z. 


252 


Lecture 37 


37 . 4 . Follow Example 37.2. 

37 . 5 . Follow Example 37.2. 

37 . 6 . Follow Example 37.3. 


Lecture 38 

Behavior of Analytic Mappings 


In this lecture, we shall use the Rouche Theorem to investigate the be- 
havior of the mapping / generated by an analytic function w = f(z). Then, 
we shall study some properties of the inverse mapping f~ 1 . We shall also 
discuss functions that map the boundaries of their domains to the bound- 
aries of their ranges. Such results are of immense value for constructing 
solutions of the Laplace equation with boundary conditions. 


Let the function w = f(z ) be analytic at zq and wq = f(zo)- We say that 
/ has order m > 1 at zo if f(z) — wo has a zero of order m at z$. Clearly, 
/ has order m > 2 at zq if and only if f^ k \zo) = 0 , k = 1 , • • • , m — 1 and 
f M (z 0 ) 7 ^ 0. In particular, / has order one at zo if and only if f'(zo) 7 ^ 0. 

Theorem 38.1 (Local Mapping Theorem). Let w = f(z) be 
a nonconstant analytic function in a neighborhood of Zo- Let Wo = f(z 0 ) 
and m be the order of / at zq. Then, there exist r > 0 and p > 0 such that 
every w 7 ^ Wq in B(wo,p) is attained by / at exactly m distinct points in 
B(z 0 ,r). 

Proof. Since f(z) — Wq has a zero of order m > 1, from Theorem 26.1 it 
follows that 


f(z) - Wo = a m (z - z 0 ) m + a m+ i(z - z 0 ) m+1 H , a m ± 0. (38.1) 


Thus, lim z _y Zo (/(z) 
an r > 0 such that 


wo)/(z — zq ) m = a m 7 ^ 0 , and therefore there exists 


f(z) ~ 



> 



2 


for all 0 < \z — zo\ < r. Hence, for 2 ) 7 ^ zo, it follows that f(z) 7 ^ rco, and 
for \z — zo = r, we have 


I/O -w 0 > 


a 


m 


r 


m 


(38.2) 


Again, since m > 1 , in view of (38.1), we can choose r sufficiently small so 
that f'(z ) 7 ^ 0 for all 0 < \z — zq\ < r. Now let p = |a m |r m /2 and, for a 
fixed w such that \w — Wo\ < p, set g(z) to be the constant Wq — w. From 
(38.2), for \z — zo\ = r, we have 


I g(z) 


Wo — w 


< 


a 


m 


r 


m 


< \f(z)-w Q 
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Thus, the Rouche Theorem with f = f — wq and g = wo — w is applicable, 
and we have Zf- WQ = Zf- Wo +g = Zf- W . Since Zf- WQ = m, it follows that 
Zf- W = m for all \w — Wq\ < p. This implies that w has m inverse images 
under the mapping w = f{z ) in \z — Zq\ < r. Finally, the fact that f'(z) ^ 0 
for all 0 < \z — zq\ < r ensures that f(z ) — w does not have repeated roots, 
and hence the inverse images are distinct. I 


The particular case m = 1 of Theorem 38.1 will be used later, and hence 
we state and prove it separately. 

Theorem 38.2 (Inverse Function Theorem). Let w = f(z) 
be an analytic function in a neighborhood of zq. Then, there exists an r > 0 
such that / is one-to-one on F>(zo,r) if and only if f'(zo) ^ 0. 


Proof. In Problem 7.12 (Answers or Hints), we used elementary calculus 
to show that there exists an open disk at zq on which / is one-to-one 
provided f'(zo) ^ 0. Here, we shall provide an alternative proof: Consider 
the disk B(zo, r\) where r\ > 0 is sufficiently small. On B(zq, ri), we define 
the function 

F(z) = f(z) - f(z 0 ) -(z- zo)f(zo). 

Clearly, F is continuous and, for z±,Z 2 G B(zo,ri) with z\ ^ Z 2 , 

/» Z“2 

F(z 2 )-F(z 1 ) = ( f{z 2 )-f(z 1 ))-(z 2 -z 1 )f'(z 0 ) = / (. f(z)-f(zo))dz . 

J Z\ 

Let r > 0 be such that 0 < r < r\ and, for \z — Z 0 \ < r, | f'(z) — f(z 0 )\ < 
\f'(z 0 )\/2. Then, for Zl ,z 2 e B(z 0 ,r), \F(zi) - F(z 2 )\ < \z 2 - zi\\f(z 0 )\/2. 
Hence, it follows that 


f(z 2 )-f(z 1 )\ = 

> 

> 


(z 2 - Zl)/'(zo) + (F(z 2 ) - F{zi)) 
z 2 - zi||/'(2o)| - \F(z 2 ) - F(zi)\ 
Z2 - ^i||/ / (-2o|/2 > 0, 


and therefore f(zi) ^ f(z 2 ). Conversely, if f(zo) = 0, we can apply Tlreo- 
rem 38.1 to find a neighborhood of zq on which / is not one-to-one. I 


Remark 38.1. Theorem 38.2 says that an analytic function f(z) is one- 
to-one in some neighborhood B(zo,r) of a given point zq where f'(zo) ^ 
0; i.e., one-to-one is only a local property. For example, the exponential 
function e z is one-to-one only locally, although its derivative does not vanish 
anywhere. Similarly, the function z 2 is locally one-to-one at every point 
other than the origin. In the following result, we shall estimate the size of 
the neighborhood B(zo,r); i.e., provide an upper bound on r. 


Theorem 38.3 (Landau’s Estimate). Let w = f(z) be an 

analytic function on a closed disk B(zo, R ) and f'(zo) ^ 0. Then, / is one- 
to-one on H(zo,r), where r = R 2 |/ / (zo)|/(4M) and M is the maximum 
value of |/(z)| on \z — zq\ = R. 
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Proof. Clearly, it suffices to choose r such that f(z ) 7^ 0 for all z E 
B(zo,r). We assume that both zo and wq = f(z 0) are zero; otherwise, we 
can use the transformation Z = z — zo, W = w — Since /(z) is analytic 
on £>(0,1?), for \z\ < R it can be written as a convergent Taylor series 


/(z) = a\z + CL 2 Z 2 + • • • , where |/ 7 (0) 


CL \ 


> 0. Let A be so small that 


00 


F-l 


E-? Ivl^ lRJ " < 

j = 2 


ai 


(38.3) 


Then, for any z E B( 0, Ai?), we have 


I f'(z) 


00 


ui + E jttjZ 3 1 


i=2 


00 


> 


ai 


— j|aj|A J 1 i? J 1 > 0. 

J=2 


Thus, if we can find a value of A such that (38.3) holds, then we can take 


r = A R. For this, since M is the maximum value of |/(z) 


on 


z — zq = R, 


from Theorem 18.5 it follows that \dj\ < M/i? J , j = 1, 2, • • • , and therefore 


00 


00 


M 


E^'ivi^ 1 < E ~n jX> 


-1 


J=2 


1=2 


M A(2 — A) M 2A 


i? (1- A) 2 i? (1 - A) 2 ‘ 


We now take A = i?|ai|/(4M). Clearly, then A < 1/4, and it follows that 


00 


E^ivi^ lR1 

3= 2 


-1 


8 

< 9 


ai 


< 


ai 


Now we shall deduce the following corollaries from Theorem 38.1. 

Corollary 38.1 (Open Mapping Property). A nonconstant 
analytic function / maps open sets into open sets. 

Proof. Let S be an open set. For wo E /(5), let zo E S be such that 
/(zo) = rco- Since 5 is open, there exists an r > 0 such that B(zo,r) C S. 
In view of Theorem 38.1, there exists a p such that every w E B(wo^p) is 
attained by /; i.e., w = /(z), z E F>(zo,r). Thus, B(wo,p) C /(5), and 
hence /(S') is open. I 

Remark 38.2. If a nonconstant function is just continuous, then 
the corollary above does not hold. Indeed, the function /(z) = Rez is 
continuous everywhere in C, but /(C) = 1R is not open in C. 

Corollary 38.2. Let /(z) be analytic on a domain S and z o G S. 
Then, there exist two distinct points zi and Z2 in S such that 

f( z i) - f( z 2) 



Zi - Z 2 
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Proof. Consider the function g(z) = f(z ) — f'(zo)z. Clearly, g(z ) is 
analytic in S and g'(zo) = 0. Thus, by Theorem 31.1 there exist points z\ 
and Z2 such that g(z\) = g(z2)- 1 

The next corollary shows that the analytic image of a domain is a do- 
main. 

Corollary 38.3 (Mapping of Domains). Let S be a nonempty 
domain, and / be a nonconstant analytic function on S. Then, f(S) is a 
domain. 


Proof. From Corollary 38.1, f(S) is open, and since / is continuous 
from Problem 5.13(h) (Answer or Hints) it is clear that f(S ) is connected. 
Thus, f(S ) is a domain. I 


Remark 38.3. The Maximum Modulus Principle (Theorem 20.1) fol- 
lows from Corollary 38.3. For this, suppose that f(z) is nonconstant. Let 
zo E S and wq = f(zo)- The image of B(zo,r) C S under / is a domain 
containing rco, and hence contains B(wo,p)- Therefore, B(zo,r) contains a 
point z whose image w = f(z) is farther from the origin of the re-plane 
than the point wo] i.e., a point z such that \f(z) > \f( z o)\- 


The following result proves the existence of the inverse function and 
provides an expression for its derivative. 

Theorem 38.4 (Inverse Function Theorem). Let w = f(z ) 

be an analytic and one-to-one function on an open set S. Then, the inverse 
function / -1 exists and is analytic on the open set f(S). Moreover, 


d 

dw 


r» 



(38.4) 


Proof. In view of Corollary 38.1, f(S ) is an open set. Since / is one-to- 
one, there exists an inverse function g = / -1 : f(G) G. The continuity 
of g also follows from Corollary 38.1. Now let zq = g(wo) E S. By Theorem 
38.2, f'(g(wo)) 7^ 0. Thus, we have 


lim 

W^-W 0 


fl( w ) - fl( w o) 

W — Wo 


lim g{w)-g{w 0 ) 

g(w)^g(w 0 ) f(g(w)) - f(g(w 0 )) 


1 

f'(g{w o))’ 


i.e., (38.4) for z = zq, w = w q holds. I 


The next result we state gives a formula for the inverse function of / in 
terms of an integral involving / and its derivative. 

Theorem 38.5. Let w = f(z) be an analytic function on an open 
set containing F>(zo,r), and suppose that / is one-to-one on B(zo,r). If 
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S' = f(B(z 0 ,r)) and 7 : 
S' and given by 


z - Zo 


r\w) = 


= r, then / 1 (w) is defined for each w in 


1 

27 ri 



zf\z) 
f{z ) -w 


dz. 


Now let S' be a domain. We say that / maps dS onto df(S ) if, for every 
point wq G df(S), there exists a sequence { z n } C S converging to zq G dS, 
and f(z n ) -> w 0 . 

Theorem 38.6. Let w = f(z) be an analytic and one-to-one function 
on a domain S. Then, / maps dS onto df(S). 

Proof. We shall prove only that / maps dS to df(S). Let {z n } C S be 
a sequence such that f(z n ) reo, where wq is an interior point of f(S). 
Since in view of Theorem 38.4 the function / _1 exists and is continuous, it 
follows that 


lim z n = lim / 1 {f{z n )) = f 1 ( lim f(z n )\ = f 1 {w 0 ); 

i^-oo n^oo \n—^ oo / 


i.e., {z n } converges to an interior point of S. I 

The following corollary of Theorem 38.6 is immediate. 

Corollary 38.4. Let w = f(z) be an analytic and one-to-one function 
on a domain S. Let zo G dS and let / be continuous at z$. Then, /(To) G 

df(S). 

We conclude this lecture by stating the following interesting result. 

Theorem 38.7. Let vo — f (zj be an analytic function on a simply 
connected domain S, and let 7 be a simple, closed, smooth curve in S. If / 
is one-to-one on 7 , then it is also one-to-one in the interior of 7 . 


Lecture 39 

Conformal Mappings 


In Lecture 10 , we saw that the nonconstant linear mapping ( 10 . 1 ) is an 
expansion or contraction and a rotation, followed by a translation. Thus, 
under a linear mapping, the angle between any two intersecting arcs in the 
z-plane is equal to the angle between the images in the re-plane. Map- 
pings that have this angle-preserving property are called conformal map- 
pings. These mappings are of immense importance in solving boundary 
value problems involving Laplace’s equation. We begin with the following 
definitions. 


Let zq be a fixed point in the z-plane and 71 and 72 be smooth paths 
that intersect at z 0, and let £\ and £ 2 denote the tangent lines on 71 and 72 
at zq. The paths 71 and 72 are said to intersect at an angle a at z 0 if the 
tangent lines £\ and £2 intersect at an angle a at zo (see Figure 39 . 1 (a)). 
To determine this angle precisely in magnitude and sense, we assume that 
the paths 71 and 72 are parameterized by Z\(t) and Z2(t), t G [a,/?], which 
intersect at zi(to) = ^2(^0) = ^o- Now, since 71 is smooth, z[ = z[(to) is 
nonzero, and hence the angle between the tangent line £\ and the positive 
x-axis, denoted as arg(z^), is well-defined. The angle arg(z^) is defined 
similarly. The angle a (see Figure 39 . 1 (b)) between 71 and 72 at z 0 is then 


a = arg( 4 ) - arg( 4 ) 


( 39 . 1 ) 




Now, let w = /(z) be a mapping defined on a domain S C C and let 
z 0 G S. This mapping is said to be conformal at z 0 if it is one-to-one in a 
neighborhood of the point Zo and for every pair of smooth paths 71 and 72 
in S intersecting at zo the angle between 71 and 72 at Zo is equal to the 
angle between the image paths and 72 at /(zq) in magnitude and sense. 
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Furthermore, if w = f(z ) maps S onto a domain S' and is conformal at 
every point in S, then w = f(z ) is called a conformal mapping of S onto 
S' . Moreover, S' is called a conformal image of S. 


The following result provides an easier test for the conformality of the 
mapping w = /(z) at the point zq. 


Theorem 39.1. If /(z) is analytic at zo and f'(zo) 7 ^ 0 , then the 
mapping w = /(z) is conformal at zq. 


Proof. Since f'(zo) 7 ^ 0 from Theorem 38.2, it follows that there exists 
an open disk at Zq on which / is one-to-one. Let 7 be a smooth path 
passing through zq. We parameterize 7 by z(t) and assume that z(t 0 ) = Zq 
and z'(to) 7 ^ 0. The image of 7 by / is a path parameterized by f(z(t)) 
that passes through wq = f(z(to)) = /(To) hr the re-plane. Since z' (to) 7^ 0, 
the angle between the tangent line i on 7 at zq and the positive x-axis is 
arg(V(/o)). Now, since 


d 

dt 




to 


f(z(t 0 ))z'(t 0 ) ± 0, 


the angle between the tangent line f on f(z(t)) at wo = f(zo) and the 
positive u- axis is 


arg(/' (z{t 0 ))z' (t 0 )) = &vg(f(z(t 0 ))) + axg(z'(t Q )). 


Thus, f(z) rotates the tangent line at zq by a fixed angle arg(/ / (^o))- The 
result now follows from (39.1) and the fact that / rotates any two tangent 
lines intersecting at zq by the same angle arg(/ 7 (zo)). I 


Remark 39.1. In view of Remark 38.1, it is clear that Theorem 39.1 
ensures conformality of the mapping w = f(z) only locally at points where 
its derivative does not vanish. 


Remark 39.2. If a one-to-one analytic function / maps an open set S 
onto the open set /(5), then in view of Theorem 38.4 the inverse function 
/ -1 : f(S) S exists and is analytic. Now, since / -1 is one-to-one on 
/(S'), from Theorems 38.2 and 39.1 it follows that / _1 is also a conformal 
map. 

Example 39.1. The exponential map f(z) = e z is conformal at all 
z G C. The map f(z) = z 2 is conformal everywhere except at the origin. 
The Mobius transformation f(z) = (az-\-b) / (cz-\-d) is conformal everywhere 
except at z = —d/c. The mapping w = P n (z), where P n (z) is a polynomial 
of degree n, is conformal everywhere except possibly at 00 and the points 
zi,z 2 , • • • ,z r (i < r < n — 1), where the derivative Pf(z) vanishes. 

Let f(z) be a nonconstant analytic function at zq. If /'(zo) = 0, then 
zq is called a critical point of /(z). Our next result shows that at critical 
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points magnification of angles occurs, which in turn implies that at critical 
points analytic functions are not conformal. 

Theorem 39.2. Let f(z ) be analytic at zq. If / '(z 0 ) =/"Oo) = ••• = 
/ ( " _ 1 ) (z 0 ) = o and / (n) (zo) 7 ^ 0, then the mapping w = f(z ) magnifies 
angles at zo by a factor n. 

Proof. From Taylor’s series expansion of f(z ) at zo, it follows that 

f(z) = /(zo) + (z- z 0 ) n g(z), (39.2) 


where the function 

g(z ) = a n + a n+1 (z - z 0 ) + a n+2 (z - Zo) 2 -I 

is analytic at Zq and g(zo) = a n = f { " ] izo)/n\ ^ 0. From (39.2), we obtain 

arg(rc — w 0 ) = arg (f(z)-f(z 0 )) = n arg(z - z 0 ) + arg(p(z)). (39.3) 

Now, if 7 is a smooth curve that passes through Zq and z — z, o along 7 , 
then w ^ Wq along the image curve 7 b Thus, the angle of inclination of 
the tangents t on 7 and £' on 7 ', respectively, are 6 = lim^-^ arg(z — zo) 
and 0 = lim w ^ Wo arg(rc — ico). Hence, from (39.3), it follows that 

4> = lim (n arg(z — zq) + arg(p(z))) = nO + 'ip, (39.4) 

where 'ip = lim 2 ^ 2o arg(p(z)). The result now follows from (39.1) and 
(39.4). I 

Example 39.2. For the mapping f(z) = cos z critical points are 
z = n 7 r, n = 0 , 1 , 2 , • • • . Since /"(z) = — cosz = ±1 at the critical points, 
Theorem 39.2 indicates that angles at these critical points are magnified by 
a factor of 2 . 


Now we shall show that, given any two finite simply connected domains 
S and S' 7 , there exists a conformal mapping of S onto S' . For this, we need 
the following existence theorem of Riemann. 


Theorem 39.3 (Riemann Mapping Theorem). If S is any 

simply connected domain in the complex plane (other than the entire plane 
itself), then there exists a one-to-one conformal mapping w = /(z) that 
maps S onto the unit disk \w\ < 1. 


Corollary 39.1. Let S and S' be any two simply connected domains 
(none of them is the entire plane). Then, S and S' are conformal images 
of each other. 


Proof. We use Theorem 39.3 to find a conformal mapping / from S 
onto the open unit disk \w\ < 1. We apply Theorem 39.3 again to find 
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a conformal mapping g from S' onto the open unit disk \w\ < 1. Since g 


is one-to-one, g 1 exists and maps the open disk 
w = g~ x ° f(z) is the desired mapping. I 


w 


< 1 onto S' . Then, 


Remark 39.3. The function w = f(z) that maps S conformally onto 
S' is not unique. For this, first we map S conformally onto the unit disk, 
then map the unit disk conformally onto itself, and then map the unit disk 
conformally onto S ' . The resulting composite mapping maps S conformally 
onto S ' . However, in view of Problem 39.8, the unit disk can be mapped 
conformally onto itself in an infinite number of ways, and hence S can be 
mapped onto S' conformally in an infinite number of ways. In our next 
result we shall provide sufficient conditions so that the conformal mapping 
of S onto S' is unique. For this, we need the following lemma, which is of 
independent interest. 

Lemma 39.1 (Schwarz’s Lemma). Let f(z) be analytic on the 
open disk B( 0, R), and /( 0) = 0, \f(z)\ < M < oo. Then, the inequality 



< 


M 

~R 


z 


holds for all 2 £ B{ 0, R ), and 


/'( 0 )| < 


M 

i? ‘ 


(39.5) 


(39.6) 


In (39.5) equality occurs at some point 0 ^ z £ B(0, R) if and only if 
f(z) = ( M/R ) az, where a is a complex number of absolute value 1. 


Proof. Consider the function fi(z) = f(Rz)/M. Obviously, fi(z) is 
analytic for \z\ < 1 and /i(0) = 0. Also, for \z\ < 1, we have \fi(z) = 
\f(Rz)/M\ < M/M = 1 (since \Rz\ = R\z\ < R). Let fi(z) = a\z + 
CL 2 Z 2 + • • • be the power series for fi(z). The constant term is 0 because 
/i(0) = 0. Then, f\(z)/z is analytic, and \fi(z)/z\ < 1/r for \z\ = r < 1. 
This inequality also holds for \z\ < r by the Maximum Modulus Principle. 
Letting r 1, we find \fi(z)/z\ < 1 for all z G F>(0, 1), which is the same 
as (39.5). For the inequality (39.6), it suffices to note that 


liratlM = M fehlli = /; , 0| = §f( 0). 

z —>0 Z z —>0 z — 0 J1K J M J w 

Finally, if |/i(^o)/^o| = 1 for some Zq in the unit disk, then again by the 

Maximum Modulus Principle f\(z)jz cannot have a maximum unless it 


is a constant, and therefore there is a constant a with 
fi(z)/ z = a. I 


a 


= 1 such that 


Theorem 39.4 (Uniqueness Theorem). Let S be as in Theo- 
rem 39.3, and let zq G S be an arbitrary point. Then, there exists a unique 
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function w = f(z ) that maps S conformally onto the unit disk B( 0 , 1 ) and 
satisfies f(zo) = 0 , f'(zo) > 0 . 


Proof. Let w — be another such function. Then, the function 
4>{w) = /(g _ 1 (u;)) is analytic on J3(0, 1 ), satisfies 0 ( 0 ) = /(g - 1 ( 0 )) = 
f(zo) = 0, 0'( 0) = f'(zo)/g'(zo ) > 0, and maps B{ 0,1) conformally onto 


itself. Thus, from Lemma 39.1, it follows that |0(rc)| < \w\; i.e., \f(z)\ < 


g(z) 

gC) 


for all z G S. Now, interchanging the roles of / and g, we also have 
< \f(z) \ for all z G S. This implies that \f(z)\ = \g(z) \ for all z G S; or 


equivalently, | 0 (rc) 


re 


But then, from Lemma 39.1, we find 0(rc) = aw. 


where |a| = 1. However, since 0'(O) > 0, we must have a = 1. Therefore, 
4>(w) = re, and hence f(z) = g(z ), z G 5. I 


Finally, we state a result that shows that the knowledge of f(z) on the 
boundary of a domain G can be used to conclude that / maps S onto f(S) 
conformally. 

Theorem 39.5. Let 7 be a closed rectifiable Jordan curve. Suppose 
f(z) is analytic on /(y) and one-to-one on 7. Then, / maps /(y) conformally 
onto /(T), where T = /(y). 


Problems 

39.1. If f(z) is analytic at Zq and f'(zo) 7 ^ 0, show that the function 
F(z) = f(z) preserves the magnitude but reverses the sense of the angles 
at z 0 . 


39.2 (Noshiro-Warschawski Theorem). Let f(z) be analytic in a 
convex domain S. If Re/ '(*) > 0 for all z G S', show that f(z) is one-to-one 
in S. 

39.3. Explain why the complex plane and the open unit disk cannot 
be conformally equivalent. 

39.4. Show that: 

(a) . If S' is a conformal image of a domain 5, then S' is a conformal image 
of S'. 

(b) . If S' is a conformal image of a domain 5, and if S" is a conformal 
image of S\ then S" is a conformal image of S. 

(c) . Use parts (a) and (b) to prove Corollary 39.1. 

39.5. Show that the rational mapping w = f(z) = P(z)/Q(z ), where 
P(z) and Q(z) are polynomials, is conformal at any simple zero of Q(z), 
and also at z = 00 if the equation f(z ) = /( 00) has no multiple roots. 
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c z — i 

39 . 6 . Show that the mapping re = : is conformal of the horizontal 

c z H- i 

strip 0 < y < tt onto the disk |re| < 1. Furthermore, the x-axis is mapped 
onto the lower semicircle bounding the disk, and the line y = tt is mapped 
onto the upper semicircle. 


39 . 7 . Show that the mapping re 


(1 + z 


is conformal of {z : 


z 


< 


1, Im(z) > 0} onto {re : Im(re) > 0}. Furthermore, {z : 
is mapped onto the negative re-axis, and the segment 
is mapped onto the positive re-axis. 


z\ = 1, Im(z) > 0} 
— 1 < x < 1, y = 0, 


^ / ^(3 

39 . 8 . Show that the mapping re = — 


is conformal of the unit 

- 1 

circle \z\ < 1 onto |re| <1 so that the given interior point Zq is transformed 
into the center of the circle; here, a is an arbitrary parameter. 

r\ 

39 . 9 . Show that the mapping re = sin z is conformal of the semi- 
infinite strip 0<£<7 t/2, y > 0 onto the upper half-plane Im(re) > 0. 


39 . 10 . The Joukowski mapping 


re 


J(z) 



occurs when solving a variety of applied problems, particularly in aerody- 
namics. Show that: 

(a) . J(z) = J(l/z). 

(b) . Under the mapping re = J(z), every point of the re-plane except 
re = ±1 has exactly two distinct inverse images, z\ and z 2 satisfying the 
relation Z 1 Z 2 = 1. 

(c) . J maps the unit circle |z| = 1 onto the real interval [—1,1]. 

(d) . J maps both the interior and the exterior of the unit circle |z| = 1 
into the same set in the re-plane. 

(e) . J maps the circle |z|=r(r>0, r / 1) onto the ellipse 


u* 


+ 


v* 




1, 


which has foci at d=l. 


(f) . J is a one-to-one continuous mapping of both the interior and the 
exterior of the unit circle |z| = 1 onto C\[— 1, 1]. 

(g) . re = J(z) is conformal everywhere except at z = ±1. 


39 . 11 . Let /(z) be analytic on an open set 5, and let zq E S and 
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f'(zo) ^ 0. Show that 


2m _ f 1 

JW) ~ Lm-f(zo) ’ 

where 7 is a small circle centered at zq. 


39.12. Let /(z) be analytic on the open disk 13(0, R), and \f(z)\ < M < 
00 . Show that | /(z) — /( 0)| < 2 (M/R)r for \z\ = r < R. 

39.13. Let f(z ) be analytic on the open disk B( 0, R), and |/(z)| < M < 
00 . Show that 


f(z o)| < 


R M 2 - |. 

f(z o)| 

2 

M R 2 - 

kol 

2 


Zq G B(0,R). 


39.14 (Schwarz-Pick Lemma). Let / : B( 0,1) B( 0,1) be an 

analytic function. Furthermore, let w\ = f(z 1 ), W 2 = f(z 2 ), zi,Z 2 ^ 
B{ 0,1). Show that 


Wi — U )2 

< 

Zi - Z 2 

1 — W1W2 


1 - Z1Z2 


and 



dw 


dz 


1 - 

w 

2 - 1 - 

z 

2 


Answers or Hints 

39.1. Since the mapping w = f(z ) is conformal at z 0 by Theorem 39.1, 
this follows from (39.1) and the fact that arg F(z) = — arg f(z). 

39.2. Write f(z\) — f(zi) as an integral of /'. 

39.3. If they are, then there exists a function / : C B{ 0,1) that is 
analytic and bijective. But then \f(z)\ < 1, so by Theorem 18.6, f(z ) is a 
constant and hence cannot be bijective. 

39.4. (a). See Remark 39.2. (b). Follows from the fact that the composition 
of two conformal maps is conformal, (c). Use Theorem 39.3 and parts (a) 
and (b). 

39.5. Use Theorem 39.1. 

39.6. Show that z e z conformally maps 0 < y < it onto y > 0 and 
takes y = 0 (resp. y = tt) onto the positive (resp. negative) x-axis, while 
z (z — i)/{z + i) conformally maps y > 0 onto |z| < 1 and takes the 
positive (resp. negative) x-axis onto the lower (resp. upper) semicircle. 

39.7. Show that z (l + z)/(l — z) conformally maps {z : |z| < 1 , y > 0} 
onto the first quadrant and takes {z : |z| = 1 , y > 0 } (resp. the segment 
— l<x<l,y = 0) onto the positive y- axis (resp. positive a;- axis), 
while z z 2 conformally maps the first quadrant onto y > 0 and takes 
the positive y- axis (resp. positive x-axis) onto the negative x-axis (resp. 
positive a;- axis). 
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39 . 8 . Verify directly. 

39 . 9 . Show that z sin z conformally maps 0 < x < tt/ 2, y > 0, onto 
the first quadrant, while z z 2 conformally maps the first quadrant onto 

y > o. 

39 . 10 . (a). This is clear, (b). Solving J(z) = w gives z = w ± \Jw 2 — 1. 

(c). Follows from J(e l6 ) = cosd. (d). Follows from (a), (e). Setting 

J(re l6 ) = w gives u— [(r+l/r)/2] cosd, v = [(r— l/r)/2] sin#. (f). Follows 
from (b) and (e). (g). For z ^ 0, J is analytic and J'(z ) = (1 — 1/ z 2 )/ 2 ^ 0 
except at z = ±1. 

39 . 11 . Since f'(zo) ^ 0, by Theorem 38.2, /(z) is locally one-to-one in a 
neighborhood Si of zq. Using the analyticity of /(z) at z o, from (6.2), we 
have 

f(z) = f( z o) + f(z 0 )(z - Z 0 ) + v(z)(z - Zo) (39.7) 

in a small neighborhood S2 of z 0; here, l\m z ^ Zo rj(z) = 0. Take a closed disk 
H(zo,r) C 81 fl 82 with 7 as its boundary. Then, for any z E 7, equation 
(39.7) holds and /(z) 7 ^ /(zq). From (39.7), we have 


f(z 0 ) 


1 


V(z) 


1 


f(z) - f(z 0 ) z- zo f(z 0 ) + r i(z) z - z 0 ’ 


and hence 


1 


f(z 0) 


2iri J 7 f(z) - /(z 0 ) 


dz = 1 


It suffices to show that f -7- = 0. Since lim* _y Zn -ft , — vr — rv 

for any e > 0 there exists a 0 < 8 < r such that z E B(zq,5) implies 

fgzlp+riiz) < e - Let 7<5 denote the circle |z — zq| = S. Since in view of 

(39.7) the function rj(z) is analytic in B(zq, r)\{zo}, by Theorem 16.1 it 
follows that 


1 


7]{z) 


dz 


2ni J 1 /'(zo) + V(z) z- z 0 ' 


Tf(z) 


= 0 


f rj(z) dz 


f rj(z) dz 

f /Vo) + 7 ](z) z- Zo 


J ls f{zo) + v(z) Z - Z 0 


1 

< e-27 tS = 2ire. 
0 


Now use the fact that e is arbitrary. 

39 . 12 . Let g(z) = f(z) - /( 0). Then, 5(0) = 0 and \g(z)\ < \f(z)\ + 1/(0)| < 
2 M. Now apply Lemma 39.1. 

39 . 13 . Consider Z = h(z) = R(z — zq)/(R 2 — zoz), which maps |z| < R 
analytically onto \Z\ < 1 with zo going into the origin, and W = g(w) = 
M{w — wq)/(M 2 — W{)w) (w o = /(zo)), which maps \w\ < M analytically 
onto \W\ < 1 with g(wo) = 0. The function W = g(f (d _1 (Z))) satisfies 
the hypotheses of Lemma 39.1. Hence, \g(f (d _1 (Z)))\ < \Z\ or \g(f(z))\ < 
|d(z)|, which is the same as 


fC)-f(zo) 


Z-Zo 


< — 

— M 


M — f (zp) f (z) 
R 2 — zqz 


Z 7^ ^0' 
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Now let z —> zq. 

39 . 14 . Let cj)(z ) = (z + zi)/(l + ziz), ^(z) = (z — w i)/(l — wiz). Then, 
(^o/o </>)(z) satisfies the conditions of Lemma 39.1, and hence |(^o/o 
</>)(z)| < |z|. Now let z = 0 _1 (z2). We also have |(-0 o / o 0)'(O)| < 1; i.e. , 


Lecture 40 

Harmonic Functions 


In this lecture, we shall employ earlier results to establish some funda- 
mental properties of harmonic functions. The results obtained strengthen 
our understanding of harmonic functions and are of immense help in solving 
boundary value problems for the Laplace equation. We begin by proving 
the following result. 


Theorem 40.1. Let <j)(x,y) be a nonconstant harmonic function in 
a domain S. Then, c t>(x,y ) has neither a maximum nor a minimum at any 
point of S. 


Proof. Let zo = xq + iyo be an arbitrary point in 5, and let B(zq, r) C S 
be a neighborhood of z$. As in Lecture 7 (also see Problem 40.2) we con- 
struct a function f(z ) = (j)(x,y) + iQ(x,y) that is analytic in B(zo,r). 
Clearly, the function g{z) = is analytic and nonconstant, and \g(z)\ = 
e <f>( x ,y)' Now we claim that the function (j)(x,y ) cannot have a maximum 
(minimum) at (#o,2/o)- In fact, if it does, then \g(z)\ will have a maxi- 
mum (minimum) at (#o,2/o)> but this contradicts Theorem 20.1 (Theorem 
20.3). I 


Corollary 40.1. Let cj)(x,y) be a harmonic function in a domain S 
and continuous on S. Then, (j)(x, y) attains its maximum and minimum on 


dS. 


Corollary 40.2. Let (j){x,y) be a harmonic function in a domain A, 
and continuous on S. If </>(#, y) = constant for (x, y) G 95, then 0(x, y) = 
constant for (x,y) G 5. 

Corollary 40.3. Let 5 C IR 2 be a bounded domain, and let g(x 1 y) 
be a real-valued continuous function on dS. Then, the Dirichlet boundary 
value problem 


(frxx T & yy = 0 in 5 and 0(x, y) = g(x,y) on dS (40.1) 

has at most one solution that is twice continuously differentiable in 5 and 
continuous in 5. 

Problems in which the normal derivative d<fi/dn = 0 is known a priori 
everywhere on the boundary of a domain and where the harmonic function 
is sought inside the domain are known as Neumann problems. 


R.P. Agarwal et al., An Introduction to Complex Analysis, 
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Theorem 40.2. Suppose that w = f(z) = u(x,y) + iv(x,y) is a 
conformal mapping of S into S' and <j)(u,v) is a harmonic function on S'. 
Then, (j) o /(z) = cj)(u(x,y),v(x,y)) = ip(x,y) is harmonic in S. Thus, if 
satisfies <j) uu + (j) vv = 0 on 5', then ip = o f satisfies ip xx + ip yy = 0 on S'; 
i.e., the Laplace equation is invariant under a change of variables using a 
conformal mapping. 

Proof. Let zo G S and wq = /(zo). In view of Problem 40.3, the function 
(j) has a harmonic conjugate 0 in a disk around wq. Then, is analytic in 

this disk, and by the composition of analytic functions, (cj)-\-iO)of is analytic 
at zo. Hence, in view of Problem 7.20, Re[(0 + z0)o/] = Re[</>o/ + i(#o/)] = 
4> o / is harmonic at zq. Since Zo was arbitrary, <fi o f is analytic in S. I 

We also note that, under a change of variables, a level curve </>(rq v) = c 
in the w-plane transforms into the level curve (j)(u(x, y),v(x,y)) = c in the 
xy- plane. In particular, any portion of the boundary of a region in the uv- 
plane upon which (j) has a constant value transforms into a corresponding 
curve in the xy - plane along which has the same constant value. Thus, 
the boundary condition (j) = c in the original problem is also invariant 
under a change of variables using a conformal mapping. Similarly, if the 
normal derivative of 0 vanishes along some curve in the 'uu-plane, then the 
normal derivative of </> expressed as a function of x and y also vanishes along 
the corresponding curve in the xy- plane. Hence, the boundary condition 
d(j)/dn = 0 remains unchanged. However, if the boundary condition is not 
one of these types, then for the transform problem the boundary condition 
may change significantly. 

To see the usefulness of Theorem 40.2 and the remarks above, suppose 
we are given a domain S in the z-plane. We need to find a harmonic function 
ij)(x,y) in S that assumes certain conditions on the boundary of S. Suppose 
we can find a conformal mapping w = u + iv = f(z) that maps S onto a 
domain S' in the re-plane, and S' has a simpler (familiar) shape than S. 
Assume that we can find a harmonic function </>(rq v) in S' that assumes at 
each point of the boundary of S' the condition that is required by i{j(x,y) 
at the preimage of that point on the boundary of S. Then, Theorem 40.2 
assures that ^{x^y) = cj)((u(x,y),v(x,y))) will be the required harmonic 
function in S. 


In view of Problem 18.10, the following representation of harmonic func- 
tions is immediate. 

Theorem 40.3 (Poisson’s Integral Formula). Let <j>(x,y) be 

harmonic in a domain containing the disk B{ 0, R). Then, for 0 < r < R, 


(j) (re l6 ^j = u(r cos#, r sin#) 




r 


•27T 


( Re u ) 


2n 


R 2 + r 2 — 2 Rr cos (t 


-f) dt 

(40.2) 
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Theorem 40.3 has a generalization, which we state in the following re- 
sult. 

Theorem 40.4. Let Q>(x,y) be defined on the circle Cr : \z\ = R and 
continuous there except for a finite number of jump discontinuities. Then, 
the function 


(re* 61 ) = 


R 2 -r 


2 


<f> (Re**) 


27 r J o R 2 + r 2 — 2Rr cos(t — 0) 


dt 


(40.3) 


is harmonic in the disk i?(0, i?), and as re 1 6 approaches any point on Cr 
where 4> is continuous, </> (re %e ) approaches the value of 4> at that point. 

Remark 40.1. Since 


R 2 -r 


R 2 T r 2 — 2 Rr cos (t — 0) 


R 2 -r 


1 


R 2 (1 - (1 - ^ e -i{t-o )) 


1 


+ 


r_ i(t-0 ) 
R ^ 


1 - 1 - j l e i ( t ~ 6 '> 

OO • OO 


- E(s 


J=0 


+£(5)+*"'” 


i=i 


OO 


- 1+ £(F 


i=i 

OO 


g g ij(t-Q) 


i + 2]T (^)hos j(e - 1) 


3 = 1 
oo 


1 + 2 ( 4 ) cos j8zosjt 

3 = 1 


OO 


+2^(^) sin sin ji, 

j = l 


from (40.3) it follows that 


oo 


0(re 10 ) = y + L](^) («i cos j0 + bj sin j6), (40.4) 

3 = 1 


where 


a. 


1 


7 r 


p27T 

/ $ (i?e lt ) cos jtdt, j > 0, 

Jo 


(40.5) 


, _ I 


r2ir 

/ T (Re lt ) sin jtdt, j > 1. 

Jo 


(40.6) 


and 
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Thus, the function 0 can be expanded in a Fourier series with the Fourier 
coefficients (40.5) and (40.6). 


Remark 40.2. If w = e lt and z = re z0 , then it follows that 


1 — r 


1 + r 2 — 2r cos(t — 0) 


= Re 


w + z 


w — z 


1 - 

z 

2 

w — 

z 

2 


(40.7) 


Example 40.1. Consider an electrically conducting tube of unit radius 
(R = 1) that has dielectric material inside and is separated into two halves 
by means of infinitesimal slits. The top half of the tube (0 < t < tt) 
is maintained at an electrical potential of 1 volt, while the bottom half 
(tt < t < 2tt) is at —1 volt. To find the potential 0 at an arbitrary point 
(r, 6) inside the tube, we recall that electrostatic potential is a harmonic 
function. Thus, from (40.3), it follows that 


4>(r, 0) 


1 


*7T 


(1 — r 2 )dt 


(1 — r 2 )dt 


2tt Jq 1 + r 2 — 2 r cos (t — 6) 


1 

7 r 


i / 1 + r ( tt 

2 tan I tan I — — - 

1 — r 



_i / 1 + r ( 0 

— tan tan — - 


Thus, in particular, at the center, 0(0, 0) = 0. 

Once again, for the same problem, (40.5) and (40.6), respectively, give 
dj =0, j > 0 and bj = 2(1 — (— l) J )/(j>7r), j > 1, and hence, in view of 
(40.4), we have 


<j)(r, 0) 


OO 


2 r j 


— (- 1 ) j ) sin ^- 
j=i J 


Example 40.2. In Theorem 40.4, let R = 1 and 


<S>(Re u ) 


sint, 0 < t < tt 
0 , TT <t < 2 tt. 


Then, from (40.3), we have 


<Kz) = 


1 — r 
2tt 


* 7 r 


sin t 


' 0 1 + r 2 — 2r cos (t — 6) 


dt , 


which in view of (40.7) is the same as 



1 

f w — w 

1 - 

z 

2 

2tt 

f 2 i 

w — 

z 

2 


dw 

iw 
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where 7 is the upper half unit circle. Since on 7, w = 1/ie, it follows that 


(j>(z) = 


7 f (™-£)(i-M 2 ) 

4tt 7 w(w -z)(±- z) 


dw 


(1-M 2 ) 

47 r 


(w 2 - 1) 


7 


ie(ie — z)(l — wz) 


dw. 


Thus, from Theorem 31.2, it follows that 


4>{z) = — 27 ri 


(i-l7) 


47 r 


z 2 - 1 


1 

z + z( 1 - 


z 


; )J 


z — z 
2 i 


— rsinO. 


Once again, for the same problem, (40.5) and (40.6), respectively, give 
a,j =0, j > 0 and b\ = 1, bj = 0, j > 2. Hence, in view of (40.4), we have 
</>(r, 0) = r sin0. 

Example 40.3. The conformal mapping w = i(l+z)/ (1 —z) transforms 
the unit disk \z\ < 1 onto the upper half-plane v > 0, the upper semi-circle 
is mapped onto the negative u-axis u < 0, and the lower semi-circle is 
mapped onto the positive u-axis u > 0. The function 


— logic 
7 r 


-Log 
7 r 


w 


H — argic, 
7 r 


0 < argic < 7 r, 


is analytic in the upper half-plane. The imaginary part of this function; 
i.e., (l/7r)argic, 0 < argic < it is harmonic in the upper half-plane and 
assumes the value 1 on the negative n-axis and 0 on the positive n-axis. 
Thus, the function 




1 

— arg 
7 r 


/. 1 T z 
1 

V l-z 


is harmonic in the unit disk satisfying the boundary condition 



1, 0 < 0 < 7T 

0, 7T < 0 < 2tt. 


Clearly, under the conformal mapping above, the points z — — 1 and z = 1, 
respectively, correspond to the points w = 0 and w = 00 , and hence the 
harmonic function constructed has singularities at z = ± 1 . 

Once again, for the same problem, (40.5) and (40.6), respectively, give 
ao = 1, cij = 0, j > 1 and bj = (1 — (— l) J )/(j 7 r), j > 1, and hence, in view 
of (40.4), we have 



0 (r, 0) 
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Problems 


40 . 1 . Suppose that <p(x,y) is a harmonic function in a domain S. Let 
^ = <fix ~ i(t>y Show that ip is analytic in S. The function ip is called the 
conjugate gradient of <p. 

40 . 2 . Suppose that cp(x,y) is a harmonic function in a simply connected 
domain S. Show that <p has a harmonic conjugate in S given up to an 
additive constant by 

r(x,y) 

9(x,y) = / -<j) y dx + <p x dy, 

d(x 0 ,y 0 ) 

where the point (xo, go) is fixed in S and the integral is independent of the 
path. Furthermore, show that in this problem the connectedness property 
is crucial. 


40 . 3 . Suppose that (p(x,y) is a harmonic function in a domain S. Show 
that <p admits a harmonic conjugate locally in S. 

40 . 4 . Prove that <j> xx + <j) vy = \f (z)\ 2 (<j) uu + <j> vv ), where w = f(z) is 
analytic and f'(z ) ^ 0. Hence, deduce Theorem 40.2. 

40 . 5 . Let a function <p(x,y) satisfy Poisson’s equation <fi xx + p yy = 
P(x, y) in a domain S. If S' is the image of the domain S under the confor- 
mal mapping w = /(z), show that ip = <p(x(u,v),y(u,v)) satisfies another 
Poisson equation, jp uu + ip vv = |/'(z)| 2 P[x(?q v), y(u, x)], in S'. 


40 . 6 . Suppose that <p(x,y) is harmonic and nonnegative in a domain 
containing the disk P(0,P). Establish the Harnack inequality 

R — r,.. , t -n x P + r / 

— — (/)(0) < <t>(re e ) < <H0 . 

R + r R — r 

Hence, show that a bounded function that is harmonic in C is necessarily 
constant. 


40 . 7 . Use (40.4) to find a harmonic function 0(x, y) 
that satisfies <p(a,6) = g{0 ), where 


in the disk P(0, a) 


(a) . g(9) 

(b) . 9(9) 

(c) - 9(9) 


1 

2 

1 

2 

9 


(1 + COS 0), 

(1 + cos 3 0), 

, 0 < 0 < 


0 < 9 < 2tt, 

0 < 0 < 27 r, 

2n. 


40 . 8 . Find a harmonic function 0(r, 6) in the wedge with three sides 
6 = 0, 6 = /?, and r = a (see Figure 40.1) and the boundary conditions 
0(r, 0) = 0 = </>(r, /?), 0 < r < a and </>(a, 6) = g(0), 0 < 6 < /3. 
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Figure 40.1 

40 . 9 . Let g{x) be a piecewise continuous and bounded function on 
■oo < x < oo. Show that the function defined by 


4>{x,y) = | J 


OO 


OO 


9(t) 


( x — t ) 2 + y 2 


dt 


(40.8) 


is harmonic in the upper half-plane y > 0 and satisfies the boundary con- 
dition cj)(x, 0) = g{x) at all points of continuity of /. The relation (40.8) is 
called Poisson’s integral formula for the half-plane. 

40 . 10 . Use Problem 40.9 to find a harmonic function (f(x,y) in the 
upper half-plane y > 0 that satisfies 0(x, 0) = g(x), where 


(a). g( x) = 


(b). g(x) 



X 

X 

X 

X 


< 1 

> 1, 

< 1 

> 1, 


(c). g{x) = cosay — oo < x < oo. 


Answers and Hints 


y 


satisfy the Cauchy- Riemann 


z 


40 . 1 . It suffices to verify that <f> x and 
conditions. 

40 . 2 . See Examples 7.6 and 7.7. Consider the function In 

40 . 3 . Since S is open, we can find an open disk B(zo, r) in S. Clearly, this 
disk is connected. 

40 . 4 . Use the chain rule and the Cauchy- Riemann conditions. 

40 . 5 . Use Problem 40.4. 

40 . 6 . Use (R — r) 2 < R 2 + r 2 — 2 Rr cos (t — 0) < (R + r) 2 , and note that, 

for r = 0, (40.2) reduces to 0(0) = ^ <f> (Re lt ) dt. 

40 . 7 . (a). \ (l + ^ cos$) , (b). \ (l + f ^ cos 0 + \ cos 30^j , (c). § 

+ x 2(y(y ~ 1 \ Ur cos nO. 

n=l 7rn z a n 

g(t ) sin ^ tdt . 


m—1 tv n 2 

40 . 8 . <p(r,0) = 


00 A n r n7T ^ sin ’’fO, A n = ln- n ”/P 0 


n= 1 


4 


a 
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40 . 9 . Fix z = x + iy, y > 0, and consider f(w) = (w — z) / (w — z), v > 0. 
Clearly, / maps the open upper half-plane conformally onto B{ 0,1). The 
boundaries \z\ = 1 and the real axis correspond via e lt = f(r) = (r — 
z)/(r — z ), t G [ 0, 2tt] , tGIR. This gives dt = 2ydr/\r — z 


40 . 10 . (a). ^ (tan 


-i 2/ 


x- 


tan 


-i y 


cc+l 


(b). ^ (tan 


-i 2/ 


x- 


tan 


-i y 


cc+l 


+ 



(c). e y cosax 


Lecture 41 

The Schwarz-Christoffel 
Transformation 


In this lecture, we shall provide an explicit formula for the derivative of 
a conformal mapping that maps the upper half-plane onto a given bounded 
or unbounded polygonal region (boundary contains a finite number of line 
segments). The integration of this formula (often a formidable task unless 
done numerically) and then its inversion (another nontrivial task) yields 
a conformal mapping that maps a polygonal region onto the upper half- 
plane. Such mappings are often applied in physical problems such as in 
heat conduction, fluid mechanics, and electrostatics. 

Consider the transformation 

z = g(w) = {w — ui) a / n , 0 < a < 27r, (41.1) 

where u\ is a point on the real axis of the re-plane. This mapping is a 
composition of a translation T(w) = w — u\ followed by the real power 
function G(w) = . From Lecture 11, it is clear that under the com- 

posite mapping z = G(T(w )) = (w — u\) a ^ a ray emanating from u\ and 
making an angle 6 with the real axis is mapped onto a ray emanating from 
the origin and making an angle a6 /it with the real axis. The image of the 
half-plane v > 0 is the point z = 0 together with the wedge 0 < arg(z) < a. 
Since g'(w) = {a /it )( w — u\ )( a / 7r )^ 1 ^ 0 if w = u + iv and v > 0, it follows 
that z = g(w) is a conformal mapping at any point w with v > 0. In what 
follows, we shall use the form of the derivative of the function g(w) to de- 
scribe a conformal mapping of the upper half-plane v > 0 onto an arbitrary 
polygonal region. For this, we shall first analyze the mapping h(w), which 
is analytic in the domain v > 0 and whose derivative is 

h'(w) = A(w-u 1 ^ ai ^- 1 (w-u 2 ) {a2/n) ~ 1 , ( 41 . 2 ) 

where A is a complex number, u\ < u 2 are real, and 0 < ol^ol^ < 27 r. 
Under the mapping w = h(z), we shall find the images of the intervals 
(—00,7x1), (^1,^2), and (7x2,00). Since, on the real axis w = tx, from ( 41 . 2 ) 
it follows that 

Arg(h/(7x)) = Arg (A) + — 1^ Arg(xx — txi) + — 1^ Arg(xx — 7x2). 

Thus, if —00 < tx < xx 1 , 

Arg(h / (xx)) = Arg(A)+ (^- - 1^ 7r-f - 1^ it = Arg(A)+ a 1 +a 2 -27r, 
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which is a constant for all u. Hence, 
line segment i\ defined by z = h(u). 
then Arg = Arg(A) + a 2 — ^ 
into a line segment £2 defined by ; 
angle by tt — a\ from £\. If U 2 < u 
the interval ( 1 / 2 , 00 ) is mapped into 
which changes the exterior angle by 


v 



he interval (— 00 , u\) is mapped into a 
Similarly, we find that if 1/1 < u < 1 / 2 , 
; i.e. , the interval ( 1 / 1 , 1 / 2 ) is mapped 
= h(i/), which changes the exterior 
Co, then Arg(/d(i/)) = Arg(A); i.e., 
line segment defined by z = h(u ), 
— 0 L 2 from i 2 (see Figure 41.1). 


V 



41.1 


Since h(z) is analytic, the image of the half-plane v > 0 is an unbounded 
polygonal region (see Figure 41.1). In the following result, we generalize 
the discussion above for the derivative f'(w) of a function f(w) that maps 
the half-plane v > 0 onto a polygonal region with any number of sides. 

Theorem 41.1 (The Schwarz-Christoffel Transformation). 

Let f(w) be analytic in the domain v > 0 and have the derivative 

f(w) = A(w - - U 2 ) < ' a2/7T) ~ 1 ■ ■ ■ (w - (41.3) 


where u\ < 112 < • • • < u ni 0 < olj < 27r, j = 1,2 , • • • , n, and A is a complex 
constant. Then, the upper half-plane v > 0 is mapped by z = f(w) onto an 
unbounded polygonal region, say P with interior angles ay, j = 1, 2, • • • , n. 

In integral form, (41.3) can be written as 


2 = f(w) = A 



(C-«i )^/^-\c-u 2 ) (a2/%) - 1 


(C-Wn) (a " / " )_1 dC+S; 


(41.4) 

here, in the integral, the lower limit can be chosen arbitrarily. Clearly, from 
(41.3) and (41.4), it follows that (ui, 0), ( 1 / 2 , 0 ), • • • , (i/ n , 0) are the images in 
the ic-plane of the vertices £ 1 , £ 2 , * * * , z n of the polygon P in the 2 )- plane. If 
w = 00 is mapped into one vertex, say z 3 then the term containing ( w — Uj ) 
is absent in (41.3). If the polygon P is closed, then the last vertex z n is 
the same as the initial vertex 2 y, and hence instead of n interior angles we 
have only n — 1 interior angles. The size and orientation of the polygon P 
are determined by the complex constants A and B. This is usually fixed by 
choosing some of the points Uj on the u- axis. We illustrate some of these 
remarks in the following examples. 
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Example 41.1. We shall find the transformation that maps the upper 
half-plane v > 0 onto the polygonal region defined by the strip x > 0, — 1 < 
y < 1 (see Figure 41.2). 


V 


v 



Figure 41.2 



x 


Clearly, here we have aq — ot 2 — tt / 2, z i = —i, and Z 2 = i. We choose 
u\ = — 1 and U 2 = 1, so that (41.4) becomes 


z = 


/ M 


/ w 

(c+ir 1 / 2 (c-w 1 / 2 d(+B 

pW 

—iA / (1 — ( 2 )- 1 / 2 d( + B = — iAsin -1 w + B. 


Now, since /(— 1) = —i and /( 1) = i, it follows that A = — 2/ tt, F> = 0. 
Hence, the required mapping is 


z 


i— sin 1 w. 
7 r 


From this mapping, it is clear that 


w = sin (||) = -isinh(y) 

maps the strip x>0, — l < y < 1 onto the upper half-plane v > 0. 

Example 41.2. We shall find the transformation that maps the upper 
half-plane v > 0 onto the sector 0 < arg 2 ; < <a7r, 0 < a < 2. For this, we 
note that the given sector is a polygon with vertices z\ = 0 and Z 2 = oo. 
We choose u\ = 0 and U 2 = oo, so that (41.4) becomes 


z 




C~ l cK + B 


-w a + B. 
a 


Now since /( 0) = 0 it follows that D = 0, and hence z = f(w) = ( A/a)w a . 
To fix the arbitrary constant A, for simplicity we choose /( 1) = 1, so that 
A = a. Hence, the required mapping is z = w a . From this mapping it is 
clear that the principal branch of w = z 1 ^ maps the sector 0 < argz < 
on r, 0 < a < 2 onto the upper half-plane v > 0. 
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Example 41.3. We shall find the transformation that maps the upper 
half-plane v > 0 onto the right isosceles triangle. The vertices of the triangle 
and its images are given in Figure 41.3. 


V 



Clearly, here we have aq = a 2 = 7r/4, a 3 = tt/ 2, w\ = —a, = a, and 

w>s — oo, and hence (41.4) can be taken as 

/* W r- W 

z = f(w)=A (C + a) _3/4 (C + a) _3/4 dC + S = ^ / (C 2 -a 2 ) _3/4 dC + #- 

Jo Jo 

This integral cannot be evaluated in terms of known functions. It has 
to be computed numerically for each value of w of interest. Now, since 
/(—a) = — 1 and /(a) = 1, it follows that 


-1 = A [ “(C 2 -a 2 )- 3 / 4 dC + S, 

Jo 

1 = A /V - a 2 )~ 3/4 d( + B, 

Jo 

which easily determines 


A = 


1 


r (C 2_ a2) - 3 /4d C 


and D = 0. 


Hence, the required mapping is 


= 

2 /„“« 2 - a 2 )-»/‘<iC ' 

From this the computation of the inverse mapping that transforms the 
triangle in Figure 41.3 to the upper half-plane v > 0 is not straightforward. 

Example 41.4. We shall find the transformation that maps the upper 
half-plane v > 0 onto the rectangle. The vertices of the rectangle and its 
images are given in Figure 41.4. 
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Since here an = (12 = 0^3 = 0:4 = tt/ 2 , iq = 1, iq = 1/fc, ^3 = — 1/fc, iq = 
— 1, (41.4) takes the form 

pW 

Z = f(w) = A (C - 1) _1/2 

Jo 


<4 


1/2, 


c 4 


1/2 


(C + l)“ 1/2 dC + S 


>w 


= A 


k 


'o V( 1 -C 2 )(i-fc 2 C 2 ) 


dC + 5. 


We can use the correspondence w = 0^z = 0 to get B = 0. Then, 


‘W 


z = C 


1 


f o 4(1-C 2 )(1-^ 2 C 2 ) 


d( := CF(w,k), C = kA. (41.5) 


The function F{w,k) is called the elliptic integral of the first kind. The 
correspondence w = 1 z = a now yields 


a = C 


1 


r 0 y(i-c 2 )(i-fc 2 c 2 ) 


d( = CF( 1 , k) = CK(k). (41.6) 


The function K(k) is called the complete integral of the first kind and is 
well-studied in tabular form. Finally, we note that the correspondence 
w = l/k—>aFib leads to 


a Fib = C 



1 

v/(l - C 2 )(l -k 2 W) 


d( + 



1 

n(i-c 2 )(i-fc 2 H 



1 


which in view of (41.6) is the same as 


b 




1 

i)(i- vc 2 ) 



(41.7) 


For the given values of a and 6, the nonlinear equations (41.6) and (41.7) 
can be solved for the unknowns C and k. The relation (41.5) with these 
computed values then provides the required transformation. 
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Problems 


41 . 1 . Find the transformations that map the upper half-plane v > 0 
onto the domains in the z-plane as shown in Figure 41.5 with the following 
correspondences of the points: 

(a) . w(ui = 0 , U2 = 1 , us = oo ) — >• z(zi = 0 , 2:2 = 1 , Z3 = 00), 

(b) . w{u\ = 0, U2 = 1, us = 00) z{z\ = 0, Z2 = 1, zs = 00), 

(c) . w(ui = 0 , U2 = 1 , Us = 00) z{z\ = 0 , Z2 = 00, Z3 = 00), 

(d) . w(u\ = 0, U2 = 1, r/,3 = 00) — )► z(zi = 0, Z2 = 00, 2:3 = 00). 



Figure 41.5 


Answers or Hints 


41 . 1 . (a), z = (2/7 r) 

(b) . z = ( 2 / 7 r)[sin _1 

(c) . z = ( 2 h/ 7 r)[tanh _1 

(d) . z = ( 2 h/ 7 r)[tanh -1 


• — 1 

sin 

w — \/w — re 2 ], 


w — (1 — 2 w)yw 


W‘ 


w - y/w], 
re 1 / 4 — 21c 1 / 4 ]. 


Lecture 42 

Infinite Products 


In this lecture, we shall introduce infinite products of complex num- 
bers and functions and provide necessary and sufficient conditions for their 
convergence. 


Let {a n } be a sequence of complex numbers. The infinite product , de- 
noted as riyli a j i s limit V as n -A oc of the nth partial product 

Pn = nil aj = a\a 2 • • • a n provided this limit exists and is not zero. 

As in series, we write riyli a j = P or lim n ^ 00 YYj=i a j = P- Now, if 
lim^oo p n = p ^ 0, then, since 


lim 

oo 


lim 

n— ^oo 


n - = i ^ 
n;=i % 


p 

p 


i 




for the infinite product a j f° converge it is necessary that liiUn^oo a n 

= 1. Thus, if, for convenience, we consider a n = 1 + 6 n , then the infinite 
product 

oo 

II( 1 + 6 i) ( 42 -C 

3 = 1 

diverges if lim n ^oo b n ^ 0 or some b n = —1. The following example suggests 
that liiUn^oo b n = 0 is not sufficient for the convergence of (42.1). 


Example 42.1. Both the infinite products, — Vi) arad. riy^ i(H“ 

1/j), diverge. In fact, respectively, we have 


Pn 


1 2 3 

2 3 4 


n — 1 n 1 

= -A 0 as n ^ oo 

n n + 1 n + 1 


and 

234 n+1 

p n = - - - • • • = n + 1 — oo as n ^ oo. 

y 12 3 n 

The following results that we state, leaving the proofs as exercises, pro- 
vide necessary and/or sufficient conditions for the convergence of the infinite 
product (42.1). 

Theorem 42.1. The infinite product (42.1) converges if and only if 
the infinite series 

oo 

y>og(l + bj) (42.2) 

3 = 1 
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converges. 


Theorem 42.2. The infinite product (42.1) converges if and only if 
for every e > 0 there exists an integer N = N(e) such that 


(1 + & n +l)(l + ^n+ 2 ) •••(! + ^n+m) — 1 


< e 


(42.3) 


whenever n > N and m > 1. 


Theorem 42.3. If the series Yl'jLi bj and Yl'jLi converge, then the 
infinite product (42.1) converges. 


The infinite product (42.1) is said to be absolutely convergent if the 
infinite product 


oo 


rj( i + i^ji) 

3 = 1 


(42.4) 


converges. A convergent infinite product that is not absolutely convergent 
is called conditionally convergent. 


Theorem 42.4. The infinite product (42.1) is absolutely convergent if 
and only if the series Yl'jLi bj is absolutely convergent. 


Theorem 42.5. If (42.4) converges, then (42.1) converges. 


Example 42.2. For the infinite product (l — ( — l) J /j) , we have 


Pn 


1 4 3 

2 3 4 


n 


- (-1)” (n + l) — (-l) n+1 


n 


n + l 


= < 


( 1 

2 

1 n + 2 
< 2 n + 1 


if n is odd 


if n even, 


and hence lim n ^ 00 p n = 1/2. However, in view of Example 42.1, the infinite 
product riyli(l + 1//) diverges, and hence the converse of Theorem 42.5 
is not true. 


Now we shall consider infinite products of complex functions. Let 
{b n (z)} be a sequence of complex functions defined on a set S. An infi- 
nite product 

oo 

n (!+&+)) ( 42 - s ) 

3 = 1 

is said to be uniformly convergent on S if the sequence of partial products 
Pn(z) = n;=i(l + bj(z)) is uniformly convergent on S' to a function p(z) 
that is different from zero for all z G S. 


Theorem 42.6. Suppose that the series YlJLi \bj(z)\ converges uni- 
formly on every compact subset of S. Then, (42.5) converges uniformly to 
p(z) on every compact subset of S. 
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Proof. Let Si be a compact subset of S. Since YlpL 1 \bj(z) 
uniformly on Si, it is uniformly bounded. Thus, for all z E Si, 


converges 
it follows 


that 


n 


n 


Pn(z ) i < na+i^wi) - n 


inn)i — 


exp 


3 = 1 


j'=i 



< M. 


Let e > 0 be arbitrary. Then, there exists an integer N sufficiently large 
such that YT j= m + 1 M*)l < e for every n > m > N and all z E Si. Now an 
easy argument for all z E Si gives 


Pn(z) ~ Pm(z ) 


Pm(z) 


If (1 + bj(z)) 

j=m J r 1 


1 


< 


< 

< 


Pm (^) 




(1 + \bj(z)\) 


j=m+l 




( n \ 

\Pm{z) 

exp 1 Yi bj( z )\ I — 1 
\p=m+l J 


M (e £ - 1) . 


But this shows that the sequence {p n (z)} converges uniformly on Si. I 

Corollary 42.1. Let {M n } be a sequence of positive constants, and let 
| b n (z) | < M n for all z E S. Then, if converges, (42.5) converges 

uniformly on S. 


Corollary 42.2. If in Theorem 42.6 the functions b n (z) are analytic 
on S, then the limiting function p(z) is analytic on S. 


Example 42.3. 


For | z < i, uniformly we have 


oo 


nv 



= (1 + »)(1 + 2 2 )(1 + * 4 ) 


1 


1 -z 

1 


1 — Z n— t>oo 


(1 — z 2 )(l + z 2 )(l + z 4 ) 

lim ( 1 — z " 


1 -z 


We also note that this infinite product diverges for |z| > 1. 


Example 42. 4. Since (1 + z/y/J)(l - z/y/j) = (1 - z 2 /j), j > 2 and 
(l+zi/y/j)(l — zi/yfj) = (1 + ^ 2 /j), j > 1 in view of Example 42.1, both 


284 


Lecture 42 


the infinite products 


n 


J=2 




oo 


and 



zi 


Vj 


diverge at z = ±1. 

Example 42.5. Consider the zeros of the function sin z\ i.e. , z = 
j 7r, j = 0, ±1, ±2, • • • . The infinite product 


oo oo oo 

+ jn){z - jn) = z ~[[(z 2 - j 2 n 2 ) = z + (z 2 - j 2 n 2 - 1)) 
3 = 1 3 = 1 3 = 1 


does not converge at any point z ^ j 7r, as the necessary condition z 2 — 
j 2 7r 2 — 1 0 as j oo is violated. 

Remark 42.1. If the conditions of Corollary 42.2 are satisfied, then it 
can be shown that 

p'(z ) _ y, bj(z) 

p(z) fr'^ + bjiz)' 


Corollary 42.3. Let the conditions of Theorem 42.6 be satisfied. 
Then, if {ni, 712 , • • • , rij, • • •} is any permutation of the positive integers, 
then p(z) = (1 + b n -(z)) on every compact subset of S. 

J -L J 

Proof. Let Si,M, e, and N be as in Theorem 42.6. Choose K so large 
that {1, 2, • • • , TV} C {ni, n 2 , • • • , Furthermore, let qk(z ) = rij=i(l + 
b nj (z)). Then, for all z G Si, we have 


<1k{z) — Pn(z) 


\pn(z)\ 

]^[(1 + b n .(z)) - 1 


j 


where j € {ni, ri 2 , • • 
have \qn{z) - pn{z) 

uniformly on Si. I 


* , 2, • • • , N}. Thus, as in Theorem 42.6, we 

< M (e e — 1) , which shows that {qk(z)} converges 


Corollary 42.4. Let the conditions of Theorem 42.6 be satisfied. Then, 
p(zo) = 0 for some zo in a compact subset of S if and only if bj(zo) = — 1 
for some j. 


Proof. Let Si, 0 < e < 1/2 and N be as in Theorem 42.6. Then, for ev- 
ery n > m > N and all z G Si, we have \pn{z)—Pm(z)\ < \Pm{z) \ (e e — 1) < 
2\pm(z)\e. Thus, it follows that 


\Pn(z)\ > \Pm(z)\-\p n (z)-p m (z)\ > \p m (z) \ -2\p m (z) \e = (1 -2e) \p m (z) 
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Hence, as n — > oo, \p(z)\ > (1 — 2e)|p m (z)|, where (1 — 2e) > 0. This implies 
that if \pm(z)\ > 0 for each rrt and 2 : G Si, then \p(z)\ > 0. The converse is 
obvious. I 


Corollary 42.5. If, for each j, 0 < bj < 1, then — bj) > 0 if 

and only if Y^jLi bj < 00 • 


Proof. Let q n = n" =1 (l — bj). Then, q\ > > • • • > 0, and therefore 

lim n ^ 00 q n = q exists. If Y^jLi bj < 00 , then q > 0 by Corollary 42.4 
since each factor 1 — bj > 0. Conversely, 0 < q < q n < YYj=iO- ~ bj) < 


exp bjj , and hence if 

which implies that q = 0. I 


sr= 


3=1 


00 , then exp 




Problems 


42.1. Evaluate the following infinite products: 


00 


00 


(a) ' J3 i 1 j 2 ) ’ (b) ' H ( x + M + 2 )) ’ (c) - n ( x (j+i)(j+2)) 


42.2. Show that the infinite product rijli (l + e ^ z ) diverges for Re(z) > 
0 and converges absolutely for Re(z) < 0. 


42.3. Show that the infinite product n^=i (l + / j) is uniformly and 

absolutely convergent for |z| < r, where 0 < r < 1. 

42.4. Show that the infinite product YlJLi (1 + 1 / j z ) is uniformly and 
absolutely convergent in the half-plane Re(z) > 1 + e, where e > 0. Use the 
principal value of j z . 

42.5. Show that the infinite product YlJLi (l — z 2 / j 2 ) is uniformly and 
absolutely convergent in any closed and bounded region, where z is not a 
positive or negative integer. 


42.6. Show that the infinite product 





‘+1 


e ‘"}{( i - i ) e " 2 }{( 1 


z 

+ 2 le 


■z/2\ 

< > . . . 


is uniformly and absolutely convergent in any closed and bounded region, 
where z is not a positive or negative integer. 


z. 


n 


42.7 (Blaschke Product). Let the sequence {z^} - be such that 0 
< 1 for all n and — \ z j\) converges. Show that the infinite 
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product 

m = nf^ M 

AJ - 1 — ZjZ Zj 
3 = 1 J 3 

converges uniformly on the disk 5(0, r), 0 < r < 1. Hence, f(z ) is analytic 
on 5(0,1), z n , n = 1,2,- •• are its zeros, f(z) has no other zeros, and 

i/coi < i. 


Answers and Hints 


42.1. (a). 1/2, (b). 2, (c). 1/3. 

42.2. For Re(z) > 0 use the necessary condition for convergence, and for 
Re(z) < 0 use Corollary 42.1. 

42.3. \b n (z)\ = \z n \/n < r n . Now use Corollary 42.1. 

42.4. Use Corollary 42.1. 

42.5. Use Corollary 42.1. 

42.6. Since (l - + e z/n = 1 + b n (z), where b n (z) = - (nf > 

we have \b n (z)\ < (jLy. (nY = (f ) 2 + /n - e (f) 2 when n > R - 

Similarly, we have (l + e~ z ! n = 1 + c n (z), where |c n (z)| < e (^) when 
n > R. Now use Corollary 42.1. 

42.7. Follows from Corollary 42.1 since 


bj(z) := 


_ Zj-Z \Zj 


1-ZjZ Zj 


- 1 = - 


1+2 


+H1-M) 


satisfies 

++ < + 


1 + 1 / 

y | 

1 — 

\z || 

+ 1 




)< f+(l- 




) =: Mj for all z G 5(0, r) 


and Mj converges. 


Lecture 43 

Weierstrass’s Factorization 

Theorem 


In this lecture, we shall provide representations of entire functions as 
finite/infinite products involving their finite/infinite zeros. We begin with 
the following simple cases. 

Theorem 43.1. If an entire function f(z) has no zeros, then f(z) is 
of the form f(z) = e 9<yZ \ where g(z) is an entire function. 

Proof. Clearly, the function 

h(z> = m = s Loef(z) 


is entire, and hence 

f mcr 

Jo 


z 


Log /(C) 


Log/(z) - Log/(0). 


Thus, f(z) = e g(z \ where g(z) = h(£)d£ + Log/(0). I 

Theorem 43.2. Let z\, ■ ■ ■ , z m be the distinct zeros of an entire func- 
tion f(z ), where z 3 is of order j = 1, • • • , m. Then, f(z) is of the form 


f(z) = (z-zi) fcl ■ ■ ■ (z - Z m ) krn e 9{z) , (43.1) 


where g(z) is an entire function. 

Proof. It suffices to note that the function 

f (f 

(z - zO kl ■ ■ ■ (z - z m ) k ™ 

is entire and has no zeros. The result now follows from Theorem 43.1. I 

Example 43.1. In Theorem 43.2, if g(z) is a constant, then f(z) is a 
polynomial. Otherwise, it is an entire transcendental function. 

Remark 43.1. If fi(z) and / 2 <t) are two entire functions having the 
same zeros with the same multiplicities, then fi(z) = f2(z)e 9 ^ z \ where g{z) 
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is an entire function. Conversely, if g(z) is an entire function, then f(z)e 
has the same zeros as f(z ), counting multiplicities. 

Now let us assume that the entire function f(z) has an infinite number 
of zeros, say ^ 1 , ^ 2 , * * * , which have been ordered in increasing absolute 
value; i.e., \zi\ < | ^ 2 1 < • • • • Clearly, \z n \ -+ 00 , for otherwise the function 
f(z) will be identically zero (see Corollary 26.3). In view of Examples 42.4 
and 42.5, the function f(z ) cannot be represented as 4[]jli(l z t z j) or 

AY[JLi( z — z j\ I n fact, 1° find a proper representation of such a function, 
we need Weierstrass ; s elementary functions : 

E 0 (z) = (l-z), E e (z) = (l- 2 )exp (2 + (2 2 /2)H \-{z l /(.)), £ = 1,2,--- 


and the following lemmas. 


Lemma 43.1. Each elementary function Eg(z), t = 0,1,2,*** is an 
entire function having a simple zero at z = 1. Furthermore, 


(i) . E' e (z) = -z e exp(z + (z 2 / 2) + • • • + {z l /(,)), 

(ii) . if Ei(z) = ZT=o a J zj the P ower series expansion of Eg(z) about 
z = 0, then = 1, a\ = 02 = • • • = at = 0 and aj < 0 for j > i, and 

(iii) . if \z\ < 1, then | Ei(z) — 1| < \z £+1 


Proof, (i). Follows by a direct verification. 

(ii) . That <20 = 1 is obvious. Since E[(z) has a zero of multiplicity £ at 0, 

and since term-by-term differentiation is permissible, in Et{z) = a j z 

it follows that ai = 02 = ■■■ = ai = 0. Next, in the expansion of —E^fz) = 
z t exp(z + (z 2 / 2) + • • • + (z £ /£)), the coefficient of each z J is a nonnegative 
real number. Hence, the coefficients in the expansion of Et(z) must be 
nonpositive. 

(iii) . From part (ii), we have 


Ee(z)- 1 < 


00 


E 

j=i + 1 


a : z J 


OO 


OO 


* E 

j=t + 1 


ctj 


z 


< 


z 


l+l 


E 

3=1+1 


z 


j-i-i 


Now, since Ee( 1) =0 = 1 + Y^Lt+i a j or ~ HjLi+i a j = L for 
follows that 


z 


< 1 it 


OO 


Ee(z) - 1| < 


z 


£+1 


E ~ a i ■ 1 - 


z 


£+1 


7=r+i 


Corollary 43.1. For any nonzero Zj, \Et(z/zj) — 1| < \z/zj\ (:+1 for 


+ 1 < \ z j 
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Lemma 43.2. Let {z n } be a sequence of complex numbers such that 
z n 7 ^ 0, n = 1,2, ••• and \z n \ oo as n oo. Then, there exists a 
sequence of nonnegative integers {£ n } such that the series \ z l z j \ £j+1 

is uniformly convergent on every closed disk 5(0, r), r < oo. 

Proof. Let £ n — n — 1 , n — 1 , 2, • • • . Since \z n | — y oo as n — y oo, there 
exists N large enough so that \z n \ > 2r for n > N. For all these n and for 


z 


< r, we have 


z 


z 


n 


^n + 1 


Z 


Z. 


n 


n 


< 


r 

2 r 


n 


1 


>n 


The result now follows from Theorem 22.4. 


The main result of this lecture is the following theorem. 

Theorem 43.3 (Weierstrass’s Factorization Theorem). Let 

{z n } be a sequence of complex numbers such that z n ^ 0 , n = 1 , 2 , ••• 
and \z n \ oo as n oo, and let m be a nonnegative integer. Further- 


more, let {£ n } be a sequence of nonnegative integers such that the series 
Yl'jLi \ z / z j\ ij + 1 converges uniformly on compact subsets of the complex 
plane (in view of Lemma 43.2, such a choice is always possible). Then, 



(43.2) 


represents an entire function. This function has a zero at z = 0 of mul- 
tiplicity m and at each Zj, j = 1 , 2 , ••• of multiplicity kj] here, kj is the 
number of times Zj occurs in the sequence {z n }. 


Proof. Since E £n (z/z n ) = 1 + (. Ei n (z/z n ) - 1), in view of Theo- 
rem 42.6, (43.2) converges uniformly and absolutely provided the series 
(Ee.j { z / Zj) — 1 ) converges uniformly and absolutely on every disk 

< r. Then, there exists N large enough so that 


oo 
3 = 1 

of finite radius. Let 
< 1 for 


z 


n 


> N. But, then in view of Corollary 43.1, we have 
Since £ n can be chosen as in Lemma 43.2, it 


z z. 


hn + l 


z I z i 

E t n ( z / z n) ~ 1 | < 

follows that the series YIJLi \ z / z j\ ij + 1 converges uniformly on the closed 
disk 5(0, r), which in turn implies that the series Y^jLi( E £j ( z / z j ) — 1) con- 
verges uniformly and absolutely on 5(0, r). Finally, since r > 0 is arbitrary, 
in (43.2) the limit function f(z) is entire and has the prescribed zeros. I 


Remark 43.2. Since the sequence of positive integers {£ n } can be 
chosen differently, the representation (43.2) is not unique. 


Remark 43.3. The general entire function with simple zeros at z = 
z n , n = 1 , 2 , • • • and a zero of multiplicity m at z = 0 is given by f(z)e g(yZ ^ 
where f(z) is as in (43.2) and g(z) is an arbitrary entire function. 
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Example 43.2. The function sin 7 rz is entire and has simple zeros 
at n = 0, ±1, ±2, • • • . In Theorem 43.3, we let £ n = 1 for each n. Since 
\ z / n \ 2 converges uniformly on every disk of finite radius, the function 


00 


P(z) 



\ 00 , 

^ 1 ) =*nfi 


z^ 


3 


;2 


3 = 1 


3 


is entire and has simple zeros at nonzero integers. Thus, in view of Remark 
43.3, it follows that 


00 


sin 7 tz = e 9 ^ z 


IK 1 

3 = 1 


z ' 


3 


(43.3) 


where the entire function g(z) has to be determined. For this, differentiating 
both sides of (43.3) and using Remark 42.1, we obtain 


7 r cos 7 rz 


g'(z) + t + ^2 , 2 y , | sin? tz, 


OO 


■2z 


3 = 1 


3 


z ‘ 


which is the same as 


j , x 1 ^ ( 1 

7T COt 7TZ = q (z) H b > b 

z ' \ z — j 

3 = 1 v J 


1 


z + j 


for all z such that sin 7 rz 7 ^ 0; i.e., for all z ^ n. Hence, we have 




OO 


E 


j = -oo 


1 


7T" 


0 - j) 


02 


Sin 7TZ 


Now we observe that the function g"(z) is periodic of period 1. Also, since 

Cy 9 2 

— sin 7rx + sinh ny it follows that for 0 < x < 1, y > 1, the 


Sill 7TZ 


function p"(z) converges uniformly to zero as y 00 . This ensures that 
g"(z) is bounded in the strip 0<x<l, \y\ > 0. But then, by periodicity, 
g"(z) is bounded on the whole complex plane. By Theorem 18.6, g"(z) 
must be a constant, and since the limit is zero, the constant must also be 
zero; i.e., g"(z) = 0. This leads to the interesting identity 


OO 


E 


j = -oo 


1 


7 n 


( z - i) ! 


sm 7 tz 


(43.4) 


Thus, g'(z) must be a constant. But, since g'(z) = — g f (—z ), this constant 
also must be zero. Hence, we also have the identity 


1 


OO 




1 


1 


3 = 1 


: H : 

z -3 z -\~ 3 


7 r cot 7 tz 


(43.5) 
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Therefore, g(z) must be a constant, say e 9 ^ = c, and thus (43.3) can be 
written as 

00 / 2 \ 

n b-^rh ( 43 - 6 ) 

3 = 1 V 


sin 7 tz 

7 r = c 

nz 


J 


Taking z 0 on both sides of (43.6) gives c = 7r. Thus, we have the infinite 
product expansion 

,2 


00 


sin 7 tz = 7 TZ 


nb 


z 


;2 


i=i 


J 


(43.7) 


Remark 43.4. For z = 1/2, (43.7) reduces to Wallis’s formula 

(2 j) 2 2-2-4-4-6-6-8-8--- 


7T 


00 


n 


2 J=i ( 2 J + !)( 2 J - !) 1-3-3-5-5-7-7-9--- 


(43.8) 


Remark 43.5. From (43.7), it follows that 


oo 


sinh 7 TZ = 7 TZ ( 1 + 


z' 


1=1 


3 


(43.9) 


Remark 43.6. Since 


27V+1 

E 


(-1) 


3 


N 

E 


1 


N 

E 


1 


z — 7 * — ' z — 2 j z — 1 — 2j 

j=-2N-l J j= — N J j=-N-l J 

N 


1 


1 / 1 1 

z \ z — 2 j z + 2 j J z + 1 + 2 IV 


1 


N 

z — 1 ^ z — 1 — 2 j ' z — IT 2j 


1 1 

+ 


as N — > oo, from (43.5), we find 


oo 


E 


j = -oc 

which immediately gives the series 

7 T 


( — IV 7T 7TZ 7T 7f(z — 1) 

= — cot cot 

z-j 2 22 2 


oo 


E 


(- 1 > 


Sin 7 TZ * — ' z — 1 

j = - oo 


(43.10) 


Remark 43.7. In (43.10), replace z by z — 1/2 to get 

2 (— 1) J+1 


oo 


E 


j = -oo 


2z — 1 — 2j ’ 


COS 7 TZ 


(43.11) 
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which for z = 0 gives the Gregory-Leibniz series 


7 r 

4 


h, 2 j + 1 


1111 

3 + 5 ~~ 7 + 9 


Remark 43.8. From the expansions above the following 
immediate 

1 1 2z 2 z 2z 

sinh z z z 2 + tt 2 + z 2 + 4i r 2 z 2 + 97 r 2 


1 

coshz 

and 

tanh z 


7 T 37T 57T 

(7t/2) 2 H-z 2 (37t/ 2) 2 + z 2 (57 t/ 2) 2 + z 2 ’ 

2 z 2 z 2 z 

(tt / 2) 2 + z 2 (37t/2) 2 + z 2 (57t/2) 2 + z 2 


(43.12) 

series are 

(43.13) 

(43.14) 

(43.15) 


Lecture 44 

Mittag-Leffler Theorem 


In this lecture, we shall construct a meromorphic function in the entire 
complex plane with preassigned poles and the corresponding principal parts. 


Recall that a function is meromorphic in a region if it is analytic except 
for isolated singularities which are at most poles. In what follows, if nec- 
essary, we shall redefine the function at its removable singularities, so that 
it has only poles. Clearly, a meromorphic function in the entire complex 
plane can have at most a finite number of poles in every bounded subset. 
Otherwise, there will be a finite limit point of poles, and this limit point 
will be an essential singularity. If zo is a pole of order m of a function /(z), 
then in a neighborhood of z o, f(z) = G(z) + g(z), where g(z) is analytic 
at zo and 

f~ir\ Cl — m CL— ra+1 . CL — 1 

(z - z 0 ) m (z - z 0 ) m_1 (z - Zo) 

is the principal part of /(z) at zo (observe that G(z) is a rational function). 
Thus, with a pole, the principal part of the function at the pole is always 
associated. In this lecture for a given sequence of complex numbers {z n } 
and a sequence of functions {G n (z)} of the type G(z) above, we shall con- 
struct a meromorphic function /(z) that has poles at z n , n — 1, 2, • • • with 
the corresponding principal parts G n (z). The construction of such a func- 
tion /(z) is trivial if the number of points z n is finite, say N. In fact, then 

/(z ) = Gj(z) + g(z), where g(z) is analytic, is the required function. 

When the number of points z n is infinite, we have the following theorem. 


Theorem 44.1 (Mittag-Leffler Theorem). Let {z n } be a se- 
quence of complex numbers such that 0 < \z\\ < \z 2 \ < • • • and, linin^oo 
oo, and for each n, let G n (z) be the rational function given by 


z. 


G n (z ) = 


a 


n 


-m(n) 


a 


n 


+ 


-m(n )- (-1 


+ •'• + 


a 


n 

-1 


( ) (. Z-Zn )'"(«)- 1 ' ' (z — Z n ) 

Then, there exist polynomials h n (z), n = 1, 2, • • • such that 


f ( z ) = ^Z(Gj{z) - hj{z)) (44.1) 

3 = 1 

defines a meromorphic function with poles at z n , n — 1, 2, • • • and principal 
parts G n (z), respectively. 
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Proof. Consider the power series expansion of the principal part G n (z) 
in the neighborhood of the point z = 0; i.e. , 


G n (z) 


(n) 

- ^ 


nA ' 4" cq 


(n) 


(n) P 

z + • • • + d 0 z + 


(44.2) 


Clearly, this series is convergent in the open disk 5( 0, |z n |), and its con- 
vergence is uniform in every closed disk of radius strictly less than |z n |; in 

particular, in the open disk 5( 0, \z n \/2). Let h n (z) = \ + • • • + 

a N(n ) zN(<n ^ w h ere N(n) is so large that 


G n (z) h n (z^ 


E 


a ( k n) z k 


k=N(n) + 1 


< 


1 

2 n ’ 


z G 5(0, |z n |/2). (44.3) 


Now consider a disk 5(0, r), r > 0, and let no = no(r) be the smallest 
integer such that \z n \ > 2 r for all n > no- Since L>(0, r) C L>(0, |z n |/2) 
for all n > no, 5(0, r) contains none of the points z no + 1 , 2 ; no+ 2 , • • • . Thus, 
(44.3) holds for all n > no and z G 5(0, r). Therefore, by Theorem 22.4, 
the series 

oo 

E I G i(X) “ h j( z ). 

j=n 0 + l 

converges uniformly on 5(0, r) and hence represents an analytic function 
Q no (z), on 5(0, r). Thus, if f(z) = Yl'jLi [Gj( z ) ~ hj( z )]i we have the 
representation 

f(z) = fn 0 (z) + Qn 0 (z), Z G B(0,r), 
where Q no (z ) is analytic on 5(0, r), and the partial sum 

n 0 

fno(z) = Y^[Gj{ z ) ~ h j{ z )\ 

3 = 1 

is a rational function whose poles in 5(0, r) are those points of the sequence 
{z n } that he in 5(0, r). Moreover, the principal part of / no (z), and hence of 
/(z), at any point z n G 5(0, r) is just G n (z). Finally, since r can be chosen 
arbitrarily large, the result follows. I 

Remark 44.1. In Theorem 44.1, if zo = 0 is one of the points of the 
sequence {z n } with the given rational function Go(z), then in (44.1) we 
need to add a corresponding term. 

Remark 44.2. If /l(z) and f 2 (z) are meromorphic functions with the 
same poles and the same corresponding principal parts, then their differ- 
ence /i(z) — f 2 (z) is analytic in the entire plane, and hence equals to an 
entire function. Conversely, the addition of an entire function to a given 
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meromorphic function does not alter its poles and the corresponding prin- 
cipal part. Hence, if g(z) is an entire function, then (44.1) can be replaced 

by 

oo 

/0) = ^2(Gj( z ) - hj( z )) + g(z). (44.4) 

3 = 1 

This representation is called a partial fraction expansion of f(z). 

Example 44.1. Consider the problem of finding a meromorphic 
function with simple poles at each integer n and with the principal part 
G n (z) = 1 /(z-n) at n. The series YfjL-oo G A Z ) = Zql- oo does 

not converge uniformly for noninteger 2 ) in H(0,r) for any r > 0. However, 
for any n/0, 


1 1 

1 — 

z — n n 


z 

1 

z 


z 

n(z — n) 

n 2 

(z/n) — 1 

n 2 


for large n. Hence, 







1 1 

z-j J 


converges uniformly for each r > 0. Hence, in Theorem 44.1, letting h n (z ) = 
1/n for each nonzero integer n, we have that 



is a meromorphic function with simple poles at integers and the princi- 
pal part l/(z — n) at each integer n. Thus, in view of (43.5), the desired 
meromorphic function is 7rcot7rz. 


Example 44.2. Consider the problem of constructing a meromorphic 
function with double poles at each integer n and with the principal part 
G n (z) = l/(z- n ) 2 at n. The series E^l-oc G A Z ) = YgL- oo 1 /( z ~ j ) 2 
converges uniformly and absolutely for noninteger z in B{ 0, r) for any r > 0. 
Hence, in Theorem 44.1, letting h n (z) = 0 for each integer n, we find the 
desired meromorphic function oo V(^ — j) 2 ? which in view of (43.4) 

is the same as tt 2 / sin 2 i rz. 


Example 44.3. Let {z n } be a sequence of complex numbers such that 

• and linin^oo \z n \ = oo, and let {A n } be a sequence 


0 < \zi\ < Z 2 < 
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of arbitrary complex numbers. We shall find an entire function /(z ) such 
that 

f(z n ) = A n , n = 1,2,-... (44.5) 

This is a simple interpolation problem. For this, first we follow Theorem 
43.3 to construct an entire function </>(z) with simple zeros at the points 

zi,z 2 , • • • , 




Then, we compute the derivative <fi'(z) at every point z n , which gives a 
sequence of nonzero complex numbers {(j)'(z n )}. Next, we use Theorem 
44.1 to find a meromorphic function 'ip(z) with simple poles at the points 
zi, Z2? ' ' ' and the corresponding principal parts 


0 (^n)(^ Zn) 


i.e., 


OO r 


i>{z) 


E 




fri r{zj){z - Zj ) 


hj{z) 


where hj(z ) are suitably chosen polynomials. Then, the desired function is 
/(z) = cj)(z)ip(z). For this, clearly /(z) is entire, and since 


f(z n ) = lim <\>{z)ty{z ) = lim 




Z^-Z, 


Z(z) ~ 0(z n ) 


Z — Z 


Ip{z)(z - z n ) 


n 


(■ Zn)A n 


it satisfies the conditions (44.5). 


Finally, we state the following result, which provides an explicit partial 
fraction expansion of a meromorphic function f(z). 


Theorem 44.2. Let f(z) be a meromorphic function, and let {7 n } be 
a sequence of closed rectifiable Jordan curves with the following properties: 

1. The origin lies inside each curve y n , n = 1, 2, • • • . 

2. None of the curves passes through poles of f(z). 

T 7n (L /(y n _|_i), n — 1, 2, • • • . 

4. If r n is the distance from the origin to y n , then lim n ^ 00 r n = oo. 

Let the poles of f(z) be ordered in such a way that y n contains the first 
m n + 1 poles z o = 0, zi, • • • , z mn , with principal parts G'o(z), Gi(z), • • • , 
Gm n (z), so that m n < ra n +i, n = 1,2, •••. Moreover, suppose that, for 
some integer p > — 1, 


lim sup 

n— oo 



m i 

z\ p+i 


ds < oo, 


(44.6) 
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where ds = |d£|. Then, at an arbitrary regular point of f(z ), 


m , 


f(z) = lim ^Gj(z), p=- 1 

n— ^oo L ' 


(44.7) 


3 = 0 


and 


m , 


f{z) = lim ^[Gjiz) - hj(z)\, p>- 1, 

n— )>oo z ' 


(44.8) 


i=o 


where h n (z ) are polynomials of degree at most p. The convergence in both 
(44.7) and (44.8) is uniform on every compact set containing no poles of 

/ 00 - 

Example 44.4. We shall use Theorem 44.2 to expand the function 
sec z in partial fractions. For this, we choose y n to be the square with 
center at the origin and sides of length 2n7T parallel to the coordinate axis. 
Clearly, for z = Tun + iy and z = x ± inn, respectively, we have 


sec z 


1 


cosh y 


and 


sec z 


< 


1 


sinh an 


and hence 


*n7r 


sec<f|ds < 2 


7 


n 


— mr cosh y 


dy + 4mr- 1 


sinh mr ’ 


which shows that (44.6) holds with p = — 1. Inside y n , the function sec z has 
simple poles at the points z = ( j — 1/2)7 r, — n + 1 < j < n. Furthermore, 
since, in view of (31.2), 


R 


sec z, j 




lim 

Z ^ (j ' 1 / 2 ) 7T 


(z — 1/2)7 T 


1 


COS z 


sin(j — l/2)7r 


(- 1)7 


the principal part of secz at the pole z = ( j — 1/2)7 r is Gj(z) = (— l) J /[z — 
(j — l/2)7r]. Furthermore, since z = 0 is not a pole of sec z, we have Gq(z) = 
0. Hence, (44.7) gives 


sec z 



(~i) j 

z-(j- 1 / 2 ) 71 - 


7 = 1 


(2 j ~ 1)tt 
- (. j ~ 1/2) 2 tt 2 ’ 


which converges uniformly on every compact set containing none of the 
points z = (j — 1/2)77, j = 0, ±1, ±2, • • • . 
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Periodic Functions 


Recall from Lecture 8 that a complex number uu ^ 0 is a period of a 
function f(z ) if f(z + uj) = f(z ) for all z. For example, e z has the period 
27 ri, and sin z and cosz have the period 27 r. If uo\ and UJ2 are periods of 
f(z), then 

f(z + oJi+oj 2 ) = f(z + ui) = f(z); 

i.e., uji -\-uJ2 is also a period. In particular, if uu is a period, then nuu is also a 
period, where n is any integer. The following results for periodic functions 
are important: 


Rl. Let f(z ) be a meromorphic periodic function with period uj. Then, uj 
is also a period of all derivatives of /(z). In fact, differentiating n times the 
relation f(z + uj) = /(z), we get f^ n \z + uj) = f^ n \z). 

R2. Let /(z) be a meromorphic periodic function with period cc, and let 
there exist a meromorphic function F(z) such that F'(z) = f(z). Then, 
there exists a constant c = c(uu) such that F{z + uj) — F{z) = c. Indeed, 
since F\z-\-uj) — F'(z) = f(z + uj) — f(z) = 0, the function F(z + uo) — F(z) 
must be a constant. Furthermore, F(z-\-2uj) = F(z-{-uj-\-uj) = F{z-\-oj)-\-c = 
F(z) + 2c. Also, replacing z by z — cc, the relation F(z + uj) — F(z) = c can 
be written as F(z — uj) — F(z) = —c. Hence, we have F(z + nuu) = F(z) + nc 
for all integers n by induction. 


The function /(z) is said to be simply periodic if all its periods are of 
the form nuu. The functions e 2 , sinz, and cosz are simply periodic. The 
function /(z) is called doubly periodic if all of its periods are of the form 
niUJi + TI2UJ2 , where n\ and n 2 are arbitrary integers and UJ2/UO1 is not real. 
Here uu\ and U02 are called fundamental periods for /(z). 


A pair of fundamental periods is not unique. If (uj^uj^) is also a pair of 
fundamental periods, then there are integers a, 6 , c, d such that 



Since a, 6 , c, d are real, then 



( v'i y a 

\ to '2 w 2 / 



a b 
c d 

a b 
c d 


UJ\ 

UJ2 


1 


CJ\ UJ\ 
UO2 UJ2 
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Similarly, there are also integers a , b , c‘ , d such that 









V ^2 

so 

( 

i d\ 

i d\ 


l 

id 2 

id 2 

Since 





dd\ 






bd\dd 2 

id 2 

id 2 



a 

c' 


b' 

d! 


(jj[ 

u 2 


a 

c' 


b' 

d! 


a b 
c d 


Ld[ 
id o 


C ^2 ^2 


= — 2i Imco , iCJ2 = 


2z 


C<Ji 


Im — 7^ 0, 
CCi 


this implies that 


a' b' 


a b 

c! dl 


c d 


= 1 


and hence 


a b 


a' b' 

c d 


c' d! 


= ±1 


since each determinant is an integer. 


A doubly periodic and meronrorphic function is called an elliptic func- 
tion. Elliptic functions have been studied extensively, particularly because 
of their importance in algebra and number theory. 

Example 45.1. Weierstrass’s elliptic function with periods ud\ and co2 
is defined by 


1 


p(z;ui,u 2 ) = -3 + Y 


1 


1 


Z* . I (z — n lUdi — U2C02 ) 2 (niLUl + U2C02 ) 2 


(n i,n 2 )/(0,0) 

Alternatively, p(z) may be defined in terms of r = Co’2/^’1 as 


p(z;r) 


1 


1 


2:^ + . . . 1 (z — ui — U2 t ) 2 (ni + n2r) : 


(n i,n 2 )/(0,0) 

These two definitions are related by 

P(z;t) = p(z;l,r) 

and 


p(z]UJi,UJ2) = 


p(z/u)i]U)2/u)i) 


i d- 


Let f(z ) be an elliptic function with fundamental periods id 1,022- Any 
parallelogram P with vertices of the form zq, zo+cdi, z 0+^2, and 1+022, 
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for some zq G C, is called a fundamental parallelogram for f(z). First we 
prove the following elementary result. 

Theorem 45.1. If f(z) is a nonconstant elliptic function and P is a 
fundamental parallelogram for f(z ), then there is a pole of f(z) in P. 

Proof. If not, then f(z) is bounded on P. But then it is bounded every- 
where by the periodicity, and hence constant by Liouville’s Theorem. I 

An immediate consequence of Theorem 45.1 is the following corollary. 

Corollary 45.1. If f(z) is an entire elliptic function, then f(z) is a 
constant. 


Since the poles of f(z) are isolated, there are only a finite number of 
them in the compact set P, so the point zo may be chosen such that there 
are no poles on the boundary of P. Then, we have the following result. 

Theorem 45.2. If f(z) is an elliptic function and P is a fundamental 
parallelogram for f(z) with no poles of f(z) on its boundary, then 



0 . 


Proof. Since / has periods the integrals over opposite sides of P 

cancel each other out, and hence the contour integral vanishes. I 

Combining this theorem with the residue theorem now gives the follow- 
ing corollary. 

Corollary 45.2. The sum of the residues of f(z) in P is zero. 

Thus, f(z) cannot have a single simple pole in P; it must have at least 
two simple poles or a higher-order pole. 

Since the zeros of f(z) are the poles of 1 //(z), which is also an elliptic 
function with P as a fundamental parallelogram, f(z) also cannot have a 
single simple zero in P; it must have at least two simple zeros or a zero 
of higher multiplicity. In particular, f(z) cannot attain any complex value 
only once in P, counting multiplicities. Indeed, if f(z) attains c G C only 
once in P, then f(z) — c is an elliptic function with P as a fundamental 
parallelogram having a single simple zero there. 

Now let f(z) be a nonconstant elliptic function, let ai, • • • , (ij be the dis- 
tinct poles of f(z) in the fundamental parallelogram P, and let mi, • • • , rrij 
be their respective multiplicities. The number 

3 

rn = nii 

i=i 


Periodic Functions 


301 


(i.e., the total number of poles of f(z ) in P counting multiplicities) is called 
the order of f(z). Since f(z ) must have at least two simple poles or a higher- 
order pole, m > 2. 

Example 45.2. The function p(z) of Example 45.1 has only a single 
pole of order 2 in any fundamental parallelogram, and hence it is of order 
2. Its derivative 


p'{z;uj i,w 2 ) 



E 

(m,n 2 )#(0,0) 



2 

niioi - n 2 cj 2 ) 3 


has order 3. 


Note that P may be further chosen so that there are also no zeros of f(z ) 
on its boundary. Let &!,•••,&& be the distinct zeros in P, with respective 
multiplicities ni, • • • , rik- We have the following result. 

Theorem 45.3. If f(z) is a nonconstant elliptic function and P is a 
fundamental parallelogram for f(z) with no poles or zeros of f(z) on its 
boundary, then 

k 

rii = m. 

i=i 


Proof. We have 



(z - • • • (z - h) nk , , 

7 7 r — g(z), zeP 

(z — a i) mi • • • (z — aj) m J ^ 


for some analytic function g(z) with no zeros in P. A simple calculation 
shows that 


m 


-E 



m 

z-bi 


9'{z) 
9{z) ' 


Applying the Residue Theorem and noting that g f {z)/g(z ) is analytic in P 
gives 


1 

27 vi 




3 k 

- E mi + E ni ' 

i=i i=i 


On the other hand, f\z)/ f(z) is also an elliptic function with P as a 
fundamental parallelogram, so this integral is zero by Theorem 45.2. I 


Since f(z) attains the complex value c precisely at the zeros of the 
elliptic function f(z) — c, for which P is again a fundamental parallelogram, 
we have the following corollary. 
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Corollary 45.3. The function f(z ) attains every complex value m- 
times in P, counting multiplicities. 

Example 45.3. By Example 45.2 and Corollary 45 . 3 , the function 
p'(z) has three zeros in the fundamental parallelogram P with vertices 
CJ2? and uq -f aq* Let us determine these zeros. Since p'(z) is an odd 
periodic function 


p'(z) = -p'(-z) = -p'(-z+u) 

for any period cj, and taking z = uj / 2 gives 

p'(^/2) = -p'(u>/ 2 ), 


which implies 


p’H 2) = 0. 


In particular, c<_;i / 2 , c<J2 / 2 , (cu i + c<J 2)/2 are the zeros of p'(z) in P. 


We end this lecture by deriving a differential equation satisfied by the 
function p(z). Referring to the example above, p'(z) has simple zeros at 
c^i/ 2 , CJ2/2, and (uq + uq )/2 and a pole of order 3 at z = 0 , so the function 

m = p /2 e ) 


has zeros of order 2 at uq/2, 0^2 / 2, (uq + 0^2 )/2 and a pole of order 6 at 
z = 0 . Let 


ei = p(oj i/2), e 2 = p(oj 2 / 2), e 3 = p((wi + w 2 )/2), 

and consider the function 


5(2) = (p(z) - ei)(p(z) - e 2 )(p(z) - e 3 ). 

Since uq /2 and uq/ 2 , (uq + uq )/2 are simple zeros of p'(z), they are double 
zeros of p(z) — ei, p(z) — e2, and p(z) — e3, respectively, so g(z) also has 
zeros of order 2 at uq/2, uq/2, and (uq + CU2) / 2 and a pole of order 6 at 
z = 0 . Then, f(z)/g(z) is an entire elliptic function, and hence constant by 
Corollary 45 . 2 , so 

f(z) = Ag(z) 

for some A € C. Comparing the coefficients of 1 / z & on the two sides shows 
that A = 4 , so p(z) satisfies the differential equation 

p / 2 (z) = 4 (p(z) — ei)(p(z) — e 2 )(p(z) — e 3 ). 


Lecture 46 

The Riemann Zeta Function 


The Riemann zeta function is one of the most important functions of 
classical mathematics, with a variety of applications in analytic number 
theory. In this lecture, we shall study some of its elementary properties. 


Recall that for any positive real number r and a complex number z, r z = 
gzLog r - g a W ell-defined complex number, and if z = x + iy, then 


r' 


,++i+Logr 


„ x 


Log 


r 


iyLog 


r 


r 


X 


— r Re(«) 


Let D\ be the open half-plane D\ = {z G C : Re(z) > 1}. The Riemann 
zeta function is defined on D\ by the equation 

OO 1 

cw = Eji- < 4 «-d 

3 = 1 J 


Analyticity property. Note that, for any 5 > 0 and all z G D\ such 
that Re(z) >1 + 5, 


E 


3 = 1 




< OO, 


i.e., the series in (46.1) converges uniformly and absolutely for z with 
Re(z) >1 + 5. In particular, the series converges uniformly on compact 

subsets of D\. Now, since for each j the function 1 / j z = e^^Logj - g en ^ re ^ 
it follows that the function £(z) is analytic on D\. Moreover, in view of 
Corollary 22.4, for any k > 1 and all zGD i, we have 

C<‘>(.) = (46.2) 

3 = 1 3 


Connection with prime numbers. Note that 

1 \ 111 

1 — ) C( z ) = l + ^y + -gy + ^y + 


as all even terms cancel each other, and also 

fi-iW) = 1 + 4 + -l + -L + 
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This time all terms having 3 as a factor in the denominator cancel each 
other. Proceeding in this way, if pi,p 2 , • * • ,Pk are the first k prime numbers, 
then we have 

where m consists of those positive integers that do not have PuP2, m mm iPk 
as a factor. Thus, letting k -+ oo, which is permissable, we obtain 


oo 


n 




which is the same as 


1 

C+) 



(46.3) 


where the product on the right is over all the primes and converges for 
Re(z) > 1. 


Analytic continuation. This is accomplished step by step by ex- 
tending the function first to the domain Dq = {z G C : Re(z) > 0}, next 
to the domain D - 1 = {z G C : Re(z) > —1}, and so on, adding a vertical 
strip to the domain at each step. Observe that, for each n, the function 


9n(z) = 


1 


1 


z-l 


n 


{n + iy- 1 

is entire, with a zero at 1. Hence, for each n, the function <p n (z) defined by 

1/1 1 \ f 1 dt 




z — 1 yrP -1 (n + 1) 


z-l 


0 


(n + ty 


n 


n+1 dt 

- (46.4) 


is also entire. Similarly, for each n, the function f n (z ) defined by the 
difference of two entire functions, 


fn(z) = 1 - ... ~<j>n{z) = 1 


dt 


t 


- = — z I dt 

{n+l) z (n + 1)* J 0 ( n + t) z J 0 (n + t) z+1 

(46.5) 

is also entire. Moreover, for all z, we also have the estimate 


I fn(z) < 


— Z 


t 


0 


(n + 1) 


z + l 


dt < 


z 


1 


and hence, if z is such that Re(z) > S and 
M > 0, we have 


z 


o (n + £)R' e (*)+ 1 
< M for some S > 0 and 


fn(z ) | < M 


1 


1+5 


n 
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which implies that Yl'jLi fj ( z ) converges uniformly on compact sets of Z>o, 
and therefore defines an analytic function on Dq. On the other hand, using 
(46.5), we have, for z G Th, 


and hence 





t 

c j + t) z+i 


dt 





i + 


i 




t 

!./ + t) z+l 


dt. 


(46.6) 


Thus, for z G .Di, C(z) is given by (46.6). But, in (46.6) the last term is 
analytic on T)q, while 1 -f l/(z — 1) is meromorphic on the entire complex 
plane with a simple pole at 1. Hence, the function defined by the right- 
hand side of (46.6) is a meromorphic function on Dq with a simple pole at 
1 and coincides with the definition of the Riemann zeta function on D\. 
Therefore, we can define the function C(z) on Do by (46.6). This extends 
C(z) from D x to D 0 . 


We can similarly extend the function ((z) to D_\. Note that 


t 


—z 


0 


(n + 1) 


z + l 


dt = — 


z 


z(z-hl) 


t 


2 (n + 1) 2+1 


o 


(n + 1) 


z ~ |-2 


dt. (46.7) 


Both the terms on the right-hand side of (46.7) define entire functions. 
Moreover, the series 


oo 


E 

3 = 1 


z(z + 1) 


t- 


0 


U + 1) 


z~\- 2 


dt 


now converges uniformly for z such that \z\ < M and Re(z) > S > — 1 for 
any S > — 1 and M > 0 and thus converges uniformly on compact subsets 
of D- 1 , and therefore defines an analytic function there. Now, from (46.6) 
and (46.7), we have 


<(*) = i+ 


i 


oo 


Z 


1 


Z r . / v -I z(z x — o 

- -K(^+ 1) - 1 ]--^-^E 

3 = 1 


t 


U + 1) 


z ~ |-2 


dt, (46.8) 
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which is analytic everywhere on D-\ except at 1, where it has a simple 


pole. Note that 

(z/2)[C(*+l)-l] 


((z + 1) — 1] has a simple pole at z = 0, and hence 
is analytic at z = 0. 


The extension of the domain of ((z) from D-\ to D - 2 follows similarly. 
Indeed, integration by parts first gives 


t 


0 


(n + 1) 




dt 


1 


3(n + l) z+2 


+ 


(z + 2 ) 


t 


0 


(n + 1) 


z~\~3 


dt , 


and then its substitution in (46.8) leads to 


co) = 1 + 


1 


2 - , - |rl<(- + 1 )-i]-^[<(, + 2) 


1] 


z(z + 1) (z + 2) 

3! 


00 


E 

3 = 1 




0 


c 3 + 1) 


z+3 


dt , 2 ; G D_ 2 . 


The extension of the Riemann zeta function £(z) over the entire complex 
plane follows analogously. It is a meromorphic function with a single pole 
at z = 1. The residue of £(z) at 1 is one. 

Relation between gamma and zeta functions. In the definition of 
gamma function in (33.17), we change t to jt, where j is a positive integer, 
to get 

rOO 

T (z) = j z / e~ 2t t z ~ 1 dt 1 Re(z) > 0. 

J 0 

Hence, it follows that 


00 


1 


r ^E-i = 

3 = 1 J 


00 nOO 

V / e~ 2t t z ~ 1 dt , Re(z) > 1. 
3 = 1 0 


It can be shown that the order of summation and integration on the right- 
hand side can be interchanged, so that, for Re(z) > 1, we have 


•00 


r(*)C(*) = 


0 



z-1 


dt = 


*°° t 2 - 1 


0 


1 


dt 


and hence 


CO) = 


1 


•00 t z - 1 


1 


dt, Refs) > 1 


(46.9) 


TO) ^0 

Using this relation between the gamma and zeta functions, it is possible to 
extend £(z) first to Dq and then to D- 1 , and so on, to the whole plane. 

Riemann hypothesis. The series (46.1) for real 2 ) was introduced 
by Euler in 1787. In Example 36.1, we have seen that £(2) = tt 2 / 6 and 
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C(4) = 7r 4 /90. In fact, ((2n) can be calculated for all positive integers 
n. From elementary calculus, we know that £(1) diverges. The study of 
£(2 n + 1) is significantly more difficult. In 1979, Apery proved that £(3) is 
irrational, but no similar results are known for other odd integers. Riemann 
in 1859 used the zeta function over the complex numbers for the first time 
to study the distribution of the prime numbers. This function has zeros on 
the real axis only at the negative integers — 2, — 4, — 6, • • • . One of the most 
important open problems in mathematics today is the Riemann hypothesis , 
which is a conjecture made by Riemann, who stated that the analytic con- 
tinuation of the zeta function has infinitely many nonreal roots and that 
all these roots he on the critical line x = 1/2. This conjecture was on the 
list of 23 problems David Hilbert proposed in 1900 as being most worthy of 
solution in the coming century. However, it has defeated the finest minds 
in the world. In recent years computers have been brought to bear on the 
conjecture, and by 2005 it had been verified that the first 100 billion zeros 
were on the critical line-but it does not constitute a proof. 


Lecture 47 

Bieberbach’s Conjecture 


Let S be the class of functions that are analytic and one-to-one in the 
unit disk F>(0, 1) and are normalized by the conditions /( 0) = 0 and /'( 0) = 
1. The class S has many interesting properties. A function / E S in terms 
of Maclaurin’s series can be expressed as 

f{z ) = z + a 2 z 2 + a 3 z 3 - \ . (47.1) 

In 1916, Ludwig Bieberbach (1886-1982), a German mathematician (re- 
membered as a notorious uniform- wearing Nazi and vicious anti-Semite, 
who sought to eliminate Jews from the profession of German mathematics) 
conjectured that in (47.1) the coefficients \a n \ < n, n > 2. This conjecture 
attracted the attention of several distinguished mathematicians. The proof 
for the case n = 2 was known to Bieberbach. In 1923, K. Lowner used a 
differential equation to treat the case n = 3, whereas in 1925 Littlewood 
proved that \a n \ < en for all n, showing that the Bieberbach conjecture 
is true up to a factor of e. Several authors later reduced the constant in 
the inequality below e. Variational methods were employed in the 1930s, 
which led to the conjecture established for n = 4 in 1955 by Garabedian 
and Schiffer and for n = 6 by Pederson in 1968 and Ozawa in 1969. The 
case n = 5 was settled by Pederson and Schiffer in 1972. From time to 
time, proofs of other special cases were announced, but they have not been 
substantiated. Finally, twelve years later, Louis de Branges in 1984 proved 
the general case. As expected, his proof is not simple, it ran to over 350 
pages. At one point, even a computer was used to validate the work; how- 
ever, the proof itself does not rely on a machine. In recent years, the proof 
of Bieberbach’s conjecture (also now known as de Branges’s Theorem) has 
been shortened considerably, but still it is outside the scope of our book. 
In this lecture, we shall prove the conjecture for the case n = 2, and for the 
general case the reader can refer to [27]. Our proof requires the following 
result. 


Theorem 47.1 (Bieberbach’s Area Theorem). Let g e T, 

where T is the class of functions that have Laurent’s expansion 


w 



c i c 2 

Z + Co H 1 Ty + • • • , 

Z 2T 


(47.2) 


which are analytic and one-to-one in {z 
infinity. Then, 

oo 






2 


< 1 . 


> 1} except for a pole at 


(47.3) 
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Proof. We assume that Co = 0; otherwise, we can replace w — Co by 
w. Since the function g is one-to-one, it maps the circle z = re z6> , 0 < 
6 < 27r, r > 1 onto a closed contour 7. Clearly, 7 can be written as 
w{6) = u{6) + iv(6 ), 0 < 6 < 2i r, where w = g(z ) is as in (47.2) with 
cq = 0. The area A(Q), where £4 is the region enclosed by 7, is given by 


A(Q) 



u(0)v'(0)d0 , 


(47.4) 


where v'(0) is the derivative of v{6) with respect to 0. Now, from (47.2), 
we have 


2 u(0) = w(Q) + w(0) 


00 


re ie + re %e 


+ E 

3 = 1 


Cje + Cje l i° 
fj 


and 


2 iv'(0) = w'(6) — w'(0) 


re l0 + re l0 


00 

E 

3 = 1 


j Cj e 136 + jc 3 e iJ ° 


Thus, from (47.4), we obtain 


A(Q) 


OO 



3 = 1 


Since the area is always positive, it follows that 


OO 



3 = 1 


(47.5) 


The inequality (47.3) now follows by letting r —¥ 1 in (47.5). I 


The main result of this lecture is the following theorem. 

Theorem 47.2 (Bieberbach’s Conjecture for n = 2). Let 

/ £ S be as in (47.1). Then, |ot2 1 < 2. 


Proof. The proof requires the following three steps. 


-l 


Step 1. F(z) = [f (1/z) 
is one-to-one. Assume that [f{l/z\)\ 
Z 2 \ > 1. Then, we have 


G T. For this, first we shall show that F(z) 


[f(X/ z 2)\ 1 7 where \z\\ > 1 and 





Zl 


and 


1 

z 2 


> 1. 


/ 
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The one-to-one property of [/(1/z)] 1 for 
one-to-one property of f(z ) for \z\ < 1 . 


z 


> 1 now follows from the 


Next, we shall demonstrate that F(z) is analytic for \z\ > 1. If we can 
show that /(1/z) ^ 0 for z\ > 1, then from the analyticity of f(z ) on 
B( 0,1) it will follow that F(z) is analytic for \z\ > 1. Let zo be such that 
0 < 1 1/To | < 1 and f(l/zo) = 0, but then /( 0) = f(l/zo) = 0, which 
contradicts the one-to-one property of /(z) on 13(0, 1). 

Step 2. If /(z) E <S, then F\(z) = z^J f(z 2 ) / z 2 E <S. For this, since 


F\(z) = 2(1 + a 2 z 2 + a 3 z 4 + a 4 z 6 H ) 1/2 , 


(47.6) 


the function F\(z) is analytic with Fi(0) = 0 and 3^(0) = 1. Moreover, 
Fi(z) 7 ^ 0 for z 7 ^ 0. To show that F\(z) is one-to-one on 33( 0, 1), assume 
that F\(z\) = F\(z 2 ). But this implies that /(z 2 ) = /(z|), and hence, 
in view of the one-to-one property of /(z), we must have z\ = z|; i.e. , 
z\ — =bz 2 . Now notice that F\(—z) = — 3h(z); i.e., F\(z) is an odd function. 
Hence, z\ = — z 2 gives F 1 (zi) = F\(— z 2 ) = — Fi(z 2 ); i.e., then F 1 (zi) 7 ^ 
F\(z 2 ). Therefore, zi = z 2 is the only solution of F\(z\) = F\(z 2 ). 

Step 3. From (47.6), it follows that ^"(O) = 3a 2 , and hence 


1 O 

Fi(z) = z + -a 2 z 3 + 


p 1, 

[Fiil/z) 

1 E T, we have 

1 


1 

(V 

\ ~ 1 

1 1 I 

- 

- 

1 + a 2 9 + * * * 

\ z . 

/ z 

2 z 2 


1 1 

— z — — cl 2 — T 
2 z 


which in view of Theorem 47.1 implies that 


1 


■a 2 


< 1 


and hence certainly we must have \a 2 \ < 2 . I 

Remark 47.1. The inequality \a 2 \ < 2 in Theorem 47.2 is the best 
possible. For this, we consider the function 


w 


h(z) 


z 


= z + 2Az z + 3A 2 z 3 + 


(1- Az) : 


where |A| = 1. We claim that this function is one-to-one on S. In fact, we 
have 


Zl 


z 2 


(1 - Azi ) 2 (1 - Az 2 ) 2 
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if and only if 


(zi - Z 2 )( 1 - \ 2 ZiZ 2 ) = 0 . 


However, since 1 — \ 2 ziz 2 7^ 0 as \zi\ < 1 and |z 2 | < 1, it follows that 
Zi = Z 2 - It is also clear that the function h(z) is analytic in B{ 0,1). Thus, 
h(z) is the desired function that belongs to S for which \a n \ = n. This 
function is known as Koebe’s function. It can be shown that this is the 
only function for which \a n \ = n. Furthermore, for A = 1, re = h(z) maps 
B( 0,1) onto the entire re-plane with a branch cut — oo < u < -1/4, t, = 0. 


We conclude this lecture by proving the following interesting result. 

Theorem 47.3 (Koebe’s Covering Theorem). If / e S and 

f(z) ^ c for z | < 1, then |c| >1/4; i.e., if the point c is not in the image 
of f(z), z G DU). 1), then the distance between c and the origin is at least 
1/4. 

Proof. Since f(z ) ^ c, from (47.1), it follows that the function 


cf(z ) ( 1 

9{z) = = z+ v 2 + c ,z ' + 


is analytic and one-to-one on B( 0, 1). Thus, from Theorem 47.2, it follows 
that 

1 1 

< 2 , 


1 


1 

c 

- a 2 < 

n 2 4 — 
c 


which in view of |«2 1 ^2 gives 


1 

c 


< 2 + (22 < 4, 


i.e. 


c 


> 1/4. 


Remark 47.2. Theorem 47.3 shows that for each / e S the image 
w = /(z), z G B( 0, 1) in the re-plane contains the disk {re : | re | < 1/4}. 


Remark 47.3. There is a beautiful regularity theorem of Hayman, 
which he established in 1953. The limit lim n ^ 00 \a n \/n exists for every 
/ G S and is smaller than 1 unless / is a Koebe’s function. 


Lecture 48 

The Riemann Surfaces 


A Riemann surface is an ingenious construct for visualizing a multi- 
valued function. We treat all branches of a multi-valued function as a 
single-valued function on a domain that consists of many sheets of the z- 
plane. These sheets are then glued together so that in moving from one 
sheet to another we pass continuously from one branch of the multi-valued 
function to another. This glued structure of sheets is called a Riemann 
surface for the multi-valued function. For example, in a multi-story car 
park, floors can be thought of as sheets of the z-plane, that are glued by 
the ramps on which cars can go from one level to another. Riemann surfaces 
have proved to be of inestimable value, especially in the study of algebraic 
functions. Although there is much literature on the subject, in this lecture 
we shall construct Riemann surfaces for some simple functions. 


Riemann surface for w = z 1 ^ 2 . Recall from Lecture 9, that this 
function has two branches, represented by the single- valued functions fi(z) 
and / 2 <t) (see Figure 48.1). The respective domains Si and S 2 of these 
functions are obtained by cutting the z-plane along the negative x-axis. 
The range R\ for fi(z) consists of the right half-plane and the positive v- 
axis; the range R 2 for f 2 (z) consists of the left half-plane and the negative 
v-axis. The sets R\ and R2 are glued together along the positive and 
negative v-axes to form the re-plane with the origin deleted. 


V 



x 


> < 


w = fl (z) 

> 





V 

y k 



u 


t 



Figure 48.1 
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Now we place these two copies of the cut z-plane Si and S 2 directly 
on each other so that the upper sheet Si maps to the right w half-plane 
i?i, and the lower sheet S 2 maps to the left w half-plane R 2 . The dashed 
edge of Si is glued to the black edge of S 2 , and the dashed edge of S 2 is 
glued to the black edge of Si. The surface R thus obtained is a Riemann 
surface for the mapping w = z 1 / 2 (for portions of Si and S 2 see Figure 
48.2). Although in a physical sense this gluing procedure is impossible, on 
R the function w = z 1 / 2 is single-valued, and continuous for all z ^ 0. 



Figure 48.2 

Riemann surface for w = z 1 / 71 . Recall that this function has n 
branches, represented by the single- valued functions 


fk(z) 


z 


-1 /„ / argz-t-2/c7r . argz-f 2/c7r 
' 1 cos b 1 sin 


n 


n 


k = 0, 1, • • • , n— 1. 


The respective domains So, Si, • • • , S n _i of these functions are obtained by 
cutting the z-plane along the negative x-axis. Now we place these n copies 
of the cut z-plane directly on each other. Let s ^ and s ^ denote the black 
and dashed edges of S&. We glue to s^[ to to 

and finally s~_ x to Sq. This results in an n-sheeted Riemann surface R (see 
Figure 48.3 for n = 4). All n sheets meet at the branch point z = 0. On R, 
the function w = z x l n is single-valued, and continuous for all 2 / 0. 



Figure 48.3 
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Riemann surface for w = log z. Recall that 


log z = Log |z| -M argz = Log \z\ + iAigz + 2/c7tz, k = 0, ±1, ±2, 


is a countably many-valued function. Thus, its Riemann surface requires 
infinitely many copies S^, k = • • • , — n, • • • , — 1, 0, 1, • • • , n, • • • of the z-plane 
cut along the negative x-axis. As earlier, we place these infinite copies of the 
cut z-plane directly on each other and let s ^ and s ^ denote the black and 
dashed edges of Sk- For each integer fc, we glue s ^ to s^ +1 . The Riemann 
surface for the function w = log z looks like a spiral staircase that extends 
upward on the sheets S i, £ 2 , • * • and downward on the sheets S- 1 , S- 2 , • • • 
(for portions of Si, So, and S_i, see Figure 48.4). 



Figure 48.4 

Riemann surface for w = e z . This function maps each parallel 
strip (k — 1)2 tt < y < k ■ 2 tt onto a sheet with a cut along the positive axis. 
The sheets are attached to each other so that they form an endless screw 
in the re-plane. The origin will not be a point of the Riemann surface due 
to the fact that e z is never zero. 

Riemann surface for w = cos z. This function maps each parallel 
strip (k — 1)7 r < x < kn onto a sheet with a cut along the real axis from 
—00 to —1 and from 1 to oc. The line z = kir corresponds to both edges 
of the positive cut if k is even and to the edges of the negative cut if k 
is odd. If we consider two strips that are adjacent along the line z = kn, 
then the edges of the corresponding cuts must be joined crosswise so as to 
generate a simple branch point at w = ±1. The resulting Riemann surface 
has infinitely many simple branch points over w = 1 and w = — 1 that 
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alternatingly connect the odd and even sheets. Figure 48.5 represents a 
cross section of the surface in the case that the cuts are chosen parallel to 
each other. Here, any two points on the same level are joined by an arc 
that does not intersect any of the cuts. 


X 

X 


X 

X 


Figure 48.5 


Riemann surface for w = sin z. Since w = sin 2 = cos(7r/2 - z), 
the Riemann surface for w = sinz is the same as for w = cos z. 


Riemann surface for w = tan z. The Riemann surface has in- 
finitely many sheets with two logarithmic branch points above w = ±i. 
It is constructed by joining an infinite number of re-planes with a cut 
u = 0, 1^1 < 1, corresponding to the vertical strips kn < x < (k -f 1)tt. 


Riemann surface for w = cot z. Since cotz = tan(7r/2 - z), the 
Riemann surface for w = cot z is the same as for w = tan z. 


Riemann surface for w = coshz. Since coshz = cos iz, the 
Riemann surface for w = cosh z is the same as for w = cos z. 


Riemann surface for w = sinhz. Since sinhz = — isiniz, the 
Riemann surface for w = sinhz is obtained by rotating the surface for 
w = sinz through tt/2 about the origin. 

Riemann surface for w = tanhz. Since tanh z = —itaniz, the 
Riemann surface for w = tanh z is obtained by rotating the surface for 
w = tan z through tt/2 about the origin. 

Riemann surface for w = coth z. Since cothz = i cot iz, the 
Riemann surface for w = coth z is the same as for w = tanhz. 


Lecture 49 

Julia and Mandelbrot Sets 


In this lecture, we shall discuss the geometric and topological features 
of the complex plane associated with dynamical systems whose evolution 
is governed by the iterative scheme z n + 1 = /(z n ), zo = p where f(z) is 
a complex valued function and p G C. Such systems occur in physical, 
engineering, medical, and aesthetic problems, especially those exhibiting 
chaotic behavior. 


The word fractal is related to the words fractured and fraction, meaning 
broken or not whole. This term was coined in 1975 by Benoit Mandelbrot 
to describe objects that in a certain sense can have dimensions that are not 
whole numbers; however, the fractal phenomenon had been noticed earlier, 
in 1918, by the French mathematicians Gaston Julia and Pierre Fatou when 
exploring iterations of the complex functions; i.e., analyzing the complex 
sequence {z n } generated by the iterating scheme 

Zn+1 = f(z n ), Z 0 = pec. (49.1) 

The findings of Julia and Fatou did not receive much attention because 
during that period computer graphics were not available. With the recent 
advancement of computers, the study of complex iterative sequences has 
attracted many prominent mathematicians and computer scientists. We 
shall discuss some of their interesting results for the quadratic function 
f c (z ) = z 2 -f-c and show graphically how the iterates for such a simple func- 
tion produce startling pictures. For this, we need the following definitions. 


Let f(z) be an analytic function in C. A point zq is called an attracting 
point ( repelling point ) for the function f(z) if |/ / (zo)| < 1 (|/'(zo)| > 1)- A 
q-cycle for f(z) is a set Q = { zq , z\, • • • , z q - 1 } of q complex numbers such 
that z nH _i = f(z n ), n = 0, 1, •••,#- 2, and f(z q - 1 ) = z 0 . If q = 1, then 
zo is a fixed point of f(z). Each z n G Q is called a periodic point. In fact, 
once z n = f(z n - 1 ) reaches a periodic point, thereafter it cycles indefinitely 
through the points of the cycle. The g-cycle is said to be attracting ( re- 
pelling ) if | F' (zq) | < 1 (|F'(^o)| > 1), where F q is the composition of / with 


itself n times, e.g., when q = 2, then = (/ o f)(z) = f(f(z)). From 

the chain rule, it immediately follows that the derivative of F q (z) takes the 
same value at each point of the g-cycle. The significance of an attracting 
point is explained in the following result. 


Theorem 49.1. If z* is an attracting fixed point of f(z), then there 
exists a disk B(z*,r) such that f(z) draws any point z G B(z*,r) toward 
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z*, in the sense that \f(z) — z*\ < \ z — z* 
generated by (49.1) with any zq = z B 


|. Furthermore, the sequence { z n } 
(z*,r) converges to z*. 


Proof. Since f(z) is analytic, for every e > 0 there exists some r > 0 
such that if z G B(z*,r), then 




< e. 


Since \f'(z*)\ < 1, we can let e = 1 — \f'(z*)\ to obtain 



- I/V) 

< 

m 

_ f {z *) 

* 

T— 1 

V 

z — z * 



z 

— z* 



which immediately gives \f(z) — z*\ < 
such that for all z G J3(z*,r), \f(z) - 


z — z 


* 


2; 


* 


. Hence, there exists a c G (0, 1) 
Thus, in particular, 


< c 


z — z 
< 


c 


zq — z \ < cr; i.e. 


if zq G F>(z*,r), then \zi — z*\ = \f(zo) — z : 
zi G B(z*, cr). Furthermore, \z 2 — z*\ = \f(zi) — z*\ < c\z\ — z*\ < c 2 r ; i.e., 
Z 2 G H(x*,c 2 r). Now, an easy induction gives z n G F>(z*,c n r), and this in 
turn implies that z n — >• zq. I 


Example 49.1. For the function f c (z) = z 2 + c, 2 ;* is a fixed point 
if and only if f c (z*) = z*, which gives z* = ( 1 + y/l — 4c) /2 and = 
(1 — y/l — 4c)/2, where the square root designates the principal square root 
function. Since f'(z) = 2 z, the fixed point (z|) is attracting if and only 

if |1 + x/T 

/W = 


4c| < 1 ( 1 1 — x/1 — 4c| < 1). In particular, for the function 
2 : 2 the fixed points are z* = 1 and z^ = 0. The fixed point 1 is 
repelling, whereas the fixed point 0 is attracting. In fact, the iterative 
scheme (49.1) gives z n = p 2n , and hence, if | p < 1 , then z n — > 0; if \p > 1, 


then 




00 ; and if 


V 


- 1, the sequence {z n } either oscillates around 
the unit circle or converges to 1. Thus, the unit circle divides the complex 
plane into two regions separated by the unit circle. A starting value p in 
one region results in z n being attracted to 0 and in the other region results 
in repulsion. 


The nature of the sequence {z n)C (p)} generated by (49.1) for the function 
f c (z) = z 2 + c depends critically on the choice of c. Thus, for a fixed c, we 
define the sets 


E c = {p : \z n , c (p)\ — )► 00 } ( escape set ) 

K c = C\iA ( keep set). 


The following properties of these sets are known: 

PI. zeE c (K c ) if and only if — z E c (K c ). 

P2. z G E c ( K c ) implies that f c (z) G E c (K c ). 

P3. K c C F>(0,r c ), where r c is the nonnegative root (if it exists) of the 
equation x 2 + c = x. 
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P4. E c is open and connected. 

P5. K c is closed and simply connected. 

P6. K c is connected if and only if 0 G K c (Fatou- Julia Theorem). In 
particular, the sets Ko and Ki are connected. 

PT. If the point Zq is a periodic attractor for f c (z), then it is an interior 
point of K c . 

P8. If the point zo is a periodic repeller for / c (z), then it is on the boundary 
dK c of K c . 


The boundary dK c of K c is known as the Julia set for the function 
/ c (z), and the set K c U dK c is called the filled-in Julia set. For an assigned 
value of c, the Julia set of f c (z) can be viewed as a curve that divides 
the complex plane into two regions. From Example 49.1, it is clear that 
the Julia set for fo(z) is the unit circle \z\ = 1. It turns out that K c is a 
nice simple set only when c = 0 or c = -2. Mandelbrot discovered that 
for every other value of c the Julia set of f c (z) is a fractal. In fact, it 
exhibits a complicated structure under any degree of magnification and 
describes an object whose dimensionality might not be a whole number. It 
may fragment into a multitude of tiny flecks (called Fatou dusts), with K c 
having no interior points at all. 


The Mandelbrot set denoted as M is defined as 


M = {c : z nfC ( 0) does not tend to infinity} . 

Clearly, c E M if and only if 0 G Kq. The Fatou- Julia Theorem characterizes 
M in terms of K c as 


M = {c : K c is connected}. 


Theorem 49.2. 5( 0, 1/4) c M c 5( 0, 2). 

Proof. To prove 5(0, 1/4) C M by inductive arguments, we shall show 
that |* n>c (0)| < 1/2, n > 1. Clearly, if \c\ < 1/4, then |zi jC (0)| = \c\ < 1/4. 
Now, assuming that |z n?c (0)| < 1/2, we have |z n +i,c(0)| = |z n ,c(0) + c\ < 
z n ,c( 0)| 2 + \c\ < 1/4+ 1/4 = 1/2. To prove M C 5(0,2), we shall show 
that, if | c\ > 2, then c 0 AT. Clearly, | z\ ,c(0)| = |c| > 2, and 


Z2,c(0) 


^I,c(0) + C l = Ni,c(0)||^i, c (0) + c/zi >c (0) 


> 


^i,c(0)|(|^i,c(0)| - |c|/|zi, c (0)|) 


C 


(M - 1 ). 


which also implies that |2+ c (0)| > \c\. Next, we have 


^3,c(0)| > |^2,c(0)|(|^ 2 ,c(0)| - |c|/|^ 2 ,c(0) |) > |Z2,c(0)|(|c| - 1) > |c|(|c| - l) 2 

Continuing in this way, we find 
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which in view of \c\ > 2 implies that 


z. 


n,c 


(0) 


(X). 


For | c < 2, if we encounter an iterate Zq ^^(O) such that |'2 '?i / ,c(9)| 2, 

then as above it follows that 


^n+m,c (0)1 > |^n,c(0) | (|^n,c(0) | 1) 


m 


which immediately implies that |z n ,c(0)| oo, and this means that c ^ M. 
It is believed that if we reach 2qooo,c(0) such that | ^iooo,c (0) | < 2, then there 
is very little probability that the sequence will diverge to infinity. We can 
then, with great safety, say that c E M. 


The elements of the Mandelbrot set M for values of c in the range 
—2 < Rec < 1, — 1.5 < Imc < 1.5 are plotted in Figure 49.1. 



Figure 49.1 

The following properties of the set M are known: 

Ql. If c is any real number greater than 1/4, then c 0 M. 

Q2. M is a closed subset of B( 0, 2), and hence compact. 

Q3. M is symmetric about the real axis, which it intersects in the interval 

[-2,1/4]. 

Q4. M is simply connected. 

The set M is not self-similar, although it may look that way. There are 
subtle variations in its infinite complexity. The boundary of the set M is 
its most fascinating aspect. A magnification of a portion of the boundary 
of M in Figure 49.2 reveals its fractal nature and the presence of infinitely 
many hairlike branching filaments. The connectedness of M relies on the 
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existence of these filaments. A further magnification is shown in Figure 
49.3. These pictures justify the statement of Hubbard that the Mandelbrot 
set M is the most complicated object in mathematics. 



Figure 49.2 



Figure 49.3 

Finally, we remark that the connection between chaotic systems and 
fractals has been explored in many recent books. 


Lecture 50 

History of Complex Numbers 


The problem of complex numbers dates back to the 1st century, when 
Heron of Alexandria (about 75 AD) attempted to find the volume of a 
frustum of a pyramid, which required computing the square root of 81 — 144 
(though negative numbers were not conceived in the Hellenistic world). 
We also have the following quotation from Bhaskara Acharya (working in 
486 AD), a Hindu mathematician: “The square of a positive number, also 
that of a negative number, is positive: and the square root of a positive 
number is two-fold, positive and negative; there is no square root of a 
negative number, for a negative number is not square.” Later, around 850 
AD, another Hindu mathematician, Mahavira Acharya, wrote: “As in the 
nature of things, a negative (quantity) is not a square (quantity), it has 
therefore no square root.” In 1545, the Italian mathematician, physician, 
gambler, and philosopher Girolamo Cardano (1501-76) published his Ars 
Magna (The Great Art), in which he described algebraic methods for solving 
cubic and quartic equations. This book was a great event in mathematics. 
In fact, it was the first major achievement in algebra in 3000 years, after the 
Babylonians showed how to solve quadratic equations. Cardano also dealt 
with quadratics in his book. One of the problems that he called “manifestly 
impossible” is the following: Divide 10 into two parts whose product is 40; 
i.e., find the solution of x + y = 10, xy = 40, or, equivalently, the solution 
of the quadratic equation 40 — x(10 — x) = x 2 — 10x + 40 = 0, which has the 
roots 5 + a/— 15 and 5 — V— 15. Cardano formally multiplied 5 + V— 15 by 
5 — yj — 15 and obtained 40; however, to calculations he said “putting aside 
the mental tortures involved.” He did not pursue the matter but concluded 
that the result was “as subtle as it is useless.” This event was historic 
since it was the first time the square root of a negative number had been 
explicitly written down. For the cubic equation x 3 = ax + 6, the so-called 
Cardano formula is 



When applied to the historic example x 3 = 15x + 4, the formula yields 

x = \ fA \~ \/— 121 + 'C — \/— 121. 

Although Cardano claimed that his general formula for the solution of the 
cubic equation was inapplicable in this case (because of the appearance of 
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a/— 121), square roots of negative numbers could no longer be so lightly 
dismissed. Whereas for the quadratic equation (e.g., x 2 + 1 = 0) one could 
say that no solution exists, for the cubic x 3 = 15x + 4 a real solution, 
namely x = 4, does exist; in fact, the two other solutions, — 2 =b y/3, are 
also real. It now remained to reconcile the formal and “meaningless” so- 
lution x = \/2 + y/~—121 + \/2 — \f — 121 of x 3 = 15x + 4, found by using 
Cardano’s formula, with the solution x = 4, found by inspection. The task 
was undertaken by the hydraulic engineer Rafael Bombelli (1526-73) about 
thirty years after the publication of Cardano’s work. 

Bombelli had the “wild thought” that since the radicals 2 + — 121 and 

2 — a/ - 121 differ only in sign, the same might be true of their cube roots. 
Thus, he let 


\J 2 + XXX = a + XX and ^2- XXX = a - XX 

and proceeded to solve for a and b by manipulating these expressions ac- 
cording to the established rules for real variables. He deduced that a = 2 
and 6=1 and thereby showed that, indeed, 

\J ^ + V— 121 + \j 2 — XXX = (2 + XX) + (2 - XX) = 4. 

Bombelli had thus given meaning to the “meaningless.” This event signaled 
the birth of complex numbers. A breakthrough was achieved by thinking 
the unthinkable and daring to present it in public. Thus, the complex num- 
bers forced themselves in connection with the solutions of cubic equations 
rather than the quadratic equations. 

To formalize his discovery, Bombelli developed a calculus of operations 
with complex numbers. His rules, in our symbolism, are (—i)(—i) = — 1 

and 

(=bl)z = ±i, (+i)(+i) = —1, (— ■ 2)(“M) = + 1, 

(±1)(— z) = =f i, (dT)(— i) = + 1. 

He also considered examples involving addition and multiplication of com- 
plex numbers, such as 8i + (— 5i) = +3 i and 

Na + xL) (xjzwi\ = vWl WTi. 

Bombelli thus laid the foundation stone of the theory of complex num- 
bers. However, his work was only the beginning of the saga of complex 
numbers. Although his book L Algebra was widely read, complex numbers 
were shrouded in mystery, little understood, and often entirely ignored. In 
fact, for complex numbers Simon Stevin (1548-1620) in 1585 remarked that 
“there is enough legitimate matter, even infinitely much, to exercise one- 
self without occupying oneself and wasting time on uncertainties.” John 
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Wallis (1616-1703) had pondered and puzzled over the meaning of imag- 
inary numbers in geometry. He wrote, “These Imaginary Quantities (as 
they are commonly called) arising from the Supposed Root of a Negative 
Square (when they happen) are reputed to imply that the Case proposed is 
Impossible.” Gottfried Wilhelm von Leibniz (1646-1716) made the follow- 
ing statement in 1702: “The imaginary numbers are a fine and wonderful 
refuge of the Divine Sprit, almost an amphibian between being and non- 
being.” Christiaan Huygens (1629-95) a prominent Dutch mathematician, 
astronomer, physicist, horologist, and writer of early science fiction, was 
just as puzzled as Leibniz. In reply to a query he wrote to Leibniz: “One 

would never have believed that \f\ + + \J\ — = \/6 and there is 

something hidden in this which is incomprehensible to us.” Leonhard Euler 
(1707-83) was candidly astonished by the remarkable fact that expressions 
such as \J — 1 , a/— 2 , etc., are neither nothing, nor greater than nothing, nor 
less than nothing, which necessarily constitutes them imaginary or impos- 
sible. In fact, he was confused by the absurdity a/ (— 4)(— 9) = v^36 = 67 ^ 
^4V^9 = (2i)(3i) = 6i 2 = -6. 

Similar doubts concerning the meaning and legitimacy of complex num- 
bers persisted for two and a half centuries. Nevertheless, during the same 
period complex numbers were extensively used and a considerable amount 
of theoretical work was done by such distinguished mathematicians as Rene 
Descartes (1596-1650) (who coined the term imaginary number , before 
him these numbers were called sophisticated or subtle ), and Euler (who 
was the first to designate ^/~T by i); Abraham de Moivre (1667-1754) 
in 1730 noted that the complicated identities relating trigonometric func- 
tions of an integer multiple of an angle to powers of trigonometric func- 
tions of that angle could be simply reexpressed by the well-known formula 
(cosh + zsin0) n = cos n6 + ismnO and many others. Complex numbers 
also found applications in map projection by Johann Heinrich Lambert 
(1728-77) and by Jean le Rond d’Alembert (1717-83) in hydrodynamics. 

The desire for a logically satisfactory explanation of complex numbers 
became manifest in the latter part of the 18th century, on philosophical, if 
not on utilitarian grounds. With the advent of the Age of Reason, when 
mathematics was held up as a model to be followed not only in the natural 
sciences but also in philosophy as well as political and social thought, the 
inadequacy of a rational explanation of complex numbers was disturbing. 
By 1831, the great German mathematician Karl Friedrich Gauss (1777- 
1855) had overcome his scruples concerning complex numbers (the phrase 
complex numbers is due to him) and, in connection with a work on number 
theory, published his results on the geometric representation of complex 
numbers as points in the plane. However, from Gauss’s diary, which was 
left among his papers, it is clear that he was already in possession of this in- 
terpretation by 1797. Through this representation, Gauss clarified the “true 
metaphysics of imaginary numbers” and bestowed on them complete fran- 
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chise in mathematics. Similar representations by the Norwegian surveyor 
Casper Wessel (1745-1818) in 1797 and by the Swiss clerk Jean-Robert Ar- 
gand (1768-1822) in 1806 went largely unnoticed. The concept modulus of 
complex numbers is due to Argand, and absolute value, for modulus, is due 
to Karl Theodor Wilhelm Weierstrass (1815-97). The Cartesian coordinate 
system called the complex plane or Argand diagram is also named after the 
same Argand. Mention should also be made of an excellent little treatise by 
C.V. Mourey (1828), in which the foundations for the theory of directional 
numbers are scientifically laid. The general acceptance of the theory is not 
a little due to the labors of Augustin Louis Cauchy (1789-1857) and Niels 
Henrik Abel (1802-29), especially the latter, who was the first to boldly use 
complex numbers, with a success that is well-known. 

Geometric applications of complex numbers appeared in several mem- 
oirs of prominent mathematicians such as August Ferdinand Mobius (1790- 
1868), George Peacock (1791-1858), Giusto Bellavitis (1803-80), Augustus 
De Morgan (1806-71), Ernst Kummer (1810-93), and Leopold Kronecker 
(1823-91). In the next three decades, further development took place. Es- 
pecially, in 1833 William Rowan Hamilton (1805-65) gave an essentially 
rigorous algebraic definition of complex numbers as pairs of real numbers. 
However, a lack of confidence in them persisted; for example, the English 
mathematician and astronomer George Airy (1801-92) declared: “I have not 
the smallest confidence in any result which is essentially obtained by the 
use of imaginary symbols.” The English logician George Boole (1815-64) 
in 1854 called ^/— T an “uninterpretable symbol.” The German mathemati- 
cian Leopold Kronecker believed that mathematics should deal only with 
whole numbers and with a finite number of operations, and is credited with 
saying: “God made the natural numbers; all else is the work of man.” He 
felt that irrational, imaginary, and all other numbers excluding the positive 
integers were man’s work and therefore unreliable. However, the French 
mathematician Jacques Salomon Hadamard (1865-1963) said the shortest 
path between two truths in the real domain passes through the complex 
domain. By the latter part of the 19th century, all vestiges of mystery and 
distrust of complex numbers could be said to have disappeared, although 
some resistance continued among a few textbook writers well into the 20th 
century. Nowadays, complex numbers are viewed in the following different 
ways: 

1. points or vectors in the plane; 

2. ordered pairs of real numbers; 

3. operators (i.e., rotations of vectors in the plane); 

4. numbers of the form a + with a and b real numbers; 

5. polynomials with real coefficients modulo x 2 + 1; 

a b 
—b a 


6. matrices of the form 


, with a and b real numbers; 
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7. an algebraically closed complete field (a field is an algebraic structure 
that has the four operations of arithmetic). 

The foregoing descriptions of complex numbers are not the end of the 
story. Various developments in the 19th and 20th centuries enabled us 
to gain a deeper insight into the role of complex numbers in mathematics 
(algebra, analysis, geometry, and the most fundamental work of Peter Gus- 
tav Lejeune Dirichlet (1805-59) in number theory); engineering (stresses 
and strains on beams, resonance phenomena in structures as different as 
tall buildings and suspension bridges, control theory, signal analysis, quan- 
tum mechanics, fluid dynamics, electric circuits, aircraft wings, and elec- 
tromagnetic waves); and physics (relativity, fractals, and the Schrodinger 
equation). 

Although scholars who employ complex numbers in their work today do 
not think of them as mysterious, these quantities still have an aura for the 
mathematically naive. For example, the famous 20th-century French intel- 
lectual and psychoanalyst Jacques Lacan (1901-81) saw a sexual meaning 
in a/^T. 
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